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Abstract
Shock waves are often used in experiments to create a shear flow across liquid droplets to study secondary
atomization. Similar behavior occurs inside of supersonic combustors under startup conditions, but it is
not as easy to study these conditions experimentally. In order to investigate this phenomenon further,
a numerical approach is developed to simulate compressible multiphase flows under the effects of surface
tension forces. The flow field is solved via the compressible multicomponent Euler equations discretized
with the finite volume method on a uniform Cartesian grid. The solver utilizes a total variation diminishing
(TVD) third-order Runge-Kutta method for time-marching and second order limited spatial reconstruction.
The Harten-Lax-van Leer contact (HLLC) approximate Riemann solver is used to upwind the fluxes. The
fluid interface is captured through an additional transport equation for the volume fraction. Smearing of
the fluid interface via numerical diffusion is countered using an interface compression technique applied at
the end of each physical timestep. The stiffened gas equation of state is used to close the system. Surface
tension is incorporated using the Continuum Surface Force (CSF) model and the required interface curvature
is computed using a smoothed interface function and central differences. The multicomponent flow solver is
first validated using various one and two dimensional benchmark problems before the surface tension model
is verified with comparisons to the analytical values of the pressure jump specified by the Young-Laplace
equation and the oscillation period of an ellipse. Finally, a preliminary investigation is performed on the
effects of surface tension in a dual droplet interaction with a Mach 6 shock in air and shows the tendency of
capillary forces to resist droplet deformation.
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Introduction

The current research is motivated by the impor-
tance of fuel atomization in high-speed propulsion
systems. Efficient combustion is greatly dictated
by the fuel-injection scheme but there is a limited
understanding of the effect of design parameters on
the atomization process[1], consisting of primary and
secondary atomization. Primary atomization is rep-
resented by the initial breakup of a liquid sheet or
jet into smaller drops or filaments. Droplets formed
during primary atomization can further deform and
breakup in a process known as secondary atomiza-
tion. Most atomization models give the droplet size
distribution in terms of the dimensionless Reynolds,
Weber, or Ohnesorge numbers via empirical relation-
ships derived from experimental measurements[1].
These dimensionless numbers are important because
they relate the viscous and surface tension forces to
the inertial ones. In terms of atomization, the de-
formation due to the aerodynamic forces is resisted
by the viscous and surface tension forces[2]. Greater
understanding of the physical processes in the atom-
ization process is thus an important goal.

The multi-phase nature of the flow requires an
adequate description of the interface between the
gas and liquid. As most applications of primary at-
omization occur at low Mach numbers[3], numeri-
cal modeling has largely focused on the incompress-
ible regime where interface tracking methods[4, 5, 6]
have proven popular. Many different interface track-
ing methods exist and generally involve a deform-
ing mesh, particle tracking, or an advected color
function for the purposes of reconstructing the in-
terface. Such methods guarantee a sharp inter-
face which allows for natural modeling of immisci-
ble fluids and interfacial physics. While many of
these methods have been extended to compressible
formulations[7, 8, 9, 10] they are generally geomet-
rically complex and can be difficult to implement in
multiple spatial dimensions.

The present research instead utilizes an inter-
face capturing method[11, 12, 13]. The method is in
the spirit of the shock capturing schemes already
included in compressible flow algorithms and can
easily handle large topology changes in the inter-
face. The method adds an additional conservation
equation to capture the fluid interface and is simple
to implement in multiple dimensions. However, the
method results in numerical smearing of the material
interface, which in the presence of large density ra-
tios and strong shocks can generate significant errors
in computations of shock-interface interactions[14].
One option to counter numerical diffusion of the in-
terface is implementation of high resolution WENO

reconstruction[15, 16]. While the method can accu-
rately capture material interfaces and has been suc-
cessfully used to simulate the early stages of droplet
breakup[17], the non-TVD nature of the WENO re-
construction may cause difficulties in computation of
interface curvature, a required parameter for incor-
porating surface tension. Instead, the present work
employs TVD spatial reconstruction with flux limit-
ing and an interface compression technique shown to
be successful in countering the numerical smearing of
the interface. The method was shown to accurately
compute shock-interface interaction in the presence
of high density ratios and strong shocks despite be-
ing discretely non-conservative[18].

