
CONTINUUM MODELING OF STRAIN-INDUCED

MARTENSITIC TRANSFORMATION AT SHEAR-BAND

INTERSECTIONS

V.I. LEVITAS1{, A.V. IDESMAN1 and G.B. OLSON2

1Institute of Structural and Computational Mechanics, University of Hannover, Appelstrasse 9A, 30167
Hannover, Germany and 2Department Materials Science and Engineering, Northwestern University,

2225 North Campus Drive, Evanston, IL 60208-3108, U.S.A.

(Received 10 March 1998; accepted 2 September 1998)

AbstractÐA mesoscopic continuum thermomechanical approach is applied to the problem of strain-
induced martensitic transformation at shear-band intersection. A computed transformation work functional
combined with a critical driving force criterion and stability analysis are employed in the solution of
boundary-value problems addressing aspects of martensitic transformations in a heterogeneous plastically
deforming medium. Under boundary displacement control, solutions demonstrate preferred transformation
at shear-band intersections, restricted growth beyond intersections, preferred transformation during rather
than after intersection process, and sequential rather than simultaneous operation of multiple intersections
of identical potency. Further growth beyond intersections is favored under ®xed stress boundary con-
ditions. Mesoscopic thermomechanical considerations o�er useful insights into transformation behavior in
a plastic environment. # 1998 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

There are many aspects of the interaction of mar-

tensitic phase transformations (PT) with plastic

strain. We will concentrate in this paper on strain-

induced PT in TRIP steels. It is known from

experiments [1, 2] such as the electron microscopy

observation in Fig. 1 [3] that

.shear-band intersections are the major nuclea-

tion sites;

.growth beyond the intersection region is gener-

ally very restricted;

.transformation occurs during the intersection

events;

.transformation does not occur at every shear-

band intersection.

There are microscopic models [1] which explain

nucleation at shear-band intersection using some

dislocation reactions. This approach has been

used [3, 4] to develop a statistical macroscopic

model for the prediction of PT kinetics and stress±

strain relations. The fact that nucleation does not

occur at every shear-band intersection is explained

by varying potency of each intersection, i.e. by a

distribution of shear-band thickness.

Recently a mesoscopic continuum thermomechani-

cal theory of martensitic PT in inelastic materials has

been developed [5±7]. Analytical and numerical sol-

utions of several boundary-value problems were

found using this theory [6, 8±10]. It appears that a

number of experimental results related to interaction

of plastic strain and PT can be explained, based on

this theory and the solutions obtained. As an example,

PT under compression of materials in Bridgman

anvils and additional plastic shear due to rotation of

one anvil was studied [6]. It was found that an

enhancement of PT conditions due to a rotation of an

anvil is attributed not to the plastic strain, but to the

possibility of an additional displacement, compensat-

ing a transformation volume decrease. It is connected

with a reduction of frictional shear stress in a radial

direction due to the anvil rotation.

Another PT problem of a thin layer in a rigid-

plastic half-space under the action of applied press-

ure and shear stresses is solved in [6]. This problem

models PT due to the friction in the neighborhood

of a contact surface or in a shear band.

These solutions illustrate the fundamental di�er-

ence in PT conditions for a strongly nonhomoge-

neous pressure distribution in the ®rst problem and

for homogeneously distributed pressure and shear

stresses in the second problem. In particular, ro-

tation of an anvil in the ®rst problem works much

more e�ectively for the synthesis of strong phases

than weak ones. In the second problem, additional

shearing signi®cantly improves the condition of

appearance of soft materials and weakly a�ects the

appearance of strong materials. Shear stresses and

strains can render the PT impossible, if a PT cri-

terion is violated due to the necessity of ful®llment

of the yield condition for the parent phase.

Consequently each experimental situation should be

simulated carefully before any conclusion is made.

Acta mater. Vol. 47, No. 1, pp. 219±233, 1999
# 1998 Acta Metallurgica Inc.

Published by Elsevier Science Ltd. All rights reserved
Printed in Great Britain

1359-6454/99 $19.00+0.00PII: S1359-6454(98)00314-0

{To whom all correspondence should be addressed.

219



The transformation condition in this mesoscopic
theory includes (in contrast to previous approaches)

the history of local stress variation in a volume

during the transformation process. This appears to
be very important for an explanation of exper-

iments in the Bridgman anvils.

The aim of the present paper is to describe the

experimental results on nucleation at shear-band

intersection based on the mesoscopic continuum

thermodynamic theory [5±7] and the solution of
corresponding boundary-value problems with mini-

mal assumption concerning the microscopic mech-

anism of transformation.

In Section 2 a problem formulation for martensi-

tic PT in elastoplastic materials at ®nite strains is
presented. We consider ®nite plastic and transform-

ation strains and small elastic deformations. The

deformation model is based on the multiplicative
decomposition of the total deformation gradient

into elastic, transformation and plastic parts, and

the generalization of Prandtl±Reuss equations to

the case of large strains and PT. The constitutive
equations are then given in a rate form which is

convenient for our numerical algorithm. The struc-

ture of equations is similar for the cases of small

and large strains. Transformation strains can be
treated like thermal strains in the numerical

approach [11]. A transformation criterion and extre-

mum principle for determination of location and
volume of transformed region are presented.

The ®nite element solution algorithm, brie¯y dis-
cussed in Section 3, is realized in a step-by-step

form with a variable actual con®guration, i.e. equili-
brium, kinematic and physical equations in actual
con®guration are used in the calculations.

In Section 4 the problem of transformation at
shear-band intersection is formulated, solved and
analyzed. It appears that all four aforementioned

experimental peculiarities can be explained (at least
qualitatively) in the framework of the continuum
thermodynamic theory [5±7]. The key point of ex-

planation is related to allowing for di�erent stress
variations in a transforming particle for di�erent
PT scenarios. Actual solutions obtained with the
help of our extremum principle describe the exper-

imental results.
Direct tensor notations are used throughout this

paper. Vectors and tensors are denoted in boldface

type; A�B and A:B are the contraction of tensors
over one and two indices. Let a superscript t and
ÿ1 denote transposed and inverse operation; sub-

scripts s and aÇ designate symmetrical and antisym-
metrical tensor parts; I is the unit tensor; dev A is a
deviatoric part of A; Mmeans equals per de®nition;

a point above indicates the material time derivative.

