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Numerical simulations of the heating with constant rate of a PBX �plastic-bonded explosive� 9501
formulation consisting of the energetic crystal HMX embedded in a polymeric binder inside of a
rigid cylinder is performed. The continuum thermo-mechanochemical model of the behavior of a
PBX 9501 developed in the preceding paper �V. I. Levitas, B. F. Henson, L. B. Smilowitz, D. K.
Zerkle, and B. W. Asay, J. Appl. Phys. 102, 113502 �2007�� is applied. The model describes the
�↔� phase transformations in crystalline HMX, chemical decomposition of the HMX and binder
leading to gas formation, gas leaking from the cylinder, elastic, thermal, and transformational
straining, as well as straining due to mass loss. We study the kinetics of the �↔� phase
transformations and pressure buildup, as well as how they are affected by the heating rate, initial
porosity and prestrain, HMX and binder decomposition, and gas leaking rule. © 2007 American
Institute of Physics. �DOI: 10.1063/1.2822096�

I. INTRODUCTION

The PBX 9501 formulation is an important high explo-
sive with wide applications. It consists of 94.9% by weight
of the organic energetic crystals HMX �octahydro-1,3,5,7-
tetranitro-1,3,5,7-tetrazocine� embedded in a polymeric
binder. The binder consists of 2.5% of Estane and 2.5% ni-
troplasticizer; we will neglect 0.1% of antioxidant. In the
preceding paper,1 a continuum thermo-mechanochemical
model of the behavior of a PBX 9501 is developed and ana-
lyzed. The model describes the �↔� phase transformations
�PTs� in crystalline HMX, chemical decomposition of the
HMX and binder leading to gas formation, gas leaking from
the cylinder, elastic, thermal, and transformational straining,
as well as straining due to mass loss. The kinetics model of
the �↔� PTs is fully physically based. It represents a com-
bination of nucleation kinetics based on a suggested physical
nucleation mechanism in HMX via melt-mediated nanoclus-
ter transformation1,2 and the growth kinetics based on virtual
melting.1,3,4 This model describes well the temperature de-
pendence of both the interface propagation velocity and vol-
ume fraction of the � phase obtained in various experiments
under isothermal conditions and zero pressure.5–8 Our goal is
to study the �↔� PTs numerically under complex pressure-
temperature paths in which a constant temperature rate is
prescribed and pressure variation is found from the solution
of the mechanical problem. The equations for chemical de-
composition of HMX and nitroplasticizer are the simplest
phenomenological ones that allow us to solve this problem.
They describe well the mass loss due to a solid-gas reaction
step and ignore other steps in the solid and gas. Reaction
heat is also neglected because the temperature is prescribed.

Mechanical theory is fully geometrically nonlinear and it
correctly takes into account all finite and large strains. Ap-
plication of the coupled thermo-mechanochemical model in
numerical simulations of the above-mentioned processes al-
lows us to reproduce pressure variation that affects the �↔�
PTs.

The paper is organized as follows. A complete system of
equations which is used in our simulations is summarized in
Sec. II. In Sec. III, the results of the simulation of coupled
phase transformation, chemical decomposition, and deforma-
tion in PBX 9501 during heating inside of a rigid cylinder
are presented. The effect of the heating rate, initial porosity
and prestraining, HMX and binder decomposition, and gas
leak rule on the kinetics of the �↔� PT and pressure
buildup is analyzed numerically. In Sec. IV, we demonstrate
that application of our previous kinetic model9 for the PT in
HMX based on a phenomenological nucleation kinetics has
serious problems. Despite the fact that it describes isothermal
experiments under zero pressure well, application of the
model to the problem of PT in a rigid cylinder involving high
pressure and eventual cyclic �↔� PTs in the vicinity of the
phase equilibrium line exhibits a number of contradictions.
This shows the advantages of the fully physically based
model developed in this paper. Section V contains the con-
cluding remarks.

