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Abstract

The universal (i.e. independent of the constitutive equations) thermodynamic driving force for
coherent interface reorientation during first-order phase transformations in solids is derived for
small and finite strains. The derivation is performed for a representative volume with plane inter-
faces, homogencous stresses and strains in phases and macroscopically homogeneous boundary con-
ditions. Dissipation function for coupled interface (or multiple parallel interfaces) reorientation and
propagation is derived for combined athermal and drag interface friction. The relation between the
rates of single and multiple interface reorientation and propagation and the corresponding driving
forces are derived using extremum principles of irreversible thermodynamics. They are used to derive
complete system of equations for evolution of martensitic microstructure (consisting of austenite and
a fine mixture of two martensitic variants) in a representative volume under complex thermomechan-
ical loading. Viscous dissipation at the interface level introduces size dependence in the kinetic equa-
tion for the rate of volume fraction. General relationships for a representative volume with moving
interfaces under piece-wise homogeneous boundary conditions are derived. It was found that the
driving force for interface reorientation appears when macroscopically homogeneous stress or strain
are prescribed, which corresponds to experiments. Boundary conditions are satisfied in an averaged
way. In Part 2 of the paper [Levitas, V.I., Ozsoy, 1.B., 2008. Micromechanical modeling of stress-

* Corresponding author. Tel.: +1 806 742 3563x244; fax: +1 806 742 3540.
E-mail address: valery.levitas@ttu.edu (V.I. Levitas).

0749-6419/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijplas.2008.02.004



240 V.I. Levitas, I.B. Ozsoy/ International Journal of Plasticity 25 (2009) 239-280

induced phase transformations. Part 2. Computational algorithms and examples. Int. J. Plasticity
(2008)], the developed theory is applied to the numerical modeling of the evolution of martensitic
microstructure under three-dimensional thermomechanical loading during cubic-tetragonal and
tetragonal-orthorhombic phase transformations.

© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Solid-solid phase transformations are widely studied in physical experiments. They are
used in modern technologies and broadly spread in nature. We will focus on displacive
phase transformations that are dominated by the deformation of a unit crystal cell that
is described by transformation (Bain) strain tensor &. They include martensitic phase trans-
formations during which atoms do not change their neighbors, and reconstructive phase
transformations in opposite case. For both of them, we will neglect any intra-cell displace-
ments or shuffles since stresses do not produce work on them. Even in the cases when shuf-
fles are responsible for lattice instability and initiation of phase transformation, we assume
in our thermodynamic approach that they are expressed in terms of ¢ by energy minimiza-
tion (Salje, 1990). This is the usual way of thermodynamic study of reconstructive fcc—bcc
and fcc—hcep in ferrous alloys (Olson and Cohen, 1972). Martensitic phase transformations
represent the main deformation mechanism of shape memory alloys (SMA) and cause
pseudoelasticity and pseudoplasticity phenomena, as well as one- and two-ways shape
memory effects. We will neglect dislocation plasticity and consider coherent interfaces only
for which displacements are continuous across the interface. Martensitic transformations,
for example, in shape memory alloys, ceramics and steels, produce specific sophisticated
multi-connected microstructure. This microstructure determines the mechanical and gener-
ally physical properties of the material, internal stresses, and possible engineering applica-
tions. As stated in Olson (1997), one of the goals of computational material design is the
formation of a desired microstructure based on chosen criteria.

Due to symmetry of crystal lattice, there is a finite number (e.g. 12 for the phase trans-
formation from a cubic to monoclinic lattice) of crystallographically equivalent martens-
itic variants M;. Each martensitic variant has the same components of the transformation
strain tensor g;, but in its own crystallographic basis. Each martensitic unit (for example,
plate or lath) usually represents a fine mixture of several martensitic variants that lead to
the reduction of elastic energy of internal stresses. Each grain of polycrystalline material or
single crystal is filled by numerous martensitic units. Consequently, study of the evolution
of microstructures during solid—solid phase transformation is a complex multiscale
problem.

At nanoscale, Ginzburg-Landau, or phase field approach, is used to model the micro-
structure evolution Artemev et al. (2000, 2001), Saxena et al. (1997), Rasmussen et al.
(2001), Wang and Khachaturyan (1997), and Chen (2002). Recently (Levitas and Lee,
2007), an athermal threshold was introduced in a phase field approach. However, it is
mentioned in Levitas et al. (2004) and Idesman et al. (2005) that since it resolves each mar-
tensitic variant (characteristic width is 10 nm) and each interface (characteristic size is



V.I Levitas, I.B. Ozsoy [ International Journal of Plasticity 25 (2009) 239-280 241

I nm), maximum size of the sample that can be treated numerically does not exceed 100-
1000 nm. Recently (Levitas et al., 2004; Idesman et al., 2005), we developed a mesoscale
phase field approach that allows us to model stress-induced martensitic microstructure
in sample of size greater than 100 nm, and without an upper limit. The main idea was that
when internal stresses are taken into account, macroscopic stress—strain relationships exhi-
bit strain softening. Strain softening leads to transformation strain localization in some
regions that are martensitic units. In such a way, discrete martensitic microstructure is
reproduced as a result of the solution of a boundary-value problem without any effort
to track interfaces. However, the micromechanical models in those papers were very sim-
plified. One of the goals of the current paper is to develop an advanced micromechanical
model that can be used in a finite element simulation of discrete martensitic microstruc-
tures in a macroscopic sample. This model has to reproduce all crystallographic and
microstructural characteristics, like orientation of the interfaces between austenite and
martensite and between martensitic variants, and volume fraction of austenite and mar-
tensitic variants and their evolution under prescribed complex three-dimensional thermo-
mechanical loading.

We will consider several types of representative volumes (Fig. 1) in which two phases
(we will call them austenite and martensite, but our treatment is not limited to martensitic
transformations) are divided by a parallel interface or multiple parallel interfaces. Mar-
tensite itself may consist of a fine mixture of two alternating martensitic variants with par-
allel interfaces. Such a multi-layered system was considered in many publications, starting
with pioneering work by Roitburd (1974, 1993), Khachaturyan and Shatalov (1969)
and Khachaturyan (1983). Before them, the main crystallographic parameters of
martensitic microstructure has been determined on the basis on geometrically nonlinear

a
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Fig. 1. Several types of representative volumes treated in this paper: (a) Single plane interface between phases 1
and 2 (or between austenite and martensite); (b) Single plane interface between austenite and martensite when
martensite consists of alternating martensitic variants M; and My. (c¢) and (d) Multiple martensitic units
consisting of alternating martensitic variants My and My, separated by plane interfaces from austenite. In (d)
parallelepiped is significantly elongated along one of the sides, so the majority of interfaces between austenite and
martensite are equal. Each martensitic plate in (c) and (d) can be considered as a representative parallelepiped for
alternating martensitic variants M; and M.

A
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crystallographic theory, Wechsler et al. (1953) and Wayman (1964). One of the main prob-
lems of the crystallographic theory of martensite is to find for a given transformation
strain, the structure and orientation of the A—M interface. Namely, one has to find lattice
invariant shear due to slip or twinning, the rotation of the crystal lattice and the normal to
the A—M interface which produces an undeformable (invariant) plane. Along this habit
plane the compatibility condition between M and rigid A is fulfilled. Since the theory con-
tains no principle whereby the single or multiple shear systems are selected, they have to be
assumed and evaluated by comparison with experiments. To describe some experiments,
one has to assume isotropic or anisotropic dilatation of the interface as a fitting parameter
because of the elastoplastic deformation of A. This theory is a purely geometric one with-
out any stresses. Nevertheless, the theory describes well a lot of experiments.

The mathematical theory of martensitic microstructure formation (Ball and James, 1987;
Kohn, 1991; Bhattacharya, 2004) derives the main crystallographic characteristics from the
energy minimization principle for elastic materials at finite strains. As the global minimum
of energy corresponds to a stress-free configuration, the problem again reduces to the geo-
metric one. Slip is not considered in this theory. For an A—M interface and a combination of
two martensitic variants (which are in twin relation) in proper proportion, the normals to
the interfaces between the variants and between A and M are found. This result is equiva-
lent to crystallographic theory in Wayman (1964). However, this more strict and general
approach did not require guessing of shear system and gave a number of new results.

The geometrically linear theory of martensitic phase transformation in elastic materials
by Roitburd (1974, 1993), Khachaturyan (1983) and Roytburd and Slutsker (2001) is
based on energy minimization as well. However, it was also applied to the cases where
crystallographic parameters depend on external stresses and internal stresses being pres-
ent. These approaches, however, neglect an athermal threshold to interface propagation
that is caused by interaction between the moving interface and the long-range stress fields
of defects (point defects, dislocations, grain and subgrain boundaries), as well as the Pei-
erls barrier and acoustic emission. The athermal friction is similar to dry friction in contact
problems, and causes dissipation even at infinitesimal interface velocity. In the presence of
the athermal friction, microstructure evolution is not governed by energy minimization,
and incremental problem formulation (similar to plasticity) is required. The mathematical
approach to such problems was initiated by Mielke et al. (2002) based on the postulate of
realizability (Levitas, 1995, 1998, 2000), and further developed in Kruzik et al. (2005).
Aspects of modeling martensite-martensite transformation can be found in particular in
Sun and Hwang (1993), Marketz and Fischer (1996), Levitas and Stein (1997), Zheng
and Liu (2002), Liu and Xie (2003), Thamburaja (2005), Pan et al. (2007), Popov and
Lagoudas (2007), Auricchio et al. (2007), Hall et al. (2007), Shaw (2000), Muller and Bru-
hns (2006) and Gao et al. (2000).

Stupkiewicz and Petryk (2002) studied stress-induced evolution of the laminated aus-
tenite—martensite microstructure with allowing for athermal interface friction. Internal
twinned structure of martensite was determined based on crystallographic theory and
did not evolve, which is easy to change. However, interface reorientation (i.e. rotation
of the normal to the interface) was not taken into account.

Our starting point in this paper is a consideration of thermodynamics and the kinetics
of interface propagation and reorientation in the representative volumes shown in Fig. 1.
Homogeneous stresses and strains in phases are assumed and boundary conditions are met
in an averaged way (see Egs. (1) and (2)). The universal (independent of specific constitu-
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tive relations) thermodynamic driving force for interface propagation during solid—solid
phase transformation, the celebrated Eshelby driving force, Eshelby (1970), Kaganova
and Roitburd (1988), Abeyaratne and Knowles (1993) and its generalization in the form
of the tensor of chemical potential, Grinfeld (1991), have been known for decades. In
marked contrast, the universal driving force for interface rotation has not been previously
obtained. Orientation of an interface for linear elastic solids when it does not coincide with
an invariant plane (i.e. when internal stresses are generated) and changes in its orientation
under uniaxial external stress was studied in Pankova and Roytburd (1984), Roitburd and
Kosenko (1976, 1977), Roitburd (1983), and Roytburd and Slutsker (1997, 2001) using
energy minimization. Despite the significant progress, these methods explore specific
expressions for elastic energy of the mixture of two linearly elastic phases when they are
relatively simple, and are difficult to expand for more sophisticated transformation strains,
elastic anisotropy, nonlinear elasticity, finite strains, and complex loading. Energy minimi-
zation cannot be used for those practically important cases where athermal interface fric-
tion is significant.