2. PROBLEM FORMULATION

PT is modeled here as the thermomechanical pro-

cess of growth of a transformation deformation gra-
dient from unit tensor I to a ®nal value which is
accompanied by a change of mechanical and ther-

mal material properties.

2.1. Kinematics

Let the motion of the uniformly deformed in®ni-
tesimal neighborhood of a material point in a pro-
cess of martensitic PT be described by the function

r= r(rt, t), where r and rt are the positions of
points in the actual V and the reference Vt con®gur-
ations, t is the time. We neglect thermal strains
(they are small with respect to transformation

strains) and assume for the ®nite strains a multipli-
cative decomposition of the total deformation gra-
dient F= @r/@rt into elastic Fe, transformational Ft

and plastic (symmetrical) Up parts [5, 8], i.e.

F � Fe � Ft �Up � Ve � Re � Ft �Up �1�
where Fe=Ve�Re,Ve is the symmetrical elastic left

stretch tensor, Re is the rotation tensor. Let us
introduce the internal dimensionless order par-
ameter x(0ExE1) which is related to Ft and has

the following properties: PT starts at x = 0 and
®nishes at x = 1; when x varies between 0 and 1,
the transformation strain grows from 0 to maxi-

mum value Ft max. We can thus de®ne the order
parameter as xM vFtÿIv/vFt maxÿIv. When solving
the elastoplastic problem, the rate form of
equation (1), derived by di�erentiation with respect

Fig. 1. Bright ®eld transmission electron micrograph show-
ing martensitic particle (dark) formed at shear-band inter-

sections in cold-worked 301 stainless steel (from [3]).
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to time, is used. The velocity gradient l and defor-
mation rate d are described as follows:

Box 1. Problem formulation

1. Kinematics

A multiplicative decomposition of the total defor-
mation gradient F

F :� @r

@rt
� Fe � Ft �Up � Ve � Re � Ft �Up: �2�

Decomposition of the total deformation rate d

d :� @v

@r

� �
s � B

4
e � d t � dD; �3�

dD :� �R e � Ft � _Up �Uÿ1p � Fÿ1t � R t
e�s;

dt :� �Ve � R e � _Ft � Fÿ1t � R t
e � Vÿ1e �s; �4�

B
4
e :� _Be � Be � �W� �Wt � Be;

�W �Wÿ �R e � _Ft � Fÿ1t � R t
e��a;

W � @v

@r

� �
a;

Be :�0:5 �Ve � Ve ÿ I�1Ve ÿ I� I: �5�

2. Constitutive equations

Elastic Hooke's law

T � E�x� : Be � l�x�I1�Be�I� 2m �x�Be: �6�
Yield function

f�T; q; x� � si ÿ sy�q; x�E0; _q � �2=3 dD : dD�1=2:
�7�

In an elastic region

f < 0 or f � 0;
@f

@T
: T
4 � @f

@x
_xE0; �8�

T
4 � E : �dÿ dt� � @E

@x
: Be

_x: �9�

In an elastoplastic region

f � 0;
@f

@T
: T
4 � @f

@x
_x > 0: �10�

Plastic ¯ow rule

dD � l1s; l1r0 �) �11�

T
4 � Eÿ 1

�
E : s

@f

@T
: E

� �
: �dÿ dt�

� @E
@ x

: Be
_xÿ 1

�

@f

@T
:
@E

@ x
: Be

_x� @f
@x

_x
� �

E :s; �12�

� � @f

@T
: E : sÿ @f

@q

2

3
s : s

� �1=2

; �13�

dD � 1

�

�
@f

@T
: E : �dÿ dt�

� @f

@T
:
@E

@ x
: Be

_x� @f
@x

_x
�
s: �14�

3. Equilibrium equations for neglected body forces

r � T � 0 �15�

4. PT criterion

�X :� 1

mn

�
Vn

�1
0

T : dt
@t

@x
d xdVn ÿ �cy

2 ÿ cy
1� � kc; �16�

mn �
�
Vn

rdVn;

�X :� kc; �) PT occurs: �17�

5. Extremum principle for PT

�X �V �� ÿ kc < 0 � �X �V� ÿ kc �18�
or

j�V ��4max; j :� 1

mn

�
Vn

�1
0

T : dt
@t

@x
d x dVn: �19�

6. Extremum principle for determination of stable
solution (global PT criterion)

�
S

�u2
u1

p � d udS4min

�particular case at prescribed u at S�: �20�
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l :� @v
@r
� _F � Fÿ1 � _Fe � Fÿ1e � Fe � _Ft � Fÿ1t � Fÿ1e

� Fe � Ft � _Up �Uÿ1p � Fÿ1t � Fÿ1e

� _Ve � Vÿ1e � Ve � O � Vÿ1e

� �
� Ve � Re � _Ft � Fÿ1t � Rt

e � Vÿ1e

� Ve � Re � Ft � _Up �Uÿ1p � Fÿ1t � Rt
e � Vÿ1e ; �21�

d :� �l�s � Vÿ1e � B
�
e � Vÿ1e � Ve �Q � Vÿ1e

� �
s

� Ve � Re � _Ft � Fÿ1t � Rt
e � Vÿ1e

� �
s
; �22�

where BeM0.5 (Fe�Ft
eÿI) = 0.5 (Ve�VeÿI) is the elas-

tic strain tensor, v=rÇ is the velocity vector, QMRe

�Ft� _Up�Uÿ1p �Fÿ1t �Rt
e, BÊ eM _Be+Be�OO+ OOt�Be is called

the R-derivative associated with the skew-symmetric
spin tensor OO= _Re�Rt

e, we used relation Vÿ1e �BÊ e
�Vÿ1e =(VÇ e�Vÿ1e +Ve�OO�Vÿ1e )s which can be checked
by direct calculations, see [12].
We assume that the elastic strains are small, i.e.