The secondary atomization process has been
studied in some detail both experimentally and nu-
merically (see [2] for a thorough review) and is char-
acterized primarily by the Weber number which re-
lates the surface tension and inertial forces. Sur-
face tension has been studied in a wide variety of
incompressible applications[19, 20, 21] since the de-
velopment of the Continuum Surface Force (CSF)
method[22] which incorporates surface tension into
the fluid governing equations as a volume force.
Only relatively recently has surface tension been in-
corporated into a compressible framework[23, 24, 25,
14, 26] where it remains a challenging problem, how-
ever as of yet, little work has been performed on the
effects of surface tension on the atomization process
in a supersonic crossflow and is thus the ultimate
goal of the present work. Numerical simulations of
atomization in this flow regime thus far have focused
on the early stages of droplet breakup where surface
tension effects are not expected to play a significant
role[27, 17].

Details on a finite volume method developed to
study the effects of secondary atomization in a su-
personic crossflow is outlined in the sections that
follow. Viscous effects are currently neglected in
the model to provide a thorough examination of the
proposed implementation of surface tension terms
in isolation. This also presents a more challenging
problem numerically as physical diffusion is known
to counter the generation of so-called “parasitic cur-
rents” which can distort the material interface and
potentially cause computational failure[28]. The
overall physical model is introduced first followed
by some verification simulations in one and two di-
mensions using previously studied model problems.
Then, the curvature and surface tension terms are
validated before the overall model is applied to sim-
ulation of two liquid droplets at a low Weber number
in a supersonic crossflow.
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Physical modeling

The five equation model of Allaire[13] is em-
ployed in conjunction with capillary force terms
which feature in a non-conservative form. As such,
the compressible multicomponent Euler equations
govern the flowfield. The fluid components are con-
sidered immiscible and a volume fraction function is
used to model the fluid interface. Mass is discretely
conserved for each phase via individual mass conser-
vation equations.

The equations are non-dimensionalized utilizing
a reference density ρg, acoustic velocity a0, and the
droplet diameter d0. Total energy and pressure are
non-dimensionalized using ρga

2
0. As a result of this

non-dimensionalization, the surface tension terms
are scaled by an acoustic Weber number. The phys-
ical Weber number is defined for a droplet with di-
ameter d0 in a freestream velocity ug as

We =
ρgu

2
gd0

σ
(1)

where ρg is the density of the gas and σ is the surface
tension coefficient. With the Mach number defined
as

M =
ug
a0

(2)

the acoustic Weber number is determined by

Wea =
We

M2
. (3)

Surface tension is implemented as a volume force as
in the CSF model[22] with terms in both the momen-
tum and energy equations[23]. The resulting non-
dimensional five equation model including capillary
force terms is as follows:

∂ρlφl
∂t

+∇ · (ρlφl~V ) = 0, (4)

∂ρgφg
∂t

+∇ · (ρgφg ~V ) = 0, (5)

∂ρ~V

∂t
+∇ · (ρ~V ~V + pĨ) =

1

Wea
κ∇φl, (6)

∂E

∂t
+∇ ·

(
(E + p)~V

)
=

1

Wea
κ∇φl · ~V , (7)

∂φl
∂t

+ ~V · ∇φl = 0, (8)

where total energy is

E = ρe+
1

2
ρ~V · ~V . (9)

The employed non-conservative form is beneficial in
that it allows for flexible treatment of the curvature
term κ.