This paper contains several new results. First, an explicit universal (i.e. independent of
specific constitutive relations) expression for the thermodynamic driving force for interface
rotation is derived for small and finite strains. Second, we derive an explicit expression for
the dissipation rate for simultaneous interface propagation and interface rotation that
takes into account both athermal and drag interface friction for single and multiple inter-
faces. For athermal friction, two separate cases are treated when the center of interface
rotation belongs or does not belong to the interface. Limit curve in the plane of driving
forces for interface propagation and rotation is derived within which the interface motion
1s impossible. The counterpart of the associated flow (or phase transformation) rule is for-
mulated. Relationships between driving forces for interface propagation and rotation and
rates of interface propagation and rotation are derived using the extremum principles of
irreversible thermodynamics separately for athermal and viscous interface friction. Expli-
cit inverse relationships between the rates of interface rotation and interface propagation,
and the driving forces for interface rotation and interface propagation are obtained using
Legendre transformation. For viscous friction, the interface propagation and rotation are
independent of each other, whereas athermal friction introduces a nontrivial coupling
between them. In particular, during slow interface propagation, even an infinitesimal driv-
ing force for interface rotation causes a finite interface rotation rate. For multiple inter-
faces, the following problem arose: when varying the ratio of interface propagation to
rotation rate, the number of interfaces, for which the center of the interface rotation
belongs or does not belong to the interface, vary discontinuously, and for each interval,
separate equations have to be used. However, we found that even for this case, dissipation
function and relationships between thermodynamic forces and conjugate rate are contin-
uous. Using separate equation for multiple intervals is not effective in numerical calcula-
tions. A simple and accurate single-function approximation of these equations was found
in the paper. It was also found that viscous dissipation at the interface level (that was not
considered in previous publications on phase transitions in laminated structures) intro-
duces size dependence in the kinetic equation for the rate of volume fraction. Thermody-
namic driving forces for interface orientation and propagation and stresses in each phase
are found for the austenite-martensite system when martensite consists of alternating mar-
tensite I-martensite II variants. Thus, internal evolution of the martensitic unit is included
as well.
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In the previous work on micro to macro transition for laminated structures with phase
transformations (Khachaturyan, 1983; Roytburd and Slutsker, 2001; Stupkiewicz and Pet-
ryk (2002)) boundary conditions have not been treated. In the general study of micro to
macro transition (Hill, 1984), tractions corresponding to a constant stress tensor or dis-
placements corresponding to a constant deformation gradient (i.e. macroscopically homo-
geneous boundary conditions) are applied to prove transfer of important energetic
relationships. Here, we studied also a more general case of macroscopically piece-wise
homogeneous boundary conditions different for boundaries corresponding to different
phases. We found that the driving force for interface reorientation appears when macro-
scopically homogeneous stress or strain are prescribed and does not appear for piece-wise
homogeneous boundary conditions. Since all experiments are performed under prescribed
macroscopically homogeneous boundary conditions (see e¢.g. Abeyaratne et al., 1996), we
use them (similar to all known studies of representative volumes in Fig. 1). There is well-
known contradiction between assumption of piece-wise homogeneous stresses and strains
in phases and homogeneous boundary conditions. Homogeneous stresses and strains in
phases are a strong assumption which is used in order to perform analytical treatment
of the problem and because in most cases it is fulfilled in the major part of the volume
away from boundary and some transition layers (see e.g. Abeyaratne et al., 1996; Bhat-
tacharya, 2004). Boundary conditions are met in averaged sense (see Egs. (1) and (2)),
which is well-known approximation. It works well e.g. for fine layered microstructure.
In Part 2 of the paper (Levitas and Ozsoy, 2008), the developed theory is applied to numer-
ical modeling of the evolution of martensitic microstructure under three-dimensional ther-
momechanical loading during cubic-tetragonal and tetragonal-orthorhombic phase
transformations. Some preliminary results are published in Levitas (2002) and Levitas
et al. (2007).

The paper is organized as follows. In Section 2, the driving force for an interface ori-
entation is derived and analyzed for small strains. In Section 3, expression for dissipation
rate and kinetic equations for interface reorientation and propagation are derived for sin-
gle and multiple interfaces. In Section 4, equations for stresses and strains in phases are
derived. Thermodynamic driving forces for interface orientation and propagation are
found for the case austenite—martensite system when martensite consists of alternating
martensite I-martensite II variants. In Section 5, interface orientation and internal struc-
ture of embryo is considered. Thermodynamic driving force for interface reorientation for
finite strains is derived in Section 6. Micro to macro transition for representative volume
with moving interfaces under macroscopically homogeneous and piece-wise homogeneous
boundary conditions is studied in Section 7. Section 8 contains concluding remarks. Direct
tensor notations are use throughout the paper. Vectors and tensors are designated by
boldface letters; - and: designates contraction of tensors or vectors over one or two nearest
indexes; 4' and A designate transposed tensor 4 and material time derivative, (4), means
symmetrization and [4] = A, — A, is the jump of a tensor across an interface.

2. Universal thermodynamic driving forces for interface propagation and reorientation

We consider a rectangular parallelepiped V containing two phases, 1 and 2, divided by a
plane interface X (or parallel interfaces) with the unit normal n directed toward phase 1
(Fig. 1a), under external stresses o. Let ¢ and a; be the constant strain and stress tensors
in each phase. Then
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&= C18 + 28, (1)
6 = C10] + (207, 2)
lp = Cllpl(ﬁl, 0) + C2lﬂ2<82, 0), S = ClS1<81, 6) + CzSQ(Sz, 0) (3)

are the strain and stress tensors, as well as the Helmholtz free energy and entropy, both per
unit volume, averaged over V. Here ¢; is the volume fraction of the ith phase
(c=c; =1—c¢;) and 0 is the temperature homogeneous in V. As is usual for strain-dom-
inated phase transformations with coherent interfaces (for which displacements are contin-
uous across an interface), we neglect the interface energy in comparison to the elastic
energy. It follows from the thermodynamics of each phase that:

_ 9y, _ oY,
o= 681 ’ %= 682 (4)
and
O _ Oy
T TR0 T a0 )
The dissipation rate per unit volume is
Dy=6:&—y—s0>0. (6)
Since = ¢; (0, /Oe )& + c2(O, /082)é; + 1 (O /000 + cz(6w2/60)0 + a1y, + &y, and
C] = —6‘2 —C we have ?,b = (C10] : 81 + 07 : 82 (ClS19—|— 02S29) [lﬂ]C and & = 6’181—|—
6‘282 + [ ] C. )
Inserting in Dy the expressions for ¢ and y, we obtain
Dy =X.+4ci(6—061):8 ++cr(6—062):8 =0, (7)

where X, := o : [¢] — [{] is the Eshelby driving force for interface propagation during the
phase transformation 1+ 2. Let us simplify the two last terms in Eq. (7). Using
6 = (1 — ¢)o| + ca,, we obtain ¢ — 6; = c[6], 6 — 6, = (¢ — 1)[6] and

ci(6—61) & +cr(6—06y) & = —ciafo] : (& — &) = —cic]a] : [g]. (8)
Using the Hadamard compatibility condition and the traction continuity condition

g = (an),, [o]-n=0, (9)
where the vector a characterizes the strain jump, Eq. (8) can be further transformed to

—c16]0] : [§] = —ci1cale] - (ha+ na) = —cic3[6] : ha = —cicra - [6] - A (10)

Thus, the rate of dissipation (7) can be presented in the form

Dy=X.+X, - 1>0, (11)
where
X, := —cica - o] (12)

1s the expression for the universal thermodynamic driving force for interface rotation.
Decomposing a = a,n + a., where a,n and a, are collinear and orthogonal to n (Fig. 2),
and using n - [6] = 0, we obtain

Xn = —C1C04a; - [O'] (13)
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Fig. 2. Components of the stress tensor that are discontinuous across the interface 2 and therefore contribute to
the driving force for interface rotation X,. (a) for small strains; (b) for finite strains in the reference configuration,
where P is the first nonsymmetric Piola—Kirchoff stress tensors (the force per unit area in the undeformed state).

Thus, the normal component of the strain discontinuity across the interface does not in-
duce interface rotation; only the shear (volume preserving) component contributes to
X,. Also, X, - n =0 because of [¢] -n =0, i.e., X, lies in the interface. In the coordinate
system where a, = |a.|(1,0,0) and n = (0,1,0) (Fig. 2a) we have

X;i = —cicla|[o] and Xi = —cieac([o13], (14)

i.e. the discontinuities in only two components of ¢ contribute to X,. Thus, the conditions
for thermodynamic orientational equilibrium are

[011] = [613] =0 or a. = 0. (15)

The same expressions for X, and X . hold for the volume V' that contains multiple evolving
parallel plane interfaces between alternating phases 1 and 2. To further elaborate the effect
of stresses on the interface reorientation, we assume for each phase the Hooke’s law and
additive decomposition of the total strain into elastic, &, and transformation (eigen), &,
strains

0 =E1 2861:, GzzEzisg, <16)
& :861:+8t17 82:862:+8t2? (17)

where E; is the fourth-rank elasticity tensor. Transformation strains transform the crystal
lattice of the parent phase into the lattice of the product phase; if phase 1 is considered as a
parent phase, then & = 0. Let the elastic properties of phases be the same, E; = E, = E,
and &, be independent of the applied stress a. Then stresses in phases can be presented in
the form 6, = 6 + aj.“, where of.n are the internal stresses, due to the transformation strain
& (i.e. c16' + 60 = 0), that are independent of the external stresses 6. In this case, the
jump in stress [6] = [6™] and consequently jump in strain [¢] = [¢°] + &) = [¢"] : E~' + &}
and a are independent of the external stresses 6. Thus, the driving force for reorientation
X, is independent of the stresses o as well. If the interface is an invariant plane for &' (see
Wayman, 1964; Bhattacharya, 2004), for example, between two twins, then ¢™ = 0 and
again the external stresses will not cause interface rotation. Thus, for equal linear elastic
properties of phases and stress-independent transformation strain, external stresses do
not effect interface rotation. This is generally not true for equal nonlinear elastic properties
(because the principle of linear superposition cannot be applied), for unequal linear or
nonlinear elastic properties, and when &, depends on external stresses ¢ (e.g. when one
phase consists of a fine-scale mixture of several crystallographically equivalent variants,
see Section 4, or when plastic accommodation occurs). Since
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¢ =uv0,2/V, (18)

where vy, 1s the velocity of translational motion of the parallel interfaces (the same for each
interface) and X is the total area of all interfaces, then Eq. (11) can be transformed to

DV :XZUOn+Xn'iI>O, (19)
where
Xy =X2/V (20)

is the thermodynamic driving force conjugate to the translational interface velocity.
Let us transform the Eshelby driving force X . for linear elastic materials with

Yn = yied) +1(0), W = W5(e) +15(0), (21)
Vi(e,) =058 - Ey &, Y5(e) =058 : E; : &, (22)

where ¥’ and ¢ are the thermal and elastic parts of the free energy. First, multiplying
6 = c16| + c;6, with n and using the traction continuity condition (9),, we obtain
n-6=cn-6,+cn-6, =n-6, =n-o6,. Then employing the Hadamard compatibility
condition (9); and symmetry of the stress tensor, we derive o6:[¢)=n-6-a
=n-6,-a=n-6,-a=o0,:[¢ =06,:[=0.5(6,+ 07)[¢]. Then

X.=05(6,+65): [ +&] — [+ ¢’ =0.5(6, +6,)
(85— &) +0.5(61 +02) ¢ (85 — &) — (Y5 —¥}) + (Y3 — ). (23)

Using Hooke’s law, we transform 0.5(6) +062) : (& — &) = 0.5(¢5 : E5 : &5 — &
tEy 8 —&  (Ex—Ey) 1 85) = (5 —y]) —0.5¢] : AE : &5. Inserting into Eq. (23), we fi-
nally obtain

X.=0.5(01+06y): (e —&)— 0.5 : AE : &5 — () — ). (24)

3. Dissipation rate and Kinetic equations

In this section we will derive several versions of the kinetic equations for the rate of vol-
ume fraction ¢ (or translational interface velocity v,9) and reorientation rate . in terms of
the thermodynamic driving forces X. (or Xy) and X,. Based on physical mechanisms of
the resistance to an interface motion (interface friction) and their modeling, we will take
into account two types of the interface friction (Grujicic and Olson, 1985; Grujicic
et al., 1985; Olson and Cohen, 1986):

(i) Athermal friction due to interaction between the interface and the long-range stress
fields of defects (point defects, dislocations, grain and subgrain boundaries), as well as the
Peierls barrier and acoustic emission. It is similar to the dry friction for rigid body motion
along the plane and causes threshold-type resistance.