Ve=I+ ee, ee<< I, Vÿ1e =Iÿ ee, Be=ee. Then we have
from equation (21)

OOO �Wÿ Re � _Ft � Fÿ1t � Rt
e

� �
a
ÿ�Q�a; �23�

where W = (l)a is the spin tensor. Substituting (23)
into (22) for BÊ e and allowing for

(ee�Q+ Qt�ee)s<< (Q)s we get the kinematic equations
presented in Box 1 where d, dt, dD are the rates of
the total, transformational and dissipative (due to

plastic strain) deformations, respectively; I1(Be) is
the ®rst invariant of Be : C

4
:� _C� C � �W� �Wt � C is

the objective derivative associated with tensor W.

Before PT we have Ft=I, and the rate form of the
kinematic equation (3) yields

d � B
4
e � dp; dp � Re � _Up �Uÿ1p � Rt

e

� �
s
;

where B
4
e :� _Be � Be �W�Wt � Be is the objective

Jaumann derivative of the tensor Be.

At small plastic strains before completion of PT
Up=I+ eep, eep<< I we get from (1) that
Ve�Re1Re=F�Fÿ1t and dt=(F�Fÿ1t � _Ft�Fÿ1)s,
W=Wÿ (F�Fÿ1t � _Ft�Fÿ1)a.

2.1. Constitutive equations for elastoplasticity at
®nite strains

We use the generalization of the Prandtl±Reuss
equations to the case of large strains for isotropic
elastoplastic materials with isotropic

hardening [11, 12]. The relationships during PT are
presented in Box 1. Here T is the Cauchy stress ten-
sor; q is the accumulated plastic strain; si=
(3/2 s:s)1/2 is the stress intensity; s= devT is the
deviatoric Cauchy stress tensor; sy(q,x) is the yield
stress function to be found experimentally, E(x) is
the elastic modulus tensor; l(x), m(x) are the Lame

coe�cients which depend on x. Equation (9) is the
rate form of equation (6) (see [11, 12]). It is necess-

ary here to make some comments.

(1) From the second law of thermodynamics for
small elastic strains we derive T = r(@c/@Be) [c
is this the speci®c Helmholtz free energy,
r = r(x) = r1detF(x) is the mass density during
PT, r1 is the mass density at x = 0, i.e. before

PT]. We assume that

c�Be; y; x� � Be : E�x� : Be

2r�x� � cy�y; x�; �24�

where cy is the thermal part of the speci®c
Helmholtz free energy.

Then we obtain Hooke's law (6).

(2) Computational algorithms do not usually
involve equation (11) as such, but the quasi-

linear relationship between the stress rate and
the rate of deformation. Using equations (3),
(6) and (11) and the loading condition _f=0 we

get equations (12) and (14) (see [11, 12]). Before
PT, dD=dp=(Re� _Up�Uÿ1p �Rt

e)s holds, and
equation (12) has the form

T
4 � Eÿ 1

�
E : s

@f

@T
: E

� �
: d; �25�

where in equations (7)±(10) we should take

into account that f and E do not depend on x.
(3) The tensor T

4
which appears in relationships (8)

and (10) can be replaced by tensor _T, since for

the accepted expressions (7) for _f, the relation
�@f=@T� : T

4 � �@f=@T� : _T is valid. However, for
calculations it is convenient to write relation-

ships (8) and (10) in terms of T
4
.

2.2 Mesoscopic transformation criterion

The transformation criterion is consisted with the
second law of thermodynamic and has the following
form [5, 7]�

Vn

XdVn :�
�
Vn

�1
0

r1
r�x�T : d

@t

@x
d xdVn

ÿ
�
Vn

�1
0

r1
r�x�T : dD

@t

@x
d x dVn

ÿ
�
Vn

r1�c2 ÿ c1�dVn

�
�
Vn

r1kcdVn �
�
S

gdS: �26�

Here X is the local dissipation increment (driving
force) in the course of PT due to PT only (exclud-
ing plastic and other types of dissipation);�
Vn

� 1
0 �r1=r�x��T : dDd xdVn is the local dissipation
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increment in the course of PT due to plastic defor-

mation only; c2, c1 are the speci®c Helmholtz free
energies for the second (after PT, x= 1) and the

®rst (before PT, x = 0) phase; Vn is the volume of

transforming particle at x = 0 (before PT); kc is an
experimentally determined critical value of dissipa-

tion for PT which can depend on other parameters,

e.g. y, Up; S is the surface of transformed region
after the ®nishing of PT and g is the surface energy

per unit area after the PT. Energy per unit area is

an idealization of energy per unit volume due to
very nonhomogeneous strain distribution in a thin

layer. Below, for our numerical implementation, we
study the transforming regions with the same

volume and surface (excepting one example), there-

fore the surface energy is constant and we neglect
it.

Let us consider some simpli®cations. We assume

that

ci Be; y;r
ÿ � � Be : Ei : Be

2ri
� cy

i �y�; �27�

i= 1,2 correspond to the value before PT at x= 0
and after PT at x= 1, respectively, Dcy=cy

2ÿcy
1

de®nes the chemical driving force. In the case if

(a) the phases have the same elastic properties
E(x) = E1=E2=const;

(b) r(x)1r = const, i.e. transformation volumetric

strain is small (elastic strains are small, plastic

strains due to incompressibility do not change
mass density);

(c) y and k are homogeneous in the transforming

volume;

then equation (26) can be transformed into

equation (16), where X is the driving force for
nucleation (averaged over the transforming

volume), mn is the transforming particle mass. Here

we take into account equation (3) and the condition
that �1=r�x��T : B

4
e � �1=r�x��T : _Be and for small

elastic strains T = r(x)(@c/@Be).