II. COMPLETE SYSTEM OF EQUATIONS

The following problem will be considered; see the
scheme in Fig. 4 of Ref. 1. The cylindrical PBX 9501 sample
is placed into a rigid cylinder and an initial macroscopic
compressive strain �0 is prescribed by the piston motion.
Then, the sample is heated with the heating rate hr during
which �0 is kept constant. The temperature is assumed to be
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homogeneous. Pressure increases due to the thermal expan-
sion. The Estane and nitroplasticizer melt in the temperature
range 350−370 K. The gas in the initial voids is neglected.
All initial voids are filled immediately by the binder as soon
as it melts and any external pressure is applied. The pressure
evolution and its effect on the �→� PT will be determined
after the melting of the binder only. The simultaneous occur-
rence of the �→� PT and chemical decomposition of the
nitroplasticizer and HMX will be considered. We neglected
decomposition of the Estane. The gas which appears due to
the HMX and binder decomposition partially remains as a
new phase and partially disappears due to the leaking from
the cylinder. It fills the voids that are created by decomposi-
tion of the HMX and binder and the initial voids that may
still be left after melting of the binder and thermal expansion.
The closed voids inside the HMX that are not accessible by
the molten binder or gas will be neglected. The stress state in
all constituents is hydrostatic. An assumption regarding ho-
mogeneous temperature is admissible for a slow heating rate
and debatable under high heating rate. Such an assumption
allows us to avoid the solution of a thermal heat conduction10

or coupled thermomechanical11 boundary-value problem,
and to study in an economic way the effect of various pa-
rameters on a constitutive �material� behavior for the �↔�
PTs within PBX 9501. The prescribed heating rate for the
cylinder does not coincide with the heating rates in each
material point due to the temperature heterogeneity and re-
action heat. However, we may consider a small material vol-
ume near a thermocouple and chose external heating in a
way that it provides the constant heating rate hr. Then, tem-
perature heterogeneity and reaction heat are not important.
Because solid HMX is embedded in a liquid binder and/or
gaseous medium, an assumption of homogeneous pressure is
not very restrictive. Thus, our problem formulation allows us
�1� to use simple and experimentally confirmed equations for
chemical decomposition with neglected reaction heat and ne-
glected reaction steps that are not important for the pressure
buildup; �2� to avoid solution of the boundary-value prob-
lems; and �3� to perform multiparametric study of the �↔�
PTs within PBX 9501 under complex pressure-temperature
paths.

Let us summarize the complete system of equations de-
rived in Ref. 1, which describes coupled thermal expansion,
chemical decomposition of the binder and HMX, �→� PT,
gas leak, and elastic straining of the PBX 9501 sample into
the rigid cylinder. All material parameters have been deter-
mined in Ref. 1.

Kinetics of the �↔� PT:

ċ = bc�1 − c�;

c�t0� = c0; �1�

b: = Z
k�

h
exp�−

�h�→m + p�v�−m

R�
�

��exp�−
�g�→�

R�
� − 1�; �2�

t0 =
t̄0

��t0�
exp

�� 16�M2��3

3	�s�→����t0� − �e� − p�t0,c0��v�−�
2	h
2k��t0��;

�3�

− �g�→� = �s�→��� − �e� − p�v�−�. �4�

Here, c is the volume fraction of the � phase, t0 is the nucle-
ation time, c0 is the volume fraction of an operational
nucleus, � is the temperature, p is the pressure, �e is the �
−� phase equilibrium temperature, �g�→�, �s�→�, and
�v�−� are the change in the molar Gibbs potential, entropy,
and volume during the �→� PT. �h�→m and �v�→m are the
change in the molar enthalpy and volume during the melting
of the � phase; M =0.296 kg /mol is the HMX molecular
weight, t̄0 and Z are pre-exponential factors, 	h is the mass
density of HMX, �� is the change in surface energy during
nucleation via melt-mediated nanocluster transformation, k
=1.381�10−23 J /K and h=6.626�10−34 J s are Boltz-
mann’s and Planck’s constants, respectively, and R
=8.31 J / �Kmole� is the universal gas constants.