(i1) Viscous linear friction due to phonon drag mechanisms. Since local interface veloc-
ity during martensitic plate growth can be of the order of magnitude of km/s, this term
plays an important role (Olson and Cohen, 1986). However, since martensitic plate is get-
ting arrested fast, e.g. by grain boundary or other plates, in macroscopic modeling this
event is considered as instantaneous and viscous term is neglected. In local description
as well as for high-strain loading, it has to be taken into account.
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Other contributions, for example, dissipation due to thermally activated motion of the
interface passing obstacles (Grujicic and Olson, 1985; Grujicic et al., 1985; Olson and
Cohen, 1986), can be similarly taken into account.

3.1. Linear kinetic relationships

The simplest linear relationships between the thermodynamic forces and rates can be
obtained assuming quadratic expression for the dissipation rate in terms of thermody-
namic forces

Dyx.(Xe, X)) = hX?+2m. - X, X.+ X, h,: X, =0 (25)

with 4., m. and h as scalar, vector and symmetric second-rank tensor parameters. We keep
the most general anisotropic form since a priori the problem contains various vector and
tensor parameters (like ¢ - n, @ and &) that can generate the vector m, and tensor A,. Using
extremum principle of linear thermodynamics (Haase, 1969; Ziegler, 1977), we obtain the
relationships

. laDXL, . . 1 6DX¢
C_E X, =hX.+m.-X,, n—i X,

that incorporate the Onsager reciprocity relationships. Usually, m = 0. These relationships
can be easily inverted. Alternatively, we can start with

—mX.+h,: X, (26)

Dy,(Xs,X,) = hsX3 +2my - X, Xy + X, : h,: X, = 0 (27)
and obtain
1 oD
V0 = 5 = = hyXy +my - X,
2 0Xs
(28)
. 10Dy, Xeth . X
Il—2aXn = MmMzA y n - Ap.
Substituting Eqgs. (18) and (20) into Eq. (26) or (28) one derives
»\? b
hc = hz <?> , m, —= mgv. (29)

If one considers single interface propagating through the parallelepiped, the area X varies
from zero to maximum value and then again to zero. Thus, choosing 4y and my constant,
one obtains variable 4. and m. and vice versa. Consequently, the choice of Dy, or Dy, as a
primary function is a constitutive assumption that has to be justified. Below we will per-
form this in detail. If there is a large amount of interfaces (like in martensitic M;—Mj; mix-
ture), then the total interface area is almost constant during the chance in volume fraction
and both choices are approximately equivalent (Figs. 1c and d).

3.2. Dissipation rate for three-dimensional geometry

Here we will calculate the dissipation rate due to the phase transformation and interface
reorientation by explicitly considering the single or multiple parallel interface motion. The
dissipation rate at each point of the moving interface is assumed to be the sum of ather-
mal, &,, and viscous, Z,, friction components:
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D =D+ D, = klv,| + 2. (30)

Here v, is the normal interface velocity, k is the athermal interface friction and 4 is the
viscosity coefficient. The dissipation rate per unit volume due to the motion of the inter-
face is

D:/@dZ/V:DaJrDV. (31)
P

For a plane interface, the normal velocity at the point r can be expressed as

Uy =Vop +1-@ X (r—r), (32)
where r is the centroid of the interface in V, vy, = ¥y - n is the normal velocity of the cen-

troid, and @ = n x n (|| = |a|) is the angular velocity of the interface. Then one obtains
for the viscous dissipation

mvzﬂ/wwn-wx<r—ro>>2d2=x<vén2—n-w><J><w-"% (33)
2

where [,(r—r))d2 =0 is taken into account (by definition of the centroid) and
J = [.(r—ro)(r —ro)d2 is the tensor of the centroidal moment of inertia of the interface.
Note that despite the sign “—” in Eq. (33), the second term related to @ is of course po-
sitive. If multiple parallel interfaces move with the same translational and angular velocity,
then in Eq. (33) 2 is their total area and J is the sum of the centroidal moments of inertia
for all interfaces. One of the main results is that there is no coupling term between transla-
tional and angular velocity, 1.e. m. = my = 0 in (26) and (28) and in particular, Xy = i%v()n
and X . = Avg,. To find relationship X, (n), we represent —n - @ x J X @ - n = K ,in, in the
component form with K, := e¥e*e eriJ;, nin,nam, and € for components of Levi-
Civita permutating tensor in orthonormal basis e;. Then, X ,11 = AK iy [V .
For the athermal dissipation we derive

I/Da:k/\von—i—n-wx(r—roﬂdz
z

:k(/2+(v0,,+n-w>< (r—ro))dZ—/Z_(vo,,~|—n-w>< (r—ro))d2>

= kvon(Z4 — Z_) + kn - o x (L(y—ro)dz) - (/Z(r—ro)dz), (34)

where 2, and X _ are parts of the interface 2~ where v, > 0 and v, < 0, respectively. Since
these parts depend both on vy, and w, explicit expression for D, in terms of vy, and o is
bulky in general case. Only in the case when the normal interface velocity does not change
the sign within the interface, one obtains

D, = klvo,|Z/V = k|¢] (35)

and the term with o disappears by definition of the centroid. For this case (as well as for
o = 0), expressions for the dissipation rate per unit volume

X = Xsvo, = (klvon| + 205,)2/V = kle| + 2V /2 (36)

result in
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X, = ksign(¢) + ¢V /X = ksign(vo,) + Avoy,

37
XZ = (kSign(UOn) + /IUOn)Z/ V. ( )
Eq. (37) can be resolved for the rates:
1
von = 5 (X — ksign(Xo))H(|X| — k)
1 | V V
= I (XZE— Slgn(XZE>)H<XZE‘ —k),
e = 2 (Xe — ksign(X)H(X.] ), (38)

where sign(...) is the sign function and H(a) is the Heaviside unit step function (i.e.
H(a) =1 for a > 0 and H(a) =0 for a < 0). In more detail Eq. (38) can be presented
in the form

)

é=—(Xc—k) forX, >k
2
C',ZW(XC+k) for X. < —k, (39)

¢=0 for |X.|<k.

Similar expression is valid for v,,. Important conclusion follows from Egs. (37) to (38):
while relationship vy, (X.) is scale independent, the effective viscosity AV /2 in relationship
¢(X,.) grows proportionally to the size of the volume V for geometrically similar interface
configurations. The condition for thermodynamic equilibrium, |X.| < , is scale indepen-
dent. Both these results also follow from the dimension analysis.

To obtain all results analytically, we consider interface rotation in the plane 1-2. In this
case, v, = vy, + wr, where r 1s the distance from the interface centroid in the plane 1-2,
013 =0, X, = X,a./|a.|, and X, - i = X, 0.

3.3. Single interface
We have for the dissipation rate
R R
VD = /k|v,,|d2+ / wrdX = kb/ |Un|dr+/1b/ v2dr, (40)
2 2 —R —R

where d2 = bdr and b = 1 is the depth of the parallelepiped. The viscous dissipation, D, is
equal to

R R 2 2 R R2 3 2
SDV:z/ uidr:zwz/ (r — rdr = 22O RR+ 3r) (41)
—R —R 3
where S is the area of the parallelepiped face. When evaluating D,, one needs to consider
separately the cases when the position of the center of rotation r. = —wvy,/w belongs to the

interface (—R < r. < R, where 2R is the interface length in the plane 1-2), or does not, i.e.
when v, is of fixed sign or changes sign within the interface.

Case 1. —R < r. < R (which, after substitution . = —v¢,/w and introducing the ‘angular’
velocity wg := vy /R related to translational velocity vy, corresponds to —1 < wy/w < 1). In
this case



V.I Levitas, I.B. Ozsoy [ International Journal of Plasticity 25 (2009) 239-280 251
R R
SD, = k/ v, |dr = k|o| lr —r.|dr
—R —R

:k\co\(— /r"(r—rc)dw/j(r—rc)dr) — | (2 + R). (42)

R

Case 2. r. < —R (wo/w > 1). Simple calculations results in

K _ 2k|o|Rvy _ 2k|0|R?
SD, = k|a)|/ (r — r)dr = —2k[o|Rr, = 2H@IR _ ZK|0IR w0 (43)
R w w
Case 3. 7. > R (wo/w < —1). In a similar way one obtains
K —2k|w|R —2k|w|R*
SD, — k|co|/ (ro — r)dr = 2k|o|Rr, = —2H@IR _ Z2K|0IR 00 (44)
_R w
Combining all three cases together, we obtain after simple algebra
(,02
D, = A|o) (l +—(2)) for |wo/w| < 1
)
o
Da = 2A|w0| for ’E‘ > 1, (45)

2
DV:Bw2(1—|—3w—g),D:Da—|—DV,
(0)]

where 4 = kR*/S and B = 2/R*/(3S). It is clear that for corresponding to each other gen-
eralized forces and rates, Dy = D. Normalizing the dissipation rate by 4 and choosing wy
and w as generalized rates we obtain from Eq. (19)

Dyi=—r =X+ X0, X.==C% and X, =" (46)

Similarly, normalizing the dissipation function Eq. (45) D(w,, w) := D/A, one obtains for
corresponding to each other generalized forces and rates

Dy = X w0y + X,0 = D(wy, »). (47)

Single Eq. (47) cannot determine two scalar driving forces X ., X,. Usually, the extremum
principles of nonlinear irreversible thermodynamics formulated in Ziegler (1977) can be
used. These principles have been justified using the postulate of realizability (Levitas,
1995). However, direct application of such principles to Eq. (47) leads to contradictory re-
sults, which couples in a complex and unnatural way athermal and viscous parts of dissi-
pative forces. To resolve the contradiction, we decompose the dissipation function and the
driving forces X into athermal and viscous parts, i.e. D = D, + Dy, X. X a4 X v and
X, =X+ X V. Then we obtain

D, :=D,/A=Xwy+ X0 = X" &,

- - ~ - (48)
Dy,:=D,/JA=Xwy+X 0o=X"-0,
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where D, and D, are given by Eq. (45), and we introduced two-dimensional vectors of gen-
eralized rates @ := (w, ay), as well as athermal X*:= (X2, ~)N( ¢) and viscous thermody-
namic forces X" := (X}, X") thermodynamic forces; X := X* + X". Two Eqgs. (48) are
again not sufficient to find the four scalar driving forces X?, XV. However, now we can
apply the extremum principles of nonlinear irreversible thermodynamics (Ziegler, 1977,
Levitas, 1995) to athermal and viscous driving force separately. The general relationship
between the conjugate dissipative force, X, and rate, ¢ (i.e. the dissipation rate is

D:=X-¢q),1s

dD dp .\

If the dissipation function D(§) is a homogeneous function of degree n, i.e. D(1q) = I"D(§),
then according to Euler’s theorem for homogeneous functions, ‘31—9 -q=nD and z = 1/n.
The athermal dissipation is a homogeneous function of degree 1 (i.e. z = 1) and viscous
dissipation is a homogeneous function of degree 2 (i.e. z = 1/2). Thus, we obtain

~. 0D, 220 sign(w) for || <1
¢ 0wy | 2sign(wy) for || > 1’

~ 0)2 .