Mixture rules

The gas (g) and liquid (l) volume fractions are
related by

φg = 1− φl. (10)

The total density is given by

ρ = ρlφl + ρgφg (11)

with internal energy

ρe = ρlφlel + ρgφgeg. (12)

Utilizing an isobaric assumption[13, 16] and the stiff-
ened gas equation of state

p = (γ − 1)ρe− γπ∞ (13)

the EOS parameters are given by

Γ =
1

γ − 1
=

φg
γg − 1

+
φl

γl − 1
, (14)

Π =
γπ∞
γ − 1

=
φgγgπ∞,g
γg − 1

+
φlγlπ∞,l
γl − 1

. (15)

The isobaric assumption has been successfully used
in the past for simulating surface tension in a com-
pressible multicomponent framework[23, 14]. Fi-
nally, the mixture speed of sound is given by

c =

√
γ(p+ π∞)

ρ
(16)

where the mixture quantities γ and π∞ are com-
puted using Eqs. 14 and 15.

Interface compression

A density and interface compression technique is
employed to counter the numerical diffusion of ma-
terial interfaces[18]. The method provides accurate
representation of the sharp interface between mate-
rials by restricting the material interface to only a
few grid cells throughout the simulation. With the
method, a compression step in pseudo-time τ is per-
formed after each physical timestep:

φτ = n̂ · [∇(εh|∇φl|)− φl(1− φl)] (17)

(ρlφl)τ = Hn̂ · [∇(εhn̂ · ∇(ρlφl))− (1− 2φl)∇(ρlφl)]
(18)

where H restricts the density compression to the in-
terface region using

H = tanh

[(
φl(1− φl)

10−2

)2
]

(19)

and the dissipation factor is εh = h√
2

where h is the

grid spacing. See[18] for more details.
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Curvature

Surface tension curvature is calculated via the
interface normals

κ = −∇ · n̂ = −∇ ·
(
∇ψ
|∇ψ|

)
(20)

where ψ is a smoothed interface function[18]

ψ =
φαl

φαl + (1− φl)α
(21)

with α = 0.1 in the current simulations. The qual-
ity of the curvature calculation across the interface
is then locally improved using a filtering strategy.

Discretization

The governing equations are discretized us-
ing the finite volume method on a uniform two-
dimensional Cartesian grid. The resulting semi-
discrete form of the equations is given by:

d~Qi,j
dt

=−

(
~Fi+1/2 − ~Fi−1/2

h

)

−

(
~Gj+1/2 − ~Gj−1/2

h

)
+ ~Si,j (22)

= R( ~Qi,j) (23)

where ~Q is the vector of state variables, ~F and ~G
are the conservative convective fluxes in the x and y
directions, ~Si,j is the source term, and R( ~Qi,j) is the
residual function. The fluxes are upwinded using the
HLLC approximate Riemann solver[29]. To ensure
oscillation free advection of material interfaces, the
primitive variables are reconstructed and the HLLC
features adaptions for a quasi-conservative form of
the volume fraction transport equation[15]. Spatial
reconstruction is performed using a TVD second or-
der accurate scheme with the minmod limiter. The
state variables are then integrated in time using the
following third order TVD Runge-Kutta scheme[30]:

Q
(1)
i,j = Qni,j + ∆tR(Qni,j),

Q
(2)
i,j =

3

4
Qni,j +

1

4
Q

(1)
i,j +

1

4
∆tR(Q

(1)
i,j ), (24)

Qn+1
i,j =

1

3
Qni,j +

2

3
Q

(2)
i,j +

2

3
∆tR(Q

(2)
i,j ).

Results and discussion

To verify the numerical model and implemen-
tation, one dimensional testing is performed first.
Isolated advection of a material interface was sim-
ulated and successfully demonstrated the capability
of the method to capture the interface without the

onset of spurious oscillations. This was followed by
a gas-liquid shock tube problem to further demon-
strate the capability of the numerical method and
implementation. Testing follows with interaction of
a shock in air with two water columns without the
effect of surface tension. Verification of the capillary
force model is performed with a parasitic currents
study and an oscillating ellipse test. Finally, the
shock-dual droplet interaction problem is revisited
with the effects of surface tension included.