Equation �3� is a nonlinear algebraic equation for the
nucleation time t0, which is evaluated starting with the in-
stant when the PT criterion, �g�→�
0, is met. For the con-
stant heating rate �=�i+hrt, where �i is the temperature at
which the �−� PT criterion is met, Eqs. �1� and �3� have to
be substituted with

dc/d� = bc�1 − c�/hr;

c��0� = c0; �5�

�s�→���i − �e� = p��i��v�−�; �6�

�0 − �i

hr
=

t̄0

�0
exp� 16�M2��3

3��s�→���0 − �e� − p��0,c0��v�−��2	h
2k�0

� ,

�7�

where Eqs. �6� and �7� are nonlinear algebraic equations for
the determination of the temperatures �i and �0 at which the
PT criterion and nucleation criterion are met for the first
time.

Kinetic equation for the chemical decomposition of ni-
troplasticizer:

�̇N/b = − kN�N/b;

kN = exp�14.30�exp�−
9.623 � 103

�
�;

�N/b�0� = 0.5. �8�

Here, �N/b is the mass fractions of the nitroplasticizer with
respect to the initial total mass of the binder; its initial value
is �N/b�0�=0.5 and time is measured in seconds. For the
constant heating rate, Eq. �8� can be integrated in the form
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�N/b = �N/b��in�exp� A

hr
�exp�−

B

�in
�� − exp�−

B

�
��

+ BEi�−
B

�in
� − BEi�−

B

�
��� , �9�

where A=exp�14.3�=1.623�106, B=80 000 /R=9622.5 K,
and Ei�z�=−
−z

� e−t / tdt�z
0� is the exponential integral
function.

Kinetic equation for the chemical decomposition of
HMX:

ḟhv = − khfhv	1 − fhv	h/�	P�1 − f0v��
;

kh = 3.769 � 109� exp�− 150 000

R�
�;

fhv�0� = f0hv = 0.95�1 − f0v�	P/	h, �10�

where fhv is the current volume fraction of the HMX �the
remaining unloaded volume of the HMX divided by the ini-
tial unloaded volume of the PBX�, and 	P is the mass density
of the void-free PBX, f0hv is the initial volume fraction of
HMX with respect to porous PBX, and f0v is the initial vol-
ume fraction of voids in PBX.

Kinetic equation for the gas leaking from the cylinder:

�̇g
− = 0 for p 
 ps;

�̇g
− = 2.25lJ�p − ps� for ps 
 p 
 1.8ps;

�̇g
− = lJp for p � 1.8ps;

J = �g/f* for 0 
 �g 
 f*;

J = 1 for �g � f*. �11�

Here, �g
− is the mass fraction of the gas �relative to the initial

mass of the PBX� which leaked from the cylinder, �gh and
�gb are the current mass fraction of the gas in the cylinder
due to decomposition of the HMX and binder, respectively,
�g=�gh+�gb is the total current mass fraction of the gas in
the cylinder, ps is the threshold pressure of the gas above
which leaking is possible, l is the choked leak rate coeffi-
cient, and J is a function defined in the last line of Eq. �11�
with f*=10−3−10−4. For a constant heating rate, the time
derivative in Eqs. �10� and �11� has to be substituted with the
temperature derivative, and the right-hand part of the kinetic
equations has to be divided by hr.

The mass fraction of the gas in the cylinder:

�g = 0.5�Lg + �Lg��; �12�

Lg: = �0.5 − �N/b�0.05 + �0.95 −
fhv	h

	P�1 − f0v�� − �g
−

= �gb + �gh. �13�

The mass fraction of the gas in the cylinder due to de-
composition of the nitroplasticizer and HMX, respectively:

�gb = �g
�0.5 − �N/b�0.05

�0.5 − �N/b�0.05 + 	0.95 − �fhv	h�/�	P�1 − f0v��

;

�14�

�gh = �g
0.95 − �fhv	h�/�	P�1 − f0v��

�0.5 − �N/b�0.05 + 	0.95 − �fhv	h�/�	P�1 − f0v��

.

�15�

Pressure in the cylinder:

p =
HKbKh + �H2Kb

2Kh
2 + 4QS

2S
; �16�

S = FhiKb + FbiKh;

H = Fhi + Fbi − F0/�1 − f0v�;

Q = � �gh

Mgh
+

�gb

Mgb
�R�	P; �17�

Fhi = Fh
�Fh

t Fh
mf0h;

Fbi = Fb
�Fb

mf0b. �18