. oD, (1 ——°>31 n(w) for |2 <1

gy =00 g Umjoien(e) forfii<d (50)
w 0 for ‘%"| > 1

- oD, - oD, B

X' =05 =3Cw), X'=05°""=Cow, C:=—. (51)

o ow A

Let us consider the case X¥ < X?, which corresponds to neglect of viscosity (C = 0) or
slow interface motion, i.e. interface rotation and propagation. Eliminating wy/w from
Eq. (50) for |wy/mw| < 1, one obtains the equations of the limit curve for interface motion
in the )?2 — )?2 plane (Fig. 3)

So(X*) = £X3 — [1-0.25(X%)°] =0, (52)

where f, (f_) corresponds to sign(w) = +1 (sign(w) = —1). The case |wy/w| > 1 yields
just two points X?* = (0,+2) that in any case belong to the curve (52). Inside the curve
(52), 1.e. for f < 0, where wy = w = 0, the interface motion does not occur. The curve
f =0 is the counterpart of the yield surface for single and polycrystalline plasticity in
stress space (Lubliner, 1990) or the friction surface (Levitas, 1995), or the phase transfor-
mation surface in stress space (Levitas, 1992; Sun and Hwang, 1993; Levitas et al., 1999).
In fact, the dissipation function and all relationships that we found will be the same for a
rigid line sliding with rotation along the plane surface and subjected to dry and viscous
friction. It is known for these systems that the potential-type relationships (50) result in
the potential-type inverse relationships

O=h d[ (53)

dX?

with a constant # > 0. Thus, the vector @ is a normal to the limit curve f = 0 (Fig. 3). This
is so-called associated phase transformation rule (normality rule) similar to the normality
rule for phase transformation (Levitas, 1992; Sun and Hwang, 1993; Levitas et al., 1999)
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Fig. 3. Plots of the potential contours EP(X ) = M for the values of M shown near the curves. The contours are
symmetric with respect to the X, and X, axes. The contour ¥ = 0 coincides with /' = 0 (Eq. (52)), inside of which
interface motion does not occur. The velocity vector @ is orthogonal to the potential contours; its magnitude is
proportional to the inverse distance between the nearest curves along @. The straight line X, —3X,=2
corresponds to the condition w, = w. The curves above the line X, — 3X, = 2 are ellipses.

and plasticity (Lubliner, 1990), in stress space and for system with friction (Levitas, 1995).
In more detail,

of _ 0.5h X%, w=h

c

0 =, =
wo = h S ah, P 05T — (1T, (54)
0xX? )
where Eq. (52) has been used to express X 2 in terms of X 2 At the singular points
X* = (£2,0), where the normal is ambiguous, the vector @ is a linear combination of

the normals to the surfaces f, and f_:

of

Wy = Iy ===+ hy —— = 0.5(h; + hy) X2,
0 1an ZaX'g ( 1 2) c
of, of-
lan Zan (h 2) (55)
o hy+hy =, hi+h ~ar0.5
—=0.5 a 1+ X2
w ]’l] — h2 h] — hz ( n) ’
where i > 0 and A, > 0 are constants. Since hl”” varies in the intervals (—oo; —1] and

[1; 00], the vector @ lies on or between the normals to the surfaces f| and f, which are
inclined +45° to the X & axis (Fig. 3). Since @ must vanish for X 4 = () (i.e. for zero driving
force for rotation and due to symmetry), o is along the X 4 axis. However for any positive
infinitesimal X 2 we get wy/w = 1, for any negative 1nﬁn1tes1ma1 X 2 we obtain wy/w = —1,
1.e. w jumps by a finite value. Thls means that during the 1nterface propagation, the inter-
face rotation occurs fast until the thermodynamic equilibrium orientation determined by
):( 2 =0 is reached. In contrast, since there is no singular point on the curve f =0 for
X? =0, an infinitesimal X & causes an infinitesimal interface propagation; for X =0, only
1nterface rotation occurs. Also for any X 240, the center of interface rotation belongs to
the interface and |wy/w| < 1.
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In the case X* < XV, i.e., small athermal friction or large viscosity, Eq. (51) shows that
there is no coupling between interface propagation and interface rotation.

Consider now a system in thermodynamic equilibrium with X 2#0 and f <0, and
increase |X 2| by changing the temperature until ' = 0. Then, 1nterface rotation will occur

along with interface propagation until X = 0. Since |X?| = 24/1 — | X8|, a rotational driv-

ing force ()? 4£0) can significantly reduce the magnitude of the driving force required for
interface propagation.

It is more convenient in calculations to use kinetic equations, i.e. relationships of the
generalized rates on the thermodynamic forces @(X). With viscous friction, Egs. (50)
and (51) are of the potential form X (@)= d®/dm, where the dissipative potential
& = D, + D, /2. Using the Legendre transformation ¥(X) = X - &(X) — ®(&(X)), one
can invert the relations between @ and X:

o0="%. (56)
where -
- - 1 1 X.|1
o 2/3 _ - . 1/3 2 - Sl &

Y(X) =g, [2 2 (Xn (1 + 1821/3%)) 27g,8, (1 + 621/3&2) t3lc

for )N(c — 3)~(n < 2,

-~ X.—2)" +3Xx? ~
Y(X)= ( ) +3X, for X. —3X, > 2. (57)

6C
Here g, = (9X, + (81X + 4( 3X ~1) 1/3)1/3 g2 =2-6X,+2"3g, g =Xx.-2'
(3g4), and g, = g,/g,. For X, X, > 0, ®(X) is given by

g g _ ~ X.—2
C()OZ%; w=22/3g364f0rXc_3X"<2’ @0 =30
%o o s
w:?forXc—3X,,>2. (58)

A geometric representation of Egs. (57) and (58) is given in Fig. 3: vector @ is orthogonal
to the level curves of the potential ¥(X) in the plane of the thermodynamic forces X. Vis-
cosity regularizes the singular point on the limit curve /' = 0 (or ¥ = 0) and removes the
jump in the @ vector. Outside the limit curve f = 0, an infinitesimal X, causes an infini-
tesimal interface rotation rate. Eq. (58) is simple because it corresponds to the singular
point of the curve f =0, i.e. X* = (0,2). That is why w is described by pure viscous rule
and o, is described by viscous rule under the action of “overforce” (i.e. difference between
X . and the athermal threshold for interface propagation equal to 2).

3.4. Multiple interfaces

The initial calculations of the dissipation function for multiple parallel interfaces is sim-
ilar to the case of a single interface but with summation of integrals over all interfaces in
Eqgs. (40)—(44). Since vy, and w are assumed to be the same for each interface, the position
of the center of rotation r. = —uvy,/® is also the same for each interface. Then the viscous
dissipation, D,, is equal to

n R; n n
SD, = /IZ; /_R_ v>dr = 2)0’ (Z;Rf + 372 ZR,-) /3. (59)
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Introducing characteristic size, R, and angular velocity, w, by equations

R := ZR3|/ZR,, o ::% (60)
we obtain

_ w? =2 R}
D, =Bow*(1+32 B .= &=l

which has the same structure as Eq. (45); and reduces to it when n = 1. If all R; are the
same, then B = nB. For the athermal dissipation we have to distinguish several cases.

Case 1. When the center of rotation is outside of any interface, i.e. |r.| > R™ or
| 2] > R;, where R; := R— then

SD, =k = 2k|w||r.| ZR (62)

a)Z/ dr

and
_ kR>
D, = 2d|wy|, 4 _kRZR/S PZR,, = (63)

Eq. (63) has the same structure as Eq. (45); and reduces to it when » = 1. If all R; are the
same, then 4 = nA.

Case 2. When the center of rotation belongs to each interface, i.e. |r.| < R; or | 22| < R for
all 7, then

n Rl' n
SD, = k|w| Z / |r — r.|dr = k|o)| (nrf + ZR?) (64)
i=1 J—Ri i=1
and
D,=P i YR
a — ‘a)l Q—i_ng ; Q_;Rl (65)

The structure of Eq. (65) is slightly different from the structure of Eq. (45),, since O#1;
however, it reduces to it when n = 1. If all R; are the same, then Q = n and P = 4. The case
when the center of rotation belongs to some interfaces and does not belong to others will
be considered below. Dissipative forces are defined from the expression for the dissipation
rate

X.RX

Dy =X+ X,0=X -0, X = and X, =X,. (66)

We defined X := (X,,X.) and X = X* + X". For the above expressions for D, and D,, we
can obtain all equations similar to the case with the single interface. Thus,
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w0 _ 0D, 2Pn 2 sign(w) for || < RV
¢ dwy | 24sign(wp) for 2| > Rmax’
2 ~
oD, P(Q—n-8)sign(w) for || < RVi
Xy =5 = (- nis)simte) o [ o (67)
@ 0 for || > R
- oD, — oD, —
X! =05 =3Bw,, X, =0.5 = Bw. (68)

0w
For neglected viscosity (C = 0), eliminating w,/w from Eq. (67) for |wy/w| < R;Vi, one ob-
tains the equations of the limit curve for interface motion in the X% — X? plane (Fig. 4)

1
4P%n

. 6(00

£(8) = 263 - Pl o (1] =0, (69)

The case |wo/w| > R™ yields just two corner points X* = (0, +24), since they correspond
to nonunique wy/w. For X* =0 one obtains X?, =2P/n> .7 R} from Eq. (69) and
X%, =2kR>""_|R;/S from the equation X* = (0,+24). Due to Cauchy-Bunyakovsky
inequality 3" R > (3.I_,R;)’, one always has X* > X, where equality holds for
equal R;. Thus, the point at the limit curve corresponding to X° = 0 is represented by

the corner points X, = £24 which for equal R; coincide with those found from Eq. (69).
An associated interface motion rule @ = hd% has the form

of h— of wo 0.5 PO F X\
—= _ = D — a e :j: —:j:— a::l: = 1
o ha - 05—X., w=h h, s . X. ( P )

c

oxe

(70)

approximation

Fig. 4. Plots of the limit curves f(X? X?) = 0 for 5 interfaces (n = 5) with lengths 2R = 0.1, 0.4, 0.8, 1.0, and 1.4
and P = 1 based on (a) exact Eq. (79) and (b) approximate Eq. (82).



V.I Levitas, I.B. Ozsoy [ International Journal of Plasticity 25 (2009) 239-280 257

where Eq. (69) has been used to express X? in terms of X?. At the singular points
X* = (0,4+24), where the normal is ambiguous, the vector @ is a linear combination of
the normals to the surfaces f, and f_:

ofs . Of 05 -
_ By == (y + hy) X
0 =M g = U TR
of of-
(L):hlaXz‘i‘hzaX::(hl_hZ)a (71)

@y _0.5h+h, h+h (POFX, 02
CO_B’lhl—hz C_hl—hz Pn ’

where 4; > 0 and A, > 0 are constants. The dissipative potential can be found in the way
similar to single interface case:

— X 2o (1 P A~
P(X) — ngc+gs n g58a( jg3)_g5 (O +ng;/3) for X, —3—R <2
3B g4 6g; g4 B

- (X.—24) +3x2

p(X) =

—  34-
Z for X, — =RX, > 2.
6B B

(72)

Hereg) = (9n°P°X. + (n*P*(81nPX2 4 4(2nPQ + 3X,))))' /2,4, = X, — 23;—5 g; =383/,

g, = —4n*P* + 6nP(PO — X,)) + 2'¢\”* and g5 = 2**3nPg)”*. For X., X, > 0, @ = d¥/dX
1s given by equations

_ 34 ~
wo=22. w=55 forx —2ZRx, <2,
3B 3Bg, B
_ _ (73)
X.—2 X, — 34
Wy = -, W == fOfXC—TRan>2.
34 B B

Case 3. We will consider the general case when the center of an interface rotation belongs
to m interfaces and is outside of other n — m interfaces. Using the same calculations, we
derive

|a)|<ZR2+m ) + 2|y Z R;, (74)

i=m+1

where for interfaces 1 to m holds |r.| < R; or |[22] < < R; and for interfaces m + 1 to n the
opposite || = R; or | 2] > R, is true. The main problem in analyzing Eq. (74) and fol-
lowing from it equations is related to the fact that that m depends on * in a discontinuous
way. The integer m is constant when |22 | varies between any two nearest Ry and Ry, and
increases by 1 when it is getting out51de the interval [Ry, R;,1]. However, we will show be-
low that the dissipation function (74) is not only continuous but also has continuous first
derivatives, i.e. function X*(@) = %2 and consequently the limit curve f(X*) = 0 are con-

tinuous as well. Indeed, for 2% = Rm, one obtains from (74) for m — 1 interfaces
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p|a)| (Z R} + i) +2§m;§i (75)

and for m interfaces

P|w| (iRz +mR2> +2R,, Z R;. (76)

i=m+1

The first parenthesis in D /(P|w|) is larger that one in D, /(P|w|) by 2R?, while the second
term in D] /(P|w|) is smaller that one in D, /(P|w|) by the same 2R2 ie. D, = D;. Then
we obtain

60)0 i=m+1
a,m al)a . D2 wé D @o B
X" = % = P(i_gl R; — m& for R, < o < Ry, (77)
_ oD, oD _
X = —=3Bwy, X' = =B 78
¢ RGN @o; 4 0w @ (78)

where superscript m means the case when the center or rotation is located within m inter-
faces. Eq. (77) have to be used for each m separately in the range Rt < oy Jo < R,,,, here
we designate Ry = oo and R, = 0. Continuity of X*(®) at the points w,/® = R,, can be
checked by direct calculations, similar to that for D,(®). Excluding wy/w from Eq. (77),
we obtain explicit expression for the limit curve

i=m+1 W

FOTom XMy = XA p ZRZ——< ZR) —0 for Ry <2<R,,

(79)

For X. =0 one has wy =0, m =n and X, = PO (like in Eq. (69)). For X, = 0 one has

m =0 and X. = 2P " R,. Plot of the limit curve f(X* X*) = 0 for n = 5 and some cho-
sen values of R; is presented in Fig. 4.