Equation (16) is a ®nal form of the PT criterion
which is used in the present paper. Such a formu-

lation is similar to the introduction of a yield con-

dition, e.g. equation (7)1. The formal way of
derivation of the criterion (16) is the following. If

PT and plastic ¯ow in the given material point are

thermodynamically independent, then at X<0 the
PT is impossible (contradicts to the second law of

thermodynamics). At X=0 the PT is possible, but it
will be PT without dissipation due to PT. Since

usually rather large dissipation accompanies PT, we

assume that the calculated increment X of dissipa-
tion due to PT reaches the experimentally deter-

mined value k. From the other side, the criterion

can be justi®ed in an approximate way by the
microscopic Olson±Cohen dislocation dissociation

model of martensitic nucleation [13, 14]. By this

mechanism, nucleation occurs in a volume of thick-
ness t by the passage of a transformation dislo-

cation through the volume. The critical net driving
force [X of (16)] for this process is expressed by

�Xc � 2g
t
�Wf; �28�

where g is the nucleus interfacial energy and Wf is

the frictional work of interfacial motion determined
principally by solid solution hardening [15]. For the
problem of microscopic shear-band intersection
considered here, the transformed region can be trea-

ted as a nucleus with thickness t equal to the shear-
band thickness. Fixing t then makes Xc a constant
as assumed throughout this paper. This approxi-

mation neglects a contribution to Wf from forest
dislocation hardening associated with plastic
prestrain [16], which will be addressed in further

studies. At the same time a mesoscopic continuum
approach allows us to determine more precise an
expression for the driving force Xc, in particular its

stress history dependence.

2.3. Extremum principle for PT

In a general case the position and volume Vn of a
new transforming region in the PT criterion (26) or

(16) for each increment of boundary conditions or
temperature y are unknown. To determine them, we
can use the extremum principle (18) which follows

from the postulate of realizability [6, 7, 17], where
Vn and V*

n are the actual and possible volume of
transformed particle. The physical interpretation of

the principle (18) is as follows: as soon as for some
region Vn the PT criterion (16) is ful®lled for the
®rst time, PT occurs in Vn. For all other V*

n the

inequality (18) is valid, because in the opposite case
the PT criterion (16) will be met for this V*

n earlier
than for Vn. As only the work integral j in
equation (18) depends on the volume Vn, the extre-

mum principle (19) follows from principle (18).
It is possible that under the given increment of

boundary conditions the local PT criterion (16) and

extremum principle (18) allow several solutions, e.g.
transformation in di�erent places or propagation of
di�erent interfaces. At least two solutions are

always possible: ®rst, the solution without the PT,
second, the solution with the PT. Such a situation
was revealed in papers [8, 17]. It was suggested that
the best unique solution among all possible is the

stable one. To formulate the stability criterion
again the postulate of realizability is applied. Using
it, the extremum principle for the whole volume is

derived to choose the stable solution. The general
extremum principle [17] is too bulky. Here we will
use the simpli®ed version (20) of this principle at

the prescribed displacements u at the boundary S of
volume V, where p is the traction vector, and u1
and u2 correspond to the start and end of PT. It

follows from principle (20) that the stable solution
minimizes the work of external stresses.
Consequently, the ful®llment of the local PT cri-
terion is not enough for the occurrence of PT and
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only the extremum principle (20) which represents
the global PT criterion gives the ®nal solution.

3. NUMERICAL METHOD

To de®ne PT conditions using PT criterion (26)

or (16) it is necessary to calculate the variation of
local stress and strain distributions in a transformed
volume as functions of growing transformation
strain. For this purpose the isotropic elastoplastic

problem at large strains with given transformation
strain (which is prescribed incrementally) is solved
numerically using FEM. Quadratic triangular ®nite

elements are used. The kinematic and constitutive
equations presented above are brought to such a
form that we can use the solution algorithm brie¯y

presented in the Appendix and described in detail
in [11]. The solution is realized in step-by-step
form, i.e. with a known solution at time tn one
should ®nd a solution at time tn + 1, where n is the

step number. A variable actual con®guration is
used, i.e. equilibrium, kinematic and constitutive
equations in actual con®guration are used in calcu-

lations. A constant or variable tangent sti�ness
matrix [K] (see [11]) or more e�ciently a sti�ness
matrix based on the algorithmic tangent tensor [18]

can be used, as the problem solution depends only
indirectly on the type of [K] matrix de®ning the
convergence rate of an iterative process.

Let us next consider a technique for preserving
exact plastic volume. When we present the stress
tensor as T = pI+ s (p is pressure), then from
equation (12) for s

4
we get

s
4�E : �dev dÿ dev dt�ÿ 1

�
E : s

@f

@T
: E : �dÿ dt�

� @E
@ x

: �Be
_xÿ 1

�

@f

@T
:
@E

@ x
: Be

_x� @f
@x

_x
� �

E : s: �29�

The value Be=devBe=s/2m [see equation (6)] is
de®ned using known s during numerical integration
of equation (29). The pressure p can be directly cal-
culated from Hooke's law (6)

p � l�x� � 2

3
m�x�

� �
I1 Be� �; �30�

as the value I1 (Be) can be de®ned from equation (2)
allowing for the condition of plastic incompressibil-
ity detUp=I and small elastic strain

(detVe=1 + I1(Be)), i.e.

I1�Be� � det F� �= det Ft� � ÿ 1: �31�
Use of equations (29)±(31) instead of equation (12)

for calculation of the stress tensor T allows us to
satisfy exactly the condition of plastic incompressi-
bility, because numerical integration of equation (12)

for p can accumulate errors.
The set of equations presented above have similar

structures for the cases of small and large strains
[the di�erences are in the use of T

4
in equation (12)

and B
4
e in equation (3) instead of _T and _Be for the

case of small strains]. For example, for small plastic

strains in a transforming region, but ®nite trans-
formation strains and ®nite plastic strains outside,
we additionally need (compared with the case of

small strains) to calculate the total gradient F and
the spin tensor W only, which is very simple. We
do not need the tensors Re, Up because we use the

rate form of kinematic (3) and constitutive
equations. For ®nite plastic strains in the trans-
forming region we should calculate _Up from ex-

pression (4)1 for dD; dD is de®ned from
equation (14). Then at time t + dt we should com-
pute Up and using known values of Up, F, Ft, Ve

de®ne Re from equation (1); Ve1I+ Be can be cal-

culated from equations (31) and (6) when stresses s

are known.
Here we consider a uniform temperature distri-

bution. We do not need temperature to de®ne the
stress±strain state, but only for calculation of the
thermal part of the speci®c Helmholtz free energy

cy
i . In this paper the ``inverse'' problem is solved,

i.e. the position and size of the transforming region
are prescribed in advance, and then the condition

for PT is de®ned. For example, when the stress±
strain state is computed we can determine the tem-
perature of PT from equation (26) or (16) [we can
consider equation (26) or (16) as one scalar

equation with respect to temperature]. The extre-
mum principle in the form of equation (19) is used
to analyze the solutions obtained.