Gas-liquid Riemann problem

The standard problem of isolated advection of
a material interface was successfully simulated to
verify the numerical scheme does not generate spu-
rious oscillations at the material interface, how-
ever, for brevity the results are not shown here.
This was followed with a gas-liquid Riemann prob-
lem previously used as a model for underwater
explosions[31, 11] and verification of a multicom-
ponent flow model[15, 16]. The problem includes
highly compressed air and water at atmospheric
pressure. The non-dimensional initial conditions are
given by[31]:

(ρlφl, ρgφg, u, p) ={
(0, 1.241, 0, 2.753) −1 < x < 0

(0.991, 0, 0, 3.059e− 4) 0 ≤ x ≤ 1
(25)

with fluid properties γg = 1.4, π∞,g = 0, γl =
5.5, π∞,l = 1.505. Note the material interface is ini-
tialized with an exponential function:

φl =
1

1 + exp( xεh )
(26)

The results at a simulation time of t = 0.2 using 500
grid points, a constant timestep of ∆t = 1e− 3, and
a single compression step per physical timestep with
a compression CFL of 0.05 are shown in Fig. 1 and
compare well to the exact solution.
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Figure 1. Final data at t = 0.2 using 500 grid points. Exact solution depicted by the solid line.

Dual droplet shock interaction

A Mach 6 shock in air interacting with two wa-
ter columns of diameters 6.4mm and 5mm is simu-
lated. A similar problem has been considered pre-
viously by several researchers[32, 33, 14] and is im-
plemented here in non-dimensional form. The non-
dimensionalization is given by the smaller droplet di-
ameter d0 = 5mm, the velocity a0 = 1000m/s, and
density by 1kg/m3. The domain is [−2, 4] × [−3, 2]
and extrapolation boundary conditions are applied
on all four boundaries. The initial conditions are
given by

(ρlφl, ρgφg, u, v, p) ={
(0, 5.268, 1.819, 0, 4.183) x ≤ −1.6

(1000φl, (1− φl), 0, 0, 0.1) x > −1.6
(27)

where the liquid volume fraction is defined by

φl =
1

1 + exp(−r1εh )
+

1

1 + exp(−r2εh )
(28)

where εh = h/
√

2, r1 = 0.64 −
√
x2 + y2, and r2 =

0.5−
√

(x− 1.4)2 + (y + 0.8)2. The non-dimensional
EOS parameters are γg = 1.4, πg = 0, γl = 4.4, πl =
600. Numerical schlieren (exponentially spaced nor-
malized density gradient) results at various times
are shown in Fig. 2 and agree well with the previous
studies, including the ripple structures on the lead-
ing bow shock (see [32, 33, 14], for example). The

transmitted and reflected shockwaves are clearly ev-
ident on the larger droplet at t = 0.6. The presence
of the second smaller droplet results in a second re-
flected bow shock that interacts with and ultimately
deforms the lower right quadrant of the large droplet
at later times. Of particular interest will be the de-
gree to which surface tension forces can counter this
shock-interaction based deformation and the overall
deformation of both droplets caused by the aerody-
namic forces.

Parasitic currents

It has been suggested that improper curvature
calculations can contribute to the magnitude of un-
physical “parasitic currents” inherent in surface ten-
sion simulations using the CSF method[23]. Gen-
erally, these currents have been shown to scale
with the inverse of the capillary number, 1/Ca =
Re/We[28, 34]. As the current work does not in-
clude physical diffusion (i.e. Re→∞, but numerical
diffusion exists in practice), the effect of the parasitic
currents are expected to be at their largest.

A simple test is performed to check if the cur-
rents distort the material interface. A circular liq-
uid droplet with radius of unity is initialized in a
domain [−2, 2]× [2, 2] with a zero velocity, gas den-
sity ρg = 1, liquid density ρl = 1000, pressure
of unity, and extrapolation conditions applied to
all four boundaries. Fluid properties are taken as
in the oscillating ellipse simulation from [14] with
γg = 1.4, γl = 4.4, π∞,g = 0, π∞,l = 100.
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Figure 2. Dual water column shock interaction problem. Numerical Schlieren results shown in non-
dimensional time. For comparison with [14], non-dimensional times shown correspond to physical times
of t = 3, 11, 15, and 20µs. Domain was discretized with a 1500× 1250 grid.