The structure of the dissipative potential and the rates w and wy become the same with

the one for Case 2 if  is substituted by m (also n in Q) and X, by X. — 2P>"" R, in Egs.
(72) and (73). Then the dissipative potential becomes

- - ng _gige(l+g5) gsP(Q+mgs/3)
P(X :— X, —2P § R
( ) ( ) 6g4 84

i=m+1

i=m+1

((X—2P5) 0 R) - 2A> +3x2

. 34~ o
rFgheaan 2 k) @
— 34
for X.——RiX,>2+2P Z R;, (80)
i=m+1
where = [9m*P*(X, — 2PY"" . \R) + (m*P*(81mP(X, — 2P3"" | R;) + 4(2mPQ +

1/3
3Xn)3))]1/2, g =X — 2P2i:m+l i) - —23g1§34: 83 = 3g4/g5, g4 = —4m*P* + 6mP
1
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(PQ—Xn)—i—21/3g}/3 and gs =22/33mPgi/3. For X.X,>0, ®=d¥/dX is given by
equations

& 8285 - 34~ - 5.
=S5 O=i7 for X, — = R.X, <2+2P Y R;

X, —2PS" R, -2
Wy = Z’:’”H ., W=

34

i=m+1

— 34— 1~
for X, ——=RX, >2+2P R;. 81
or = +2P > (81)

i=m+1

B

When there are too many interfaces, it becomes computationally time consuming to per-
form due to large amount of logical operators. One needs a simple expression which
approximates the limit curve given by (79) by a single function. We will approximate
Eq. (79) by Eq. (69) obtained for the Case 2 which is in the form X, = 5, + n,X?. Deter-
mining the coefficients 5, and 7, from the condition that Eq. (79) and (69) coincide for the
points X. = 0 and X, = 0, one obtains , = PQ and 7, = —Q/(4P(Z,'.':1R,-)2), ie.

_ 1 —
(X =X - PO 1- — @*)* | =o0. (82)
4p? (Z;?ZIR,)
Plot of the exact Eq. (79) and approximated Eq. (82) limit curves for » = 5 and some cho-

sen values of R; are presented in Fig. 4. Dissipative potential equation (80) and kinetic
equation (81) change accordingly.

3.5. Additional geometric interpretation

For additional geometric interpretation, it is convenient to introduce one more func-
tion, namely D, (k) := D,(®)/|o| (Levitas, 1995, 1996a), where |@| is the magnitude of
the vector @ and k := @/|@| is the unit vector along the @. By definition of time-scale inde-
pendent athermal force, X?(@) is homogeneous functions of degree zero, i.e.
X%(@) = X*(k). Then both X* - @& = |@|X* - k for a fixed X* and D,(®) = |@|D,(k) are
homogeneous functions of degree one. When varying all possible vectors k € %, the ends
of vectors X?(k), corresponding to them, describe the limit curve for an interface motion
f(X#) = 0, within which (i.e. for f(X?*) < 0) we have @ = 0. It is evident that if for a given
X? an inequality

X" @ —D,(®) <0 Yo#0 (83)
is valid, then for this X* one has @ = 0. Indeed, if @0, then for this @ and corresponding
to it X* = X?(@) one has X* - @ = D,(®), which is in contradiction with inequality (83).
Since X* - @ — D,(®) = |@|(X? - k — D,(k)), then inequality (83) can be presented in an
equivalent form X* - k — D, (k) < 0,Vk € #*. In a geometric interpretation this means that
the circle X* - k, plotted on vector X* as on the diameter, is inside the curve D, (k) that
characterizes an athermal resistance to motion in direction k (Fig. 5). The condition
X* -k —D,(k) =0 could be fulfilled when the circle X" - k£ and the curve D,(k) have the
common points, i.e. at their intersection or touching. Touching is the first possibility to
meet the condition for the interface motion and according the postulate of realizability
(Levitas, 1995) we assume, that this possibility is realized, i.e. ®#0. Vector ® may be di-
rected to the touching point only, because for any other direction k& we have
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a D, (k) b
/ D, (k)

& <

el

Fig. 5. Geometric interpretation of the phase transformation criterion using curve D, (k) that characterizes an
athermal resistance to interface motion in direction k. (a) When the circle X* - k, plotted on vector X* as on the
diameter, is inside the curve D, (k), the interface motion cannot occur. (b) When these curves touch, the interface
motion occurs according the postulate of realizability (Levitas, 1995).

X* -k — D, (k) < 0 (Fig. 5). This assumption leads to the normality rule X* = 92 (which
coincides with Eq. (49) for z = 1) and followed from it associated interface motion rule
(53) (Levitas, 1995, 1996a) and all their particular cases that we already discussed. In a
geometric interpretation, the postulate of realizability means that if in the course of the
variation of X*? the circle X? - k and the curve D, (k) touch for the first time, then @0.
Vector k can be characterized by an angle « between the vector @ and horizontal axis w.
Focusing on 0 < o < ©/2, one expresses Eq. (45) for single interface in the form

8T D, ()

Fig. 6. Plot of the function D, () for single interface - vertical line for 0 < o < n/4 and quarter of a circle for
n/4 < o< /2.
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D, (o) ::% = Acos(a)(1 + tan*(x)) = coj(oc) for 0 < a < n/4, (84)
D,(o) =24 sin(a) for n/4 < o < /2. (85)

This curve is presented in Fig. 6 and consists of vertical line for 0 < o < n/4 and quarter of
a circle for n/4 < a < m/2. Since the circle X* - k for the vertical X? is [ X*|sin(a), it coin-
cides for X? = 24 with the quarter of the circle Eq. (85) for n/4 < o < n/2. This means
that for this X* the vector @ is arbitrary directed within = /4 < o < /2 which corresponds
to a corner point at the limit curve f(X?*) = 0.

For multiple-interface case, we obtain from Eq. (74)

| ~
D,(2)/P = — Y R’ +tan® 2 si R; 86
() /P = mcos(a) (m Z]: ; 1 tan (oc)) + 2sin(a) Z : (86)
where E,- .= R;/R. We obtain that D,(0) =P>." R? (since m=n) and D,(n/2) =
2P " |R; (since m = 0). Plot of the function D,(«) for n = 5 and some chosen values of
R; is presented in Fig. 7.
4. Strains and stresses in phases. Driving forces for martensite I-martensite II interfaces

4.1. Two-phase system

When there are two phases, 1 and 2 (Fig. 1a), by inserting the strains &;, and &, obtained
from Eq. (9);, into Eq. (1) we obtain for the prescribed strain &

g =¢—cyan), & =¢+ci(an),. (87)
By using Eq. (87) and Hooke’s law, Eq. (9), is expressed as
n-E,:(s—cy(an)) =n-E,: (¢+c (an), — &p). (88)
X

Fig. 7. Plot of the function D, («) for 5 interfaces with lengths 2R = 0.6,0.8,1.0,1.2,1.4.



262 V.I. Levitas, I.B. Ozsoy/ International Journal of Plasticity 25 (2009) 239-280

By solving this linear equation, the vector a is obtained. Inserting a into Eq. (87), the
strains in each phase, ¢ and s,, are found. Then, using Hooke’s law, stresses in each phase
o, and ¢, are obtained, 1.e.

0| = E] . (8 — cz(an)s), 0) = Ez . (s—l—cl(an)s — 812). (89)

Then Eq. (2) gives us the macroscopic stress. Macroscopic transformation strain is deter-
mined by equation

St = Cla‘t] . Bl + C28t2 . BQ, (90)

where B; are the fourth-rank stress concentration tensors that connect 6; and ¢ for the case
without transformation strain: 6; = B; : 6. Explicit expression for B; for laminate structure
of interest can be found in Stupkiewicz and Petryk (2002). For equal elastic moduli, B; are
identity tensors and &' = ¢8| + c,&5. For austenite, &; = 0. Since & are given and are con-
stant, one does not need an additional “flow” rule for &': tensor &' can be found after inte-
gration of kinetic equation for concentration c¢,. Note that knowledge of &' is not necessary
for completing of the system of equation for the description of the coupled evolution of the
microstructure and stress—strain state.

4.2. Three-phase system

Here we consider the volume V, consisting of austenite (A) and martensite (M), divided
by a plane interface (or multiple plane parallel interfaces), see Fig. 1b—d. Martensite itself
consists of the fine mixture of two martensitic variants which we will designate M; and My
(Fig. 1b-d). We first apply the above equations to the two-phase system M;—Myj;, and find
average stresses, and strains, and effective properties of martensite mixture. Then, we con-
sider in the same way the two phase austenite—martensite system. The traction continuity

and Hadamard compatibility conditions for A-M and M;—Mj; interfaces are
Op N =0\ "N, o1 n=oj-nN,
&M — & = (‘"’)Sa &n — & = (alnl)sa

o)

where the vectors a and a; characterize the strain jumps across the A-M and M;—Mj; inter-
faces. Dissipation rate per unit volume V can be reduced to the form

Dy =X.im+Xen+ X, i+ X, iy > 0. (92)
Here,

X.=0.5(0a +o0um) 8y — & : (Em — E) s &8 — (W — ¥%) (93)
is the driving force for A-M transformation (g, = 0), where Ey; is the effective elastic
modulus of the M; + My mixture and

e =-Lg B+ g : By (94)

M M

is the transformation strain averaged over martensitic volume. Here - and * are the vol-
ume fractions of M; variant in My + My mixture, B; and By are the fourth rank stress con-
centration tensors that linearly connect oy and oy with oy for the case without
transformation strain. Explicit expressions for By, B;; and E)y for laminate structure
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can be found in Stupkiewicz and Petryk (2002). For equal elastic moduli of martensitic
variants, we obtain

1 1
ey = —& +—&. (95)
™M M

In our simulations in Part II, we use Eq. (95). Since ¢; and ¢y are determined by kinetic
equations, we do not need an additional “flow” rule for &,. Also,

Xi = 0.5(0’1 -+ O'H) . (stl — StII) — 8? : (EH — EI) . 8;:1 (96)
1s the driving force for the M;—My; transformation and
X, := —cacma- (oM —64) and X,I1 = —cienay - (611 — 61) (97)

are the expressions for the thermodynamic driving forces for interface rotation for A-M
and M;—Mj; interfaces, respectively. If the difference in elastic moduli for the phases is neg-
ligible, the second terms in these equations disappear.