4. FEM SOLUTION OF THE PROBLEM OF
TRANSFORMATION AT A SHEAR-BAND

INTERSECTION

Let us consider the thermomechanical formu-

lation of a model problem of transformation at
shear bands. We will neglect the precise physical
mechanisms of inelastic deformation inside the

shear band (e.g. formation of h.c.p. e-martensite,
mechanical twins, dense stacking-fault bundles and
slip dislocation bands) and will describe plasticity in

the framework of phenomenological ¯ow theory.
Strain localization at such a microscale is attributed
not to softening, but to a heterogeneous defect dis-
tribution. We thus introduce a potential shear-band

region in advance as a region where the material
deforms elastoplastically (Fig. 2). Outside the shear
bands material behaves elastically only, i.e. a very

high yield stress is assumed. Neglecting the micro-
scopic mechanisms means that all possible nuclea-
tion places di�er by transformation work done

during the nucleation events only. For each possible
transformation place after calculation of transform-
ation work corresponding transformation tempera-

ture can be found from PT criterion (26). Actual
nucleation place corresponds to maximum trans-
formation work (or maximum transformation tem-
perature).
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The following simplifying assumptions are
accepted:

.elastic properties of matrix and martensite are
the same;
.shear bands are mutually orthogonal;

.the case of plane strain state is considered;

.the inverse problem is solved, i.e. the position
and size of the transforming region is speci®ed a

priori, and then the condition for PT is determined;
.temperature is homogeneously distributed and

does not change during the PT;

.critical driving force kc is a constant or function
of temperature only.
The following properties of a steel are used in the

calculations:

.Young's modulus E = 2.1�105 MPa;

.Poisson ratio m = 0.3;

.yield stress for matrix smy=2.5�102 MPa [19];

.yield stress for martensite sny=8�102 MPa (for
simplicity we assume that the yield stress changes
instantaneously to the value of phase 2 during PT).

4.1. Displacement-controlled boundary conditions

The following boundary conditions are applied:

.along AB boundary un=0, tn=0;

.along CD boundary un=u*, tn=0 (u* is the pre-
scribed normal displacements);

.AC and BD boundaries sn=tn=0 (free surface).
Here un is the normal displacement, tn and sn are

the shear and normal stresses. From crystallography

we can de®ne the symmetric transformation left
stretch tensor Ut (Ft=Rt�Ut) only. However the
problem solution for an isotropic formulation does
not depend on the transformation rotation tensor

Rt because we can merge rotation tensors Rt and Re

in the total gradient decomposition (2) into one ro-

tation tensor Ret=Re�Rt. Therefore, for the sake of

convenience, we can also prescribe the transform-
ation gradient with an arbitrary rotation tensor Rt.

For our calculations the transformation gradient is

Ft � I� x� �Ft ÿ I� x 2 �0; 1�; �Ft � I� kn �32�
and is subdivided into 60 increments. Here n is the

outward unit normal vector to the habit plane and
k is the displacement vector due to transformation.

In the local cartesian coordinate system (one axis is

directed along vector n, another one is located in

the plane of the vectors n and k which coincide

with the plane of Fig. 2) the transformation gradi-
ent Ft has the following components

� �Ft�11 � 1; � �Ft�12 � 0:2;

� �Ft�21 � 0; � �Ft�22 � 1:026; �33�
the other components are zero.

As we do not know the direction of the normal n

with respect to the global coordinate system, we

will ®nd the most favorable one using the extremum

principle (18). We have prescribed four di�erent
angles a= 0; 458; 508; 908 between n and axis X2

(Fig. 2). Solving four boundary-value problems for

the u*
max=0.24 and appearance of martensite at the

shear-band intersection we have found that the cor-

responding values of the work integral j are
j =ÿ 36.86; 22.59; 21.86; ÿ37.06 MPa, respect-

ively. According to the extremum principle (18), the

most favorable direction for the vector n is along

one of the shear bands (along the axis X'2, Fig. 2),
since for this direction the work integral j = 22.59
has a maximum value. In the following calculation

we will use this direction for prescribing the trans-

formation gradient Ft. Consequently, the transform-

ation gradient Ft has the components (33) in the

local coordinate system in which axes are directed
along shear bands.

Four di�erent values of maximal prescribed dis-

placement u*
max are considered, namely

u�max � 0:14; 0:19; 0:24; 0:34; �34�
which correspond to the following macroscopic ten-

sile strain

e �Uÿ 1 � u�max=h

� 0:0047; 0:0063; 0:0080; 0:0133; �35�
where h = 30 is the initial height of a sample.

During the PT the transformation deformation gra-

dient and prescribed displacements grows propor-

tionally to the same parameter x,

u��x� � u�1 � u�max ÿ u�1
ÿ �

x; �36�
i.e. the transformation deformation gradient grows

proportionally to the prescribed displacement. For
all cases we start the PT at the boundary condition,

Fig. 2. Cross section of a sample with martensitic particle
(1 or 2) at two shear-band (I and II) intersection.
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corresponding to macroscopic strain eu*
1/h= 0.14%

when plastic strains appear in shear-band regions.
This corresponds to the situation where transform-
ation occurs during the shear-band intersection

event. Consideration at higher macroscopic strain
gives practically the same results due to perfectly
plastic model. Treatment at smaller macroscopic

strain suits for stress assisted rather than strain-
induced PT.
Note that we do not assume that PT starts at

some critical strain. PT occurs when the PT con-
dition (16) is satis®ed at given boundary condition
and temperature and prescribed macroscopic strain

represents boundary condition.
In Fig. 3 the calculated macroscopic stress s-

strain e diagrams for the sample under consider-

ation and corresponding values of the work integral
j are presented.