The analytical pressure jump is given by the
Young-Laplace law, or ∆p = κ/Wea = 1 in this
case with the acoustic Weber number set to unity.
The computed pressure jump using the numerically
calculated curvature values is shown in Figure 3 for
a time of t = 500 on an 80× 80 grid and agrees well
with the analytical value. Additional cases were also
run with a 160× 160 and 320× 320 grid. The maxi-
mum magnitude of the parasitic currents grew from
1.6e− 3 for the coarsest grid to 3.5e− 3 in the finest
grid but never resulted in computational failure or
distortion of the interface. As physical diffusion will
ultimately be added to the model and should reduce
the effect of parasitic currents, this is a satisfactory
result.

Figure 3. Computed pressure jump using numeri-
cally calculated curvature for an 80× 80 grid.
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Oscillating ellipse

An oscillating ellipse study is frequently per-
formed to validate the accuracy of surface tension
implementations[23, 35, 36, 14] and ensure the model
is capable of predicting physical solutions. The pe-
riod of oscillation can be computed analytically[37,
38]. The result has been non-dimensionalized here
and is written as:

T = 2π

√
Wea(1 + ε)R3

6
(29)

where T is the oscillation period in non-dimensional
time, Wea is the acoustic Weber number, ε = ρl/ρg
is the density ratio and R is the equivalent circular
radius. An ellipse defined by

1 =
x2

a2
+
y2

b2
(30)

has an equivalent circular radius of R =
√
ab assum-

ing mass is conserved. Several oscillating ellipse sim-
ulations using a = 5/4 and b = 4/5 were performed
for comparison for density ratios of 100 and 1000.
The domain, initial conditions, and material prop-
erties are the same as in the parasitic currents test
above. The numerical oscillation period was mea-
sured using the variation in global kinetic energy
and excellent agreement was found with the analyt-
ical result, as shown in Figure 4.
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Figure 4. Analytical (lines) and computed (circles)
ellipse oscillation period vs. acoustic Weber number
for various density ratios ε.

Dual droplet shock interaction with surface tension

The compressible flow model with capillary force
terms is now applied to the previously tested dual
droplet shock interaction problem. Note for this

problem the post-shock Mach number is 1.72 in the
shock-moving reference frame and thus qualifies as
a supersonic crossflow. A simulation was performed
with a specified acoustic Weber number of 3.02, cor-
responding to a physical Weber number of 12.8 and
10 for the large and small droplets, respectively. Fig-
ure 5 shows the evolution of the interface for the sim-
ulation with and without surface tension. Droplets
under the effect of surface tension tend to resist de-
formation due to aerodynamic forces, and that is
clearly visible in the results here. This is especially
evident in the lower right quadrant of the larger
droplet which without surface tension undergoes sig-
nificant local deformation due to the interaction of
the bow shock reflected from the secondary droplet.
The overall deformation has not been significantly
affected by the surface tension at this timescale and
significantly longer simulation times are necessary to
simulate the full droplet deformation and breakup
process. However, as the droplets are accelerating
this requires an even larger domain size to capture
and will be considered at a later time.

Conclusion

A finite volume method has been developed for
simulating compressible multicomponent flow under
the effects of capillary forces. The capillary terms in
the compressible multicomponent flow model were
validated using numerical comparisons to the an-
alytical relationship of the oscillation period of an
ellipse with various density ratios and Weber num-
bers. The parasitic currents did not adversely affect
the interface despite physical diffusion terms being
neglected at this time. The method was success-
fully applied to a droplet shock interaction problem
in a supersonic crossflow and highlighted the effect
of surface tension in combating drop deformation.
Future work includes examination of droplet defor-
mation under longer timescales and with the effects
of physical diffusion.
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Figure 5. Dual water column shock interaction problem with surface tension. Solutions shown in non-
dimensional time. Domain was discretized with a 1500 × 1250 grid. The lines show the location of the
interface φl = 0.5 for the case run with surface tension (blue) and without surface tension (black).
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