For the strains in austenite and martensite phases, we obtain

ea =¢—cm(an), &y =¢+ca(an),. (98)

Then, using Eq. (98) and the equation for strain in martensite &, = ;TIAEI + %811, g and g
are expressed as

& = &+ calan), — cu/em(am),,

en = &+ calan), + cr/em(any),. 9
Inserting Eqgs. (98) and (99) and Hooke’s laws into Eq. (91); and (91), results in
n-Ey:(e—cum(an)) =n-Ey : (e+calan), — eu), (100)
n-Ey:(e+calan), — cu/em(am), — ex) = ny - Ey @ (e + calan),
+ cr/em(am), — &ar). (101)

From these two independent linear vector equations, the vectors characterizing the jumps
in strains a and a; are found for prescribed strains &. Inserting a and a; into Egs. (99) and
(98), the strains in martensitic variants and each phase &, &, e and &y are found. Then,
using Hooke’s law, stresses in martensitic variants and each phase 64, oy, 61 and oy are
obtained:

orn =Ex: (e —cm(an),), (102)
om = En : (e+calan), — eu), (103)
o1 =E\: (e+calan), — cu/em(amm), — &), (104)
on = Ey: (e+calan), + c1/cm(any), — &m). (105)

Averaging of 65 and o\ over the volume V using Eq. (2) results in the macroscopic stress
c.
Macroscopic transformation strain is determined by equation

St = CMS;V[ : BM, (106)
where By is the fourth-rank stress concentration tensor determined from oy = By : o.

Again, &' can be found after integration of kinetic equation for concentrations ¢y and ¢y
without an additional”flow” rule. Since knowledge of &' is not necessary for completing
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of the system of equation for the description of the coupled evolution of the microstruc-
ture and stress—strain state, we do not determine it in our simulations.

4.3. Alternative expressions

Stresses and strains in phases can be found explicitly in the general matrix form, which
is done for example in Levitas (1992), Stupkiewicz and Petryk (2002) and Levitas et al.
(2004). We do not use these expressions in our computations because the approach
described in Sections 4.1 and 4.2 is more effective computationally. However, in order
to obtain some analytical solutions, and a general understanding of the parameters con-
trolling internal stresses, it is desirable to obtain explicit equations for stresses and strains
in phases. The most explicit equations obtained for the two-phase layered system with dif-
ferent anisotropic elastic moduli, presented in Stupkiewicz and Petryk (2002), are too
bulky for analysis. Here, we derive equations for stresses and strains in phases for the case
of equal elastic moduli in the form that allows transparent analysis. We will use our pre-
liminary results from Levitas et al. (2004).

Let the axis 3 of the local orthogonal coordinate system be normal to the A-M
interface. Here, we will use matrix notations for stress and strain tensors and elasticity
tensors. We divide the six components of the stress tensor into two vectors:
6 = (013,03, 033), which contains the components normal to the A-M interface, and
6l = (011,012,02), which contains the in-layer components of the stress. The same is
done for & and &: &" = (2e13,2603,63), & = (e11,2¢12,6m), & = (26;,26,,¢%;), and
& = (&!,,2¢!, L), Stresses and strains in phases can be presented as the sum of inter-
nal and external (due to applied stresses or strains) contributions. For equal elastic
moduli, the external stresses and strains in phases are equal to applied external stresses
and strains, 1.e.

ex _ _ex __ _ex __ ex ex _ .ex _ .ex _ -1 __ex
6" =065 =6 =E&g™, § =& ==E ¢, (107)

where E is the matrix of elastic moduli. Also, the transformation strain for the composite
is equal to the volume averaged of transformation strains in the layers, &' = c&| + ¢»&5 and
¢ = &' + &*. Thus, we can focus on internal stresses and strain. Hooke’s law for each layer

is
"\ _ ( E, Eq ) 8" e
61" Ey E J\gin_g. )
O'!m _ <E| ED) ng —81‘2 (108)
oy Ey E ) \gih_gb)’

where E|, E, and Ep are the corresponding matrix parts of the elasticity matrix E and the
superscript ‘t” denotes transposition. The homogeneous internal stress and strain in each
phase satisfies the equilibrium and strain compatibility equations. Continuity of normal
stresses and tangential displacements across the interface and zero averaged stress result

in:
Llin __ _lin __ lin __|]jin [lin [lin
o"=06,"=0, & =¢ and c6, +c0, =0. (109)

By solving Eqgs. (108) and (109), we obtain for the elastic internal strain in each layer
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Lin 1 —1t Al [lin I _ [
g —¢g; =E EAs, & —g,=—cAg,
Lin 1 1t Al [lin I _ ll
&' —&,=—cE E;As), & —g,=ciAg, (110)

where Asy = s‘t‘l — 3‘;'2 Substituting Eq. (110) into Eq. (108), we obtain explicit expression

for internal stresses

"\ _, ( E, E; ) —As)
o ‘\E. E, E'E'Ad )’
[lin E. E _A I
o3 :_q( ! D) L (111)
o3 E, E. )\ E'E A

One of the results is that the jump in-layer part of the transformation strain only produces
internal stresses. Jumps in normal components of the transformation strain do not con-
tribute to Eq. (111), which is intuitively clear even for different elastic moduli of phases.
Another result is that internal in-layer elastic strains are independent of elastic properties.
Also, according to Eq. (110), the total internal strain is

&' = 6’1811n + Cgﬁlzn = C1&1; + Cr&y; = &;. (112)

Equations outlined in this subsection have been used to obtain analytical solutions for
stress-induced normal reorientation in Part 2 of this paper.

5. Interface orientation and internal structure of an embryo

If one starts with a single phase material, nucleation of the product phase must be con-
sidered. We will not discuss here actual nucleation mechanisms that require consideration
at the nanoscale or the consideration of specific nucleation sites with corresponding stress
concentration and surface energy. Theory of heterogeneous martensite nucleation (Olson
and Cohen, 1986; Olson and Roytburd, 1995) in which they suggested the existence of an
embryo of the product phase stabilized by the stress field of the defects, even in the region
of stability of the parent phase. We will also assume the existence of an embryo even for
the negative driving force of the transformation X .. In doing so, we will consider two
cases.

In the first case, we will introduce a small embryo with a plane interface near a corner of
the parallelepiped or two plane interfaces which possesses minimum Gibbs energy under
the prescribed stress ¢. That means the orientation of its interface is determined by the ori-
entational equilibrium condition X, = 0. If the embryo represents a mixture of two mar-
tensitic variants, then two additional thermodynamic equilibrium equations must be
added. The first equation added is for the orientation of the interfaces between variants
X! = 0. The second equation is for the driving force of the variant-variant transformation
X! = 0. These conditions guarantee the stationary rather than the minimum value of the
Gibbs energy. In order to be sure this value corresponds to the minimum, we will apply
permanently small perturbations and solve for ¢ = const the simplest versions of the
kinetic equations (26)

e =haX', h=hX, ix=hX (113)

until the stationary solution is reached.
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In the second case, an embryo may possess normal n, normal n; (for martensite—
martensite mixture), and volume fractions of martensitic variants that do not corre-
spond to the minimum of the Gibbs energy and zero driving forces. Since nucleation
occurs in the stress fields of some defects, the sum of the applied stress and the stress
field of the defect have to satisfy the conditions X, =0, X,lq =0 and Xi = 0. Thus,
parameters of the embryo that do not correspond to the minimum of the Gibbs energy
under prescribed external stresses mimic the presence of a stress field of the nucleating
defect.

The phase transformation criterion is X. > 0 in the absence of the athermal friction
and X. > q(X,) (see Eq. (79)) when the athermal friction is taken into account. When
the phase transformation criterion is satisfied, the embryo transforms to an actual
nucleus and starts to grow and evolve according to kinetic equations. When the nucleus
grows away from the defect, the effect of the nucleating defect becomes negligible. There-
fore, as soon as the transformation criterion is satisfied, nonzero thermodynamic forces
X,, X\ and X! will cause the evolution of the system toward the equilibrium
microstructure.

6. Thermodynamic driving force for interface reorientation at finite strains

We will derive the universal driving force for interface rotation for finite strains using
the same parallelepiped V in the reference (undeformed) configuration containing two
phases, 1 and 2, divided by a plane interface 2~ with the unit normal n under external stres-
ses (Fig. 1). Let F; and P; be the deformation gradient and nonsymmetric Piola—Kirchoff
stress tensors (the force per unit area in the undeformed state) in each phase, then we have
the following relations for the macroscopic variables for the volume V

F201F1—|—C2F2, P201P1+02P2, (114)

where ¢; := V;/V is the volume fraction of the ith phase in the reference configuration, and
V; 1s the volume of the ith phase. To derive the rate equation for the macroscopic free en-
ergy per unit mass , it is convenient to introduce mass fractions of phases c
(c] + 5 =1). We obtain
m; in' i em i -
c;":_:p—:p—c,- and ¢ :p—c,-, (115)
m  pV p p
where m; and m = m; + m, are the mass of each phase and the entire volume V, p; and p
are the mass densities of each phase and the entire volume V in the reference configuration.
Then we can derive

Y=Y+ A, p=capi + apaps. (116)
Differentiating the first Eq. (116), we obtain
U= clin + G+ (b — )y and  pir = cipih + capotha + palle. (117)

For simplicity, we will consider isothermal processes since allowing for variation in tem-
perature does not lead to any changes in the driving forces for the interface propagation
and reorientation. Also, the equation for entropy is the same as for small strains. The dis-
sipation rate per unit total volume of each phase is

Dy =P :F,—ppy; = 0. (118)
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Since ; = y,(F;), then D; = (P} — p,
unit total volume is

Dy =P :F—pj>0. (119)

Substituting F = ClF1 + CzFQ + [F]C and plp = C]Ptl : Fl + C2Pt2 : F2 + pz[tp]c into the
expression of dissipation Eq. (119), one obtains

Dy=ci(P'—P):F +c;(P'—P.): Fy+ X.& >0, (120)

oY;
oF!

) F.;=0and P, = pig—ﬁj. The dissipation rate per

where X, := P': [F] — p,[y] is the Eshelby driving force for change in volume fraction
(interface propagation) during the phase transformation 1 « 2.

Now we transform the two first terms in Eq. (120). Utilizing the second Eq. (114)
P' = (1 — ¢)P; + cP;, we obtain P' — P} = c¢[P'] and P' — P} = (c — 1)[P']. Then

C](Pt—Ptl)IF1+CQ(Pt—Pt2) IFgZ—ClCz[Pt] . (Fg—Fz) = —01C2[Pt] . [F]

= —ci6,[P] : [FY]. (121)
Using the Hadamard compatibility condition and the traction continuity condition
[F]=an, [P]-n=0, (122)
Eq. (121) can be further transformed to
—c16[P] : [F'] = —c1¢3[P] : (A@) = —cic,|P] : (ha+ nd) = —c ;[P : ha
= —cia- [P] - n. (123)
Consequently, the dissipation rate (120) can be presented in the form
Dy=X.c+X,-n=>0, (124)
where
X, = —cicaa - [P] (125)

1s the universal thermodynamic driving force for interface rotation.

Now we decompose a = a,n + a.t, where a, and a, are the scalar component of the vec-
tor a along the normal » and the unit vector t within the interface X. Let us consider the
coordinate system 1-2-3 with axis 1 along the t, axis 2 along the normal » and axis 3
orthogonal to both of them (Fig. 2b). Since P is not symmetric and » - [P]#0, the compo-
nent of the vector a along the normal, a,n, cannot be excluded as in the case of small strain
(see Eq. (13)). In this local coordinate system 7= (1,0,0), n=(0,1,0) and
[P12] = [Pxn] = [P32]) =0 due to traction continuity condition. Then the components of
the driving force X, in this coordinate system are

X! = —ciey(a[Pii] + a,[Pa]), X2 = —cica(a;[P1a] + a,[P2]) =0,

Xﬁ = —cica(a.[Pi3] + ay[Pa)), (126)

1.e. vector X, belongs to the interface. The conditions for thermodynamic orientational

equilibrium for the case with k = 0, X! = X2 = 0, are
a. [Pn]  [Px]

a, [Pu]  [Pi]
If a, = O, then [P]]] = [P]g] = 0, when a, = O, then [le] = [Pzg] =0.