Macroscopic axial stress s is obtained from the
problem solution and averaging over the boundary
CD. Curves 1±4 correspond to the appearance of

martensite at shear-band intersections, curve 5 for
deformation without PT (perfect plastic behavior).
As described in [4], two opposite factors related to

PT are responsible for the shape of the stress±strain
diagram:
.appearance of additional transformational de-

formation modes, namely transformation strain and

plastic strain induced by transformation, i.e. trans-

formation induced plasticity (TRIP);

.strengthening due to higher yield stress of the

martensitic product.

In curve 2 both these tendencies approximately

compensate each other and the material behaves

macroscopically similar to the case without PT

(curve 5). For curves 3 and 4 additional transforma-

tional deformation modes exceed the prescribed

strain, and thus macroscopic elastic strain and

stress decreases during the transformation.

Transformation work for these curves is negative,

i.e. stresses resist the growing transformation strain.

Martensite is in the elastic state. For curve 1 pre-

scribed strain exceeds transformation strains and

strengthening due to the higher yield stress in the

martensitic phase leads to higher stresses.

Martensite then deforms plastically in the direction

of growing transformation shear.

If we know the temperature and kc, then from

the PT criterion (16) we can ®nd the corresponding

value of the transformation work j and choose the

prescribed displacement in Fig. 3 at which PT can

occur. When the displacement is given, then the

transformation work j can be calculated and from

the PT criterion (16) the PT temperature can be

de®ned.

Fig. 3. Relationships between macroscopic axial stress s and strain e (at di�erent values of e after ®n-
ishing PT) during appearance of martensite at shear band intersection (region 1). 1, work integral

j = 75.8 MPa; 2, j = 22.26 MPa; 3, j =ÿ 28.3 MPa; 4, j =ÿ 58.7 MPa; 5, without PT.
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As was mentioned in Section 2, the solution with-

out PT (curve 5 in Fig. 3) is always possible,
because it satis®es all equations of continuum ther-
modynamics. To choose which solutionÐwith PT

or without PTÐwill be realized, we can use stability
analysis. According to the stability criterion (20),
when the s±e curve for the solution with PT (curve

1 in Fig. 3) exceeds the s±e curve for the solution
without PT, the PT would not occur, despite the

fact that the local PT criterion can be satis®ed. In
the opposite case (curves 2±4 in Fig. 3) the defor-
mation process with PT is more stable.

The volume fraction of martensite fm correspond-
ing to transformation in region 1 is 1/300. As we
know the strain increment which is necessary for

appearance of such a volume fraction at various j
(or temperatures), we can determine the derivatives

dfm/de. For the four cases presented in Fig. 3 it is
equal to 0.709; 0.529; 0.417 and 0.251 correspond-
ingly.

The results obtained can be reformulated in order
to analyze qualitatively the situation with several
transformation sites. Let us consider (Fig. 4) the

connection in series of four elementary representa-
tive volumes presented in Fig. 2. If we neglect elas-

tic strains, then di�erent values of prescribed
displacement in Fig. 2 can be obtained by the
appearance of martensite at one, two, three or four

shear-band intersections in Fig. 4. Let the pre-
scribed strain increment for a system of four el-
ements be 0.333%, i.e. minimum inelastic strain

increment in Fig. 2. If martensite appears at each
shear-band intersection (four particles), then the

work integral and external stress variation will be
the same (at neglected elastic strains), as in curve 4
(Fig. 3). When transformation occurs at two inter-

sections and two other elements will be rigid (as
external stress is smaller than the yield stress), then
the actual prescribed strain for two active elements

is 0.666% which corresponds to curve 2 in Fig. 3.
For three active intersections the actual prescribed
strain increment is 0.444% which is close to 0.49%

for curve 3 in Fig. 3. For the transformation at one
intersection and three rigid elements the actual pre-

scribed strain is 1.32% which exceeds the value
1.19% for curve 1 in Fig. 3. But even for
De = 1.19% the actual stress exceeds the yield stress

for austenite and transformation-free elements can-
not be rigid. It is clear that when at least one inter-
section is not active, then the external stress cannot

exceed the macroscopic yield stress. This is in agree-
ment with our results of stability analysis, namely

that when the macroscopic stress±strain diagram for
the case with PT exceeds the diagram without PT,
then PT will not occur. The model with connection

in series can be considered as a corroborating
example for an extremum principle (20).
This mechanical model o�ers further insight as to

why transformation need not occur at every shear-
band intersection. Even if all intersections are po-

tentially completely equivalent (i.e. materials prop-

erties and geometry are the same), stress variation

and transformation work depend strongly on the

Fig. 4. Connection in series of four representative volumes
presented in Fig. 2.
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number of active intersections during the given

strain increment. At a given temperature and kc we

can de®ne from the PT criterion (16) the necessary

value of the transformation work j and determine

how many intersections in Fig. 5 will transform at

the given strain increment. For example, if at the

given temperature the transformation work

j = 22.26 MPa is required for satisfaction of the

PT criterion, then two intersections will be active

only. If we assume that three or four martensitic

particles appear, then PT criterion will be violated.

In the framework accepted we cannot say which
intersections exactly are active, because they are
identical. To choose explicitly active intersections

we have to introduce small variation in properties
or geometry.