(127)
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7. Some relations for finite inelastic deformation of microheterogeneous materials with
moving discontinuity interfaces

In this section two problems will be addressed. The first one is related to finding condi-
tions under which our considerations in Sections 2 and 6 are justified from the point of view
of the general theory of the micro- to macro transition for microheterogeneous materials
with moving discontinuity surfaces. The second problem is concerned with the question
of why the driving force for the interface reorientation did not follow from the general ener-
getic consideration of the phase transformation in Eshelby (1956), Kaganova and Roitburd
(1988) and Grinfeld (1991). Let us consider in a reference configuration V', the representa-
tive volume v of an inelastic material bounded by a surface S and made up by vectors r, at
time ¢ = 7 (here ~ means local values of parameters). The motion is described by the func-
tion #(¥., ), where ¥ is the position vector in an actual configuration V. The deformation
gradient F = Vi and the nonsymmetric Piola—Kirchhoff stress tensor P are determined with
respect to V.. The velocity #(i., ) and deformation gradient F undergo discontinuities on
the interfaces X (possibly multi-connected) moving with normal velocity v,. We consider
a coherent phase transformation only, for which the jump of the position vector [#] =0
is across the interface. Due to the Hadamard compatibility condition

[F.] = —[v]n./v,, hence [v] =—[F.]- n.u,
and [F.| = [F,] - n.n.. (128)

It follows from the equilibrium equations that across the interface

[P]-n=[P]-n=0. (129)
The macroscopic variables for materials with the moving discontinuity surfaces of the
velocity vector have been introduced in Levitas (1992, 1996b) and Petryk (1998). The en-
ergy relationships have been derived in Levitas (1992, 1996b) and Petryk (1998) for the
macroscopically homogeneous boundary conditions, namely for stresses corresponding
to constant stress or for displacements corresponding to the constant deformation gradi-
ent. Here we will consider two phase material with more sophisticated boundary condi-
tions when the external surface consists of two parts (phases 1 and 2), and the
macroscopically homogeneous boundary conditions at each of them correspond to two
different constant stress (or deformation gradient) tensors.

7.1. Macroscopic variables and energy identities

The macroscopic tensors will be defined as in Hill’s (1984) work

F:zl/ifn ds, P :zl/ai’.nds. (130)
S S

V) V)

Defining the macroscopic tensors for each phase in a similar way,

1 1
F1 == / i‘ndS, F2 = / i‘ndS, (131)
U1 Si+2 L2 Sr+2

1 ~ 1 ~
P ::—/ 7.P-nds, P! ::—/ 7P . nds, (132)
S1+2 Sr+2

U1 L2
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one can check the validity of the following equations:

F201F1+02F2, P201P1+02P2, C1 ::%, Cy I:U—DZ (133)
by direct substitution. Here v; and ¢; are the volume and the volume fraction of the ith
phase in the reference configuration and the continuity of the position vector [i;] =0
and the traction vector [P - n| = 0 is taken into account.

The general scheme of the application of the Gauss theorem is the following one. The
volume v 1s divided by surfaces 2 and § into a finite number of volumes. In each of the
volumes all functions are continuous and, using the Gauss theorem, we obtain some equa-
tions. After summing up all these equations we obtain an integral over the volume
v =v— 2 at one side and on other side an integral on S and integral on X of the jump
of functions (because the integration on X is performed two times for two volumes, divided
by 2). Using the Gauss theorem we derive

F:<f>> Pt:<?t>7 (134)
F.=(F), P=(P, (135)
where (@) ;=1 [adv and (a), := L [adv; designate volume average over the entire volume

v and the volume of each phase. Direct calculations using the Gauss theorem, definition of
the macroscopic variables (Egs. (134) and (135)) and the equilibrium equation inside the
volumes v; (V- P = 0) prove the identities

%/(?—F'r})(i’—P)-ndS:(i’~i’t)—F'Pt, (136)
%/ (F—F,-7)(P - P)-ndS = (F-PY), — F,- P. (137)

Due to the continuity of the position vector [F.] = 0 and the traction vector [P -n] =0
across the interface, these equations coincide with those for the representative volume
without the discontinuity surfaces. The energetic equality

(F-PY)=F-P (138)
is valid when the surface integral in Eq. (136) is zero. This is true, in particular, for the mac-
roscopically homogeneous boundary conditions at the external surface S: 7= F,-r; or
P -n= P, n, where F, and P, are some constant tensors. For such boundary conditions,
Eqgs. (130) results in F = Fy or P = P,. Eq. (138) is also valid when 7 = F, - r; at one part
of the external surface S and P - n = P, - n at another one. However, we cannot prove that
F = F, or P = P, in this case. In a similar way, the energetic equality for each phase

(F-PY).=F, P (139)

is valid when the surface integral in Eq. (137) is zero. This is true, in particular, for the
macroscopically homogeneous boundary conditions at the surface S; + 2: ¥ = Fy, - r; or
P -n= Py -n, where F;, and P, are some constant tensors. For such boundary condi-
tions, Eqgs. (131) and (132) result in F; = Fy; or P; = P,,. However, since X is the internal
surface, stresses and displacements at it cannot be prescribed but rather determined from
the solution of the boundary-value problem. That is why the above conditions and Eq.
(139) are valid for the very special interfaces, otherwise their use is quite a strong simpli-
fying assumption.
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7.2. Macroscopically piece-wise homogeneous boundary conditions

Let the external surface S consists of two parts S and S, that belong to phases 1 and 2.
We prescribe macroscopically homogeneous boundary conditions on the surfaces S; and
S,, respectively:

atSI: ;':FIO';T or i)'n:Pm'n, (140)

ath: ;':Fz()'i‘r or T’~n:P20'n. (141)
First we will find at which conditions at the interface X, tensors F;y and P;, represent the
macroscopic deformation gradient and stress in each phase. One gets

1 1 1 1
Fi::—/Fl'()'i;TnidS‘f—_/;'nidS:—/ Fio-fffnidS+—/(l~’—Fi0~l~’r)nidZ:F,-O
S; P Si+2 P

U; V; U; U;
(142)
| - . 1 - I [. ~
+— | (F—Fyp -7 )md2P,=— | ¥.Py-ndS+— [ F.P-nd2
Vi Jx Vi Js; ViJx
1 - 1 [. ~ ¢ 1 [. ~
=— VTPiO'nidS—i—— VT(P—Pio)-n,-dZ :Pi0++_ VT(P—Pi())'nidZ
Vi Jsi+2 ViJsx Vi Js

(143)

It is clear that necessary and sufficient conditions for the equalities F; = F;y and P, = Py
are

/(i;_FiO . ;"T)nldz = O and /;’T(;’ — P,‘O) nldz = O, (144)
P z

respectively. These conditions are weaker than the requirement of macroscopically homo-
geneous boundary data, because they prescribe the same constraint averaged over the
interface rather than point-wise. If one of Eqs. (144) is valid, then from Eqgs. (133) one
of the following equations yields

FZC]F10—|—C2F20 or P201P10+02P20. (145)
Substituting macroscopically piece-wise homogeneous boundary conditions Eqgs. (140) and

(141) either for the position vector or for the stress tensor in the left hand side of Eq. (137)
under fulfillment of one of Eqs. (144), one obtains for the left-hand side of Eq. (137)

/)@—Ewm@—mymw:/ﬁ—mmm@—aymw
Si+2

z

:/ﬁ—mmmﬁmw—/@—m4wmyﬁz/ﬁ—ﬂmmﬁmw,
)) )

z

(146)

/}@—Emmﬁ—m»mw:/ﬁ—mimﬁ—mymw
Si+2

z

:/ﬂ?—m»m®>Fh/m?—m»mw:/ﬁ?—mﬁmw.(mn
) X X
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We have to require one of the conditions
/(?—F,-o-iff)IN’-n,»dSzo or /i(i’—POi)-nidS:O (148)
2 X

in order to have the desirable identities of Eq. (139). The first of these conditions, Eq.
(148), is satisfied exactly, if on X~ we prescribe the same Eqs. (140) and (141); for r as
on §;. The second condition Eq. (148), is satisfied exactly, if on 2 we prescribe the same
Egs. (140) and (141), for P - n; as on S;. However, conditions Eq. (148) are weaker, as they
require the integrals over the interface to be zero rather than local parameters in each
point of the interface. When Eq. (148) are valid, then

(F-PY) =c|(F-PY, +c)(F-P),=cF, - P +c,F,-P.. (149)
Let us now find under which additional conditions the equation for the entire volume
(F-PY)=F-P (150)

1s valid as well. The derivation is a little bit bulky. First, let us calculate the left-hand side
of Eq. (136) for the macroscopically piece-wise homogeneous boundary data in the posi-
tion vector Eq. (140); and (141);. We have

/(?—F-iff)(i’—P)-ndS:/(FOIE—F-?T)(;’—P)'nIdS

s 5

+ [ (Foi. — F -7)(P — P) - nydS = (Foy — F)

\Y)

: FT(T’—P)-nldS+(F02—F)-/ifr(i’—P)-nzdS

N AY)

:(F()]—F)/ ;‘T(;)—P)IlldS-F(Foz—F)
S1+2

/ #(P — P)-mdS — (Fy, — F)

Sr+2

-/if(i’—P)'nldS—(Foz—F)'/ir(i’—P)qzzdS
:(F()l—F)'(Ptl—Pt)Ul—F(F()z—F)'(PtZ—Pt)UZ

-|—(F02—F01)'/if(i)—P)'IlldSIl)lFm'Ptl

z

+02F02'PtZ—UF'Pt+(F02—F01)'/ir(ﬁ—P)'nldS.
X

(151)

The substitution of this result into Eq. (136) with allowing for Eq. (149) yields the impor-
tant equality

(Foz—Fm)-/ZFT(IN’—P)-n,-dS:O. (152)

Let us now again calculate the left-hand side of Eq. (136) using the other way
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/(if—F-iff)(lT’—P)-ndS:(Fm—F)-/ #.(P—P)-n ds

N

+ (Foo — F) / #.(P—P)-mds

A}

= (Fo, _F)./S;T(?—P) -ndS + (Fo, — Fo1)

/ FT(IN’—P)-nzdSz(FOZ—Fm)-/ #(P—P)-nydS

Sh A
:(Foz—Fm)'/ Fo(P —P)-mds
S2+Z
:(Foz—Fol)'(Ptz—Pt)Uz. (153)

We added to the first term and subtracted from the second term of the first line of Eq.
(152) the integral (Fo — F) - sz i.(P —P)-nydS and then used the definition in Eq.
(130) of the macroscopic stress, and finally, Eq. (152). Using Eq. (145), one obtains
P, — P' = ¢,(P, — P)). Thus,

% /S:(i’—F FT)(P - P) -ndS = 01C2(F01 —Foz) : (Ptz - Ptl) (154)

Consequently, Eq. (150) is valid at
(For — Fpo) - (P — P}) = 0. (155)

For macroscopically homogeneous boundary conditions at the entire surface S one has
either Fo, = F,; or P, = P, = P, so these conditions are fulfilled automatically. Otherwise,
conditions Eq. (155) are quite restrictive. However, for the following particular case they
can be made much weaker. Assume a plane interface 2 and that the difference Fy, — Fy,;
satisfies the condition

FOZ—F01:(F02—F01)~nn, (156)

the same as for the jump in the deformation gradient across the interface at each point of
interface, see Eq. (128). Then from Eq. (155) one obtains

(F()] —F02) . (P; —Ptl) = (F()2 _FOI) - nn - (Ptz—Ptl) =0. (157)
Eq. (157) can be met at
Pl-n:PQ-n, (158)

1.e. only tractions at the interface corresponding to P, and P, have to be the same (similar
to the traction continuity condition across the interface at each point of interface).

For the macroscopically piece-wise homogeneous boundary conditions for the traction
vector Egs. (140), and (141),, in a similar way one derives the identity

/Z(;—F.n)nds-(sz—Pgl) —0 (159)
and calculates

1 3 L

. /S(r —F-7.)(P —P)-ndS = cicy(F, — Fp) - (P, — Py,). (160)
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Consequently, Eq. (150) is valid at
(Fl_FZ)'(Pz)z_Pf)l):O' (161)

This condition is similar to Eq. (155) and derivations similar to those in Egs. (156)—(158)
can be performed.