We compare several scenarios of PT process, in
particular, how it depends on macroscopic strain
increment. Let the necessary transformation work

be j =ÿ 58.7 MPa, i.e. four nucleus can appear
(low temperature). Prescribed strain increment

grows from zero to ®nal value 0.333%. During this
growth material ``does not know'' the ®nal value of
strain increment, perhaps it will be smaller and PT

in four elements cannot occur. The ®rst opportunity
for PT will be when nucleation occurs at one inter-
section during the strain increment 0.333/

4 = 0.0833%, because it leads to the same value of
work integral. According to the postulate of

realizability [6, 7, 17], as only PT can occur, it will
occur. Then stress will grow to the macroscopic
yield stress (Fig. 6), and again new nucleus appears

at another intersection during the strain increment
0.0833%. Such a process will be repeated four

times, i.e. four nuclei appear during the strain incre-
ment 0.333%. It is not necessary to compare which
of two processesÐcorresponding to curve 1 or 2Ð

is more stable, because during the strain increment
0.0833% the nucleation at one intersection only is
possible.

The same process will take place for all other
values of j: as only PT at one intersection can

occur [i.e. the value j at the smallest strain incre-
ment satis®es the PT criterion (16)], it will occur.

It is evident that a possible maximum transform-
ation work at appearance of only one particle cor-
responds to deformation at maximum macroscopic

Fig. 5. Macroscopic stress±strain diagram for the system
presented in Fig. 4. 1, Appearance of one particle,
j = 75.8 MPa; 2, two particles, j = 22.26 MPa; 3, three
particles, j=ÿ 28.3 MPa; 4, four particles, j =ÿ 58.7

MPa; 5, without PT.

Fig. 6. Macroscopic stress±strain diagram for the system presented in Fig. 4. 1, Four particles appear
simultaneously; 2, four particles appear one after another; 3, deformation without PT.
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stresses, i.e. at s equal to the macroscopic yield

stress (curve 5 in Fig. 3). From the point of view of
stability analysis, deformation with and without the

PT is in this case equiprobable. To be sure that de-
formation with PT will occur, stresses must be in®-
nitesimally smaller than macroscopic yield stress.

Thus stability analysis o�ers a criterion for Md, the
maximum temperature at which PT can be caused

by plastic straining.
Some further variants of the occurrence of PT in

the model presented in Fig. 2 were compared using
the extremum principle (18). For normal displace-

ment u*
max=0.19 on the boundary CD we have also

solved the problem with appearance of transform-
ation in volume 2, Fig. 2 (volumes 1 and 2 being

equal). The work integral is j =ÿ 42.2 MPa for
this case, i.e. the PT driving force X for transform-

ation at the shear-band intersection (volume 1,
j =ÿ 28.3 MPa) is higher than for transformation

in volume 2, and, due to extremum principle (19),
PT will occur at the same external conditions in

volume 1 at the shear-band intersection. Several
other locations within one shear band not too close
to the free surfaces were checked with the same

result. Transformation at an arbitrary place inside
the elastic matrix leads to a very low value of j.
Consequently, the shear-band intersection is the
most favorable place for transformation consistent

with experiment. In the absence of shear-band inter-
sections nucleation will occur in shear band at

slightly higher temperature. Similar results are
obtained for normal displacement u*

max=0.24

(Fig. 7). When transformation appears simul-
taneously in region 1 and 2 (large particle), then the

PT condition is worse than for transformation at
the shear-band intersection, but better than in
region 2 (Fig. 7), despite the macroscopic stress

being smaller than for transformation in region 2
(allowing for surface energy does not change this
conclusion).

To model the growth of particle 1 the problem of
subsequent transformation in volume 2 has been
solved. However, the value of the work integral j
for volume 2 was much smaller than j for volume
1 of the initial particle. The reason lies in the higher
yield stress of martensite in the transformed volume
1, which increases the resistance to transformation

shear. This inhibits martensite growth outside the
intersection regions, also consistent with experimen-
tal observations.

4.2. Stress-controlled boundary conditions

Let us next consider another type of boundary
condition:
.along CD boundary sn=s, tn=0,

i.e. a homogeneously distributed normal stress is
prescribed instead of normal displacement. The
stress s is held constant during the increase of
transformation strain. This problem models the

``creep'' test for stress assisted PT, when PT and
TRIP occur during the cooling at ®xed external
stress. The relationship between the work integral j
and applied stress s is shown in Fig. 8. At s = 0,
we obtain j =ÿ 89.62 MPa. Taking a typical value

Fig. 7. Relationships between macroscopic axial stress s and strain e during appearance of martensite
at shear band intersection (region 1), curve 1; at one shear band (region 2), curve 2; and appearance of
large particle (region 1 and 2), curve 3. 1, Work integral j = 22.26 MPa; 2, j = 2.41 MPa; 3,

j= 9.44 MPa; 4, without PT.
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of Dcy=ÿ 215.12 MPa at the martensite start tem-

perature Ms, then k= 125.5 MPa.

Even without external stresses both matrix and

particle deform plastically in order to accommodate
a rather large transformation strain. Applied stres-

ses in a range 0 < s< 180 MPa a�ect very weakly

the transformation work. This can be related to the
fact that transformation at shear-band intersections

is far from optimal for stress assisted PT (see

below). External stresses in this range are not su�-
cient to deform (together with the transformation

strain in the particle) the whole potential shear-

band region plastically. Increase in s leads to exten-
sion of the plastic region and practically does not

change stress in the intersection, so results are not

sensitive to external stress. The negative transform-
ation work produced by internal stresses is much

higher than positive work of applied stresses.

In a range 230 < s < 280 MPa, when s
approaches the macroscopic yield stress, the e�ect

of external stresses on the driving force is very

strong. Plastic ¯ow occurs in the whole potential
shear-band region and the increase in s is comple-

tely concentrated at the intersection.

For an estimation of the e�ect of plastic ¯ow in a

hard martensitic particle on the driving force for
PT, the same problem for an elastic particle (with

very high yield stress of martensite) was solved.

Results are presented in Fig. 9. At small stress a

very large di�erence between solutions with elasto-

plastic (curve 1) and elastic (curve 2) particle is

observed. This di�erence decreases with increasing

s and disappears at s>250 MPa. Results for neg-

lected volumetric transformation strain (curve 3)

di�er very little from the case with volumetric trans-

formation strain (curve 2).

Calculations demonstrate a strong di�erence

between PT conditions for displacement and stress

controlled boundary conditions. For the prescribed

displacement the increase of particle size leads to a

reduction of macroscopic stresses s and the driving

force for PT. For the ®xed external stresses, the

increase in particle size increases the macroscopic

axial strain and the transformation work.

Maximum transformation work will be when the

whole band transforms into the martensitic state

without plastic straining and is equal to the total

work of applied stress. If transformation under pre-

scribed stress s = 280 appears in region 1 (Fig. 10),

the transformation work is j = 9 MPa. As in the

case with prescribed displacements, the work inte-

gral decreases signi®cantly j =ÿ 73 MPa for PT in

the region 2 (at growth of particle 1) due to the

Fig. 8. Relationships between the work integral j and external axial stress s.
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Fig. 9. Relationships between the work integral j and external axial stress s. 1, Elastoplastic marten-
site; 2, elastic martensite; 3, elastoplastic martensite with transformation shear strain only.

Fig. 10. Work integral j as function of the internal order x. 1, Martensite at two shear-band intersec-
tions; 2, second particle (or particle growth).
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necessity to deform the high strength martensite in
region 1.

It is then possible to explain qualitatively why
transformation at shear-band intersections occurs
more readily during plastic deformation (i.e. at pre-

scribed strain which exceeds the elastic limit) than
under applied stress on cooling after the plastic
deformation [1]. Assume the value j =ÿ 28.85

MPa is required for PT. Then PT occurs at the pre-
scribed strain 0.66% (Fig. 3, curve 3) and the stress
after transformation is 248 MPa. At such a value of

prescribed stress j =ÿ 39 MPa, i.e. additional
cooling is necessary for the transformation at
another intersection. On cooling the yield stress
increases, i.e. the ratio of applied stress to yield

stress decreases. In this case the work integral
decreases signi®cantly as well (Fig. 8).

5. CONCLUDING REMARKS

In this paper a numerical solution of the problem
of transformation at shear bands is considered,
based on the mesoscopic continuum thermodynamic
model of martensitic PT developed in papers [5±7].

By this model, the location and morphology of
transformation in a heterogeneous plastic medium
corresponds to the maximum transformation work

during the whole PT process. Stress variation
during the PT makes the transformation work a
complex functional of boundary conditions, ma-

terial properties and transformation deformation
gradient. It is very di�cult to predict beforehand
how these parameters a�ect the transformation

work, and numerical solutions are essential to pro-
vide useful insights.
It is demonstrated that for strain-induced trans-

formation at shear-band intersections the trans-

formation work is maximal in comparison with
other possible locations. Further growth beyond the
intersection is inhibited, because the transformation

work decreases signi®cantly and transformation at
other shear-band intersections is favored.
Transformation work depends strongly on the num-

ber of active shear-band intersections at the pre-
scribed macroscopic strain increment. This favors
sequential transformation at multiple intersections,
even when the intersections are completely equival-

ent. At a given temperature, the necessary trans-
formation work can be determined from the PT
criterion, and the number of active intersections can

be obtained using the numerical solution. PT is
favored during the intersection event rather than
after intersection and cooling at ®xed stress.

All four experimental observations enumerated in
the Introduction can be at least qualitatively
described in the framework of continuum thermo-

mechanics without detailed physical mechanisms. A
connection to microscopic theory has been made
with the approximation that the critical nucleus
thickness is equal to that of shear band. While

more explicit treatment of capillarity, prestrain and
embryo growth path will provide further insights,

this study demonstrates that many observed fea-
tures are consistent with more macroscopic mechan-
ical considerations. The relevance of stability

analysis for strain-induced PT has been explored.
According to the stability criterion (20), when the
s±e curve for the solution with PT (curve 1 in

Fig. 3) exceeds the s±e curve for the solution with-
out PT, the PT will not occur, even when the local
PT criterion can be satis®ed. Such a situation can

occur at high temperature when a large transform-
ation work is required for PT. This o�ers a possible
criterion for the Md temperature.

Calculations also demonstrate a large di�erence

between PT conditions for displacement and stress
controlled boundary conditions. For a given ®xed
external stresses martensite growth increases the

macroscopic axial strain and the transformation
work, favoring growth beyond the intersection
region, in contrast to the restricted growth pre-

dicted under displacement control.
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APPENDIX

Finite element solution algorithm

1. Initialization at tn. Data structure:

Variables at quadrature points

{p, s, q, I1 (Be), devBe, Up, Re}n

Initial conditions for displacement vector at nodal
points {u}n + 1=0

Initial nodal coordinates {x}n
Transformation gradient increment {DFt}n + 1 and

boundary conditions
2. Let {u}kn + 1 be solution at the k-iteration.
2.1 Update nodal coordinates

{x}kn + 1={x}n+{u}kn + 1

2.2 Compute {F,d,dt,W}kn + 1 at quadrature points
[equation (2)1, (3)1, (4)2, (5)2,3]
2.3 Compute at quadrature points {s,q,Up}

k
n + 1 by nu-

merical integration (de®ning rate of this parameters from
equations (29), (14) and (7)2, (4)1, and {p,I1 (Be), devBe,
Re}

k
n + 1, using the equations (30), (31), (6) and (2)3

2.4 Compute residuals

fCgkn�1 � ffgkn�1 ÿ
�

Vk
n�1

�B�kn�1 fTgkn�1 dV

({f}kn + 1 is the standard ®nite element load vector,
[B]kn + 1 is standard B-matrix for ®nite elements with
updated coordinates {x}kn + 1).
IF k{C}kn + 1k< TOL GO TO 4
3. Solve system [K]{Du}kn + 1=g{C}kn + 1, [K] is sti�-

ness matrix, g $ [0,1]
Update {u}k + 1

n + 1={u}kn + 1} + {Du}kn + 1

Set k = k + 1 and GO TO 2
4. Update data structure
{p, s, q, I1 (Be), devBe, Up, Re}n + 1=
{p, s, q, I1 (Be), devBe, Up, Re}

k
n + 1

Update nodal coordinates {x}n + 1={x}kn + 1.
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