Summarizing, for macroscopically piece-wise homogeneous boundary conditions on
the surfaces S; and S, (Eqgs. (140) and (141)), equalities for each phase F; = F,, and
P; = P,, and Eqgs. (145); and (145), are valid under conditions Eqs. (144); and (144),,
respectively; Egs. (139) and (149) are true under additional constrain Eq. (148). For the
entire volume, Eq. (150) is valid under additional constraint Eq. (155) for prescribed posi-
tion vectors or at Eq. (161) for prescribed tractions. These constrains can be met for plane
interface and conditions Egs. (156) and (158) that are similar to the local Hadamard com-
patibility and traction continuity conditions. The main result is that if we assume the
homogeneous deformation gradients and stresses in each phase and plane interface (or
multiple plain parallel interfaces), then all constrains are met and Eqs. (139) and (150)
are valid. Also, Egs. (136)—(139), (146)—(155), (157) and (159)—(161) are tensorial equa-
tions. In applications, one needs scalar energetic relationships, which can be obtained
by calculating the trace of all the above mentioned equations. For example, instead of
Eqgs. (153) and (150) one obtains

/(;7 —F-7)-(P—P)-ndS = (Fo — Fy) : (PL — Py, (162)

S

(F:PY=F:P (163)

7.3. Macroscopic rate of deformation gradient and stress power

Let us define the rate of the macroscopic deformation gradient and stress tensor by dif-
ferentiating Eq. (130):

F::lfindszu?w%/[i]undz. (164)

L

For plane interface and homogeneous parameters in each phase, Eq. (164) transforms to
F201F1+02F2+[F]é, (165)

since v,2 /v = ¢. Eq. (165) coincides with the result of direct differentiation of Eq. (133)
and it is independent of boundary conditions. Now we have to find conditions under
which the power of external stresses can be presented in the form

1 (. ~ :

B/~-P-ndS:F:Pt (166)
that was used in Eq. (119). Direct calculations using the Gauss theorem results in the
equality

%/Z(i—F-;T)(ﬁ—P) .ndS = (F - PY —F-Pt+%/2[1~’7]-l~’tvnd2. (167)
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Indeed,

%/(i'f—F-ifr)(i’—P)-ndS:<(i‘—F)-(IN’t—P‘)>—

S |-

Z([ﬁ)] n—[fn-PHdx
= (F P+ (F-P'—F (P))— ((F)- P

-|-%/[i’]vndZ-Pt)Jr%/[i]-i’tvndZ (168)

We used [FP] - n = [f]P - n = [f]n- P' due to traction continuity condition across the inter-
face and [ijn = —[F]v, due to the Hadamard compatibility condition (see Eq. (128)). The
term in the first parenthesis is zero because of P' = (P'). The second parenthesis can be
transformed to F - P' because of the expression for F in Eq. (164), thus completing the
proof of Eq. (167).

Using similar calculations, we obtain

1/ii)-ndsz <i.i)t>+1/[i].ﬁtundz. (169)
UV Jx LV Js
Combining Eqgs. (167) and (169), we find
%/ﬁ’-ndS:%/(?—F-ift)(i’—P)-ndSnLF-Pt. (170)
) 2

7.3.1. Macroscopically homogeneous boundary conditions

For macroscopically homogeneous boundary conditions at the entire external surface
for the velocity or traction vectors (F = F - i, or P-n=P. n), the left hand side of Eq.
(167) tends to zero and one obtains

F:P = (F:PY 41 /[Tv] . P, dX. (171)
U Jsx
Combining Eqs.(169) and (171) we derive
l/ﬁ’.nds = F-P. (172)
V)

Calculating the trace of Eq. (172), we complete the proof of Eq. (166). Thus, for the mac-
roscopically homogeneous boundary conditions expression for stress power that we used
in Eq. (119) is correct.

7.3.2. Macroscopically piece-wise homogeneous boundary conditions

Let us derive the expression for the stress power for the piece-wise homogeneous
boundary conditions Eqs. (140) and (141). We will start with transformations similar to
ones in Eq. (151):

/(?—F-iff)(i’—P)-ndS:/ (Fyio— F-#)(P — P) - m dS

s 5

+/ (Fooit. — F-7.)(P — P) - nydS = (Fo; — F)
S
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-/iff(i’—P)-nldSnL(Foz—F)-/h(i’—P)-nzdS

N A

:(F()l—F)-/ i’f(i)—P)~l’l1dS+(F02—F)
S1+2
/ ir(;)—P)'nzdS—(F()l—F)
Sr+2

-/Z?T(IN’—P)-nldS—(FOZ—F)-/?T(Z’—P)-nzdS

P

:<F01—F)(Ptl—Pt)Dl-i-(Foz—F)(PtZ—Pt>Dz

+(F02—F01)'/T"T(;)—P)'nldS:C]CQU[Pt]'[F]

—|—(F02—F01)-/if(i’—P)-nldS. (173)
b
The transformations in the last line are similar to those in Eq. (121). Now we assume the
homogeneous deformation gradients and stresses in phases and plane interface (or plane
parallel interfaces) between phase. Then the last term in Eq. (173) disappears due to the
traction continuity condition and one obtains

%/(?—F-iq)(i’—P)-ndS:clcz[P‘] (). (174)
N
Substituting Eq. (174) into Eq. (170), we have
1 o~ ) )
B/mv-nds:clczuﬁ] (F]+ P -F. (175)
)

Calculating the trace of Eq. (175) we finally obtain the expression for the power of the
external stresses

1 /. ~ . . .
B/?JﬁmM:quﬂﬂﬂ+PﬂF:—th+F:R (176)
b
where Eqs. (123) and (125) have been used.
Thus, an extra term appears in the stress power in comparison with the traditional
expression Eq. (166). This term has to be added into the expression for dissipation rate
Eq. (119)

Dy=P :F—X, i—pjy > 0. 177
P

It eliminates the dissipation due to interface reorientation (see Eq. (124)) and we obtain
Dy = X.c.

In summary, the thermodynamic driving force for the interface reorientation appears
when macroscopically homogeneous boundary conditions in tractions or position vectors
are prescribed at the entire interface, i.e. macroscopic stress or deformation gradient ten-
sors are prescribed. Then the interface reorientation represents an additional degree of
freedom and thermodynamically conjugate driving force appears in the expression for
the dissipation rate. These conditions correspond to actual loading of a sample in exper-
iments on tension—compression, torsion, biaxial loading and their combinations. On the
other hands, there is no thermodynamic driving force for the interface reorientation for
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macroscopically piece-wise homogeneous boundary conditions at two (several) different
parts of the external surface. This explains why the driving force for reorientation did
not appear in all known treatments of phase transformations leading to the expression
for the local dissipation rate at each point of the interface in (Eshelby, 1956; Kaganova
and Roitburd, 1988; Grinfeld, 1991): it is expressed in terms of stresses and strains from
both sides of the interface (which is similar to the prescription of piece-wise boundary con-
ditions in the current consideration) rather than some stresses or deformation gradient
prescribed to some volume under study.

We analyzed macroscopically piece-wise homogeneous boundary conditions because
they are consistent with the homogeneous stresses and deformation gradient in each phase.
However, they do not correspond to experimental loading conditions: in all known cases
macroscopically homogeneous boundary conditions are prescribed (see e.g. Abeyaratne
et al., 1996). Macroscopically homogeneous boundary conditions are satisfied in an aver-
aged sense, 1.e. for tensors F = ¢ F; + ¢»,F, and P = ¢, P, + ¢, P, (Ball and James, 1987;
Bhattacharya, 2004; Abeyaratne et al., 1996). In this case, Eq. (166) and, consequently
our expression Eq. (125) for the driving force for the interface reorientation X, is valid.
In particular, they are valid for fine mixture of martensitic variants. The smaller the number
of laminates is and the larger their relative size is with respect to the size of the representa-
tive volume, the larger error in the assumption of homogeneous stress—strain state of each
phase because of the effect of the macroscopically homogeneous boundary conditions. Still,
we can approximately apply our approach in Sections 2 and 5 even to the worst case of the
representative volume having a single plain interface between phases, assuming that the
inhomogeneity of strains and stresses in phases are localized near the boundary. Also, in
the framework of our approach, when we use F = ¢ F| + ¢,F, and P = ¢, P; + ¢, P, instead
of boundary conditions, geometric configurations in Fig. la and c (without martensitic
variants) are equivalent provided that the volume fraction ¢ and normal n are the same.

8. Concluding remarks

The main result of this paper is an explicit expression for the universal (i.e. independent
of specific constitutive relations) thermodynamic driving force for interface reorientation,
both for small and finite strains. Since we failed to find references on published papers
where such a problem was formulated, an existence of such a universal driving force
was not expected. It is surprisingly simple and allows us to analyze what parameters drive
the interface reorientation and determine an orientational interface equilibrium without
knowledge of the elastic energy. This is important because an explicit expression for
energy cannot be obtained in a closed form for complex cases (for example, nonlinear elas-
tic phases, finite strains), or else it is difficult to analyze and differentiate with respect to
interface normal for anisotropic linear elastic phases under complex loading. The main
reason why such a force was not revealed before is related to the fact that in the general
study of the interface equilibrium and motion (Eshelby, 1956; Kaganova and Roitburd,
1988; Grinfeld, 1991), the driving force for the interface motion was derived for each inter-
face point independent of prescribed boundary conditions. It was determined in terms of
parameters from both sides of an interface, and in this case (as was shown in Section 6) the
driving force for an interface reorientation does not appear. Only in the case when the
macroscopically homogeneous stresses or strains are prescribed, the driving force for
the interface reorientation can be found.
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Another important result is related to the derivation of an explicit expression for the
dissipation rate for simultaneous interface rotation and propagation for both athermal
and drag interface friction and for single and multiple interfaces.

Explicit expressions for the driving forces for interface propagation and rotation versus
rates of interface propagation and rotation have been derived using the extremum princi-
ples of irreversible thermodynamics. They were explicitly inversed in the form of kinetic
equations for the interface propagation and rotation. An athermal friction has been taken
into account for the first time while considering an interface reorientation which is very
important for the realistic description of solid—solid transformations, especially for mod-
eling metastable microstructures. An athermal friction introduces a nontrivial effect in
interface motion. Because numerical implementation of obtained equations for multi-
interface case requires a lot of logical operations, a simple and accurate single-function
approximation of these equations was suggested. In contrast to known approaches that
consider equilibrium and quasi-equilibrium microstructure in micro to macro transition,
our starting point is the kinetics of a single interface, since it can be measured experimen-
tally (Grujicic et al., 1985). Viscous interface dissipation has not been taken into account
in micro to macro transition in previous papers. We found that it introduces size depen-
dence in kinetic equations for the rate of volume fraction.

This result has an important implication in experimental determination and mathemat-
ical formulation of the kinetic equations for the rate of volume fraction that has to be
studied in more detail. The above results have been used to formulate a complete system
of equations for stress-induced evolution of laminated austenite—martensite microstruc-
ture, including evolution of alternating martensite [-martensite I variants within martens-
itic units. This evolution is coupled to the change in stress—strain state of each phase.

In Part II of our paper (Levitas and Ozsoy, 2008), the developed theory will be applied
to study nontrivial stress-induced microstructure evolution for cubic-tetragonal and
tetragonal-orthorhombic transformations. In future work, the expression for the athermal
dissipation rate has to be generalized for the general three-dimensional orientation of the
interface normal. It is not related to basic difficulties but relations may be quite bulky.
Also, the entire theory has to be generalized to take into account the plastic accommoda-
tion by slip. This is a very basic and complex problem, since description of the interface
propagation in plastic materials is conceptually more sophisticated than in elastic materi-
als (Levitas, 1998, 2000).

The equations obtained here can be used as constitutive equations for finite element
modeling of discrete microstructure formation in a macroscopic sample. They are much
more accurate than those used in Levitas et al. (2004) and Idesman et al. (2005) for the
same purposes.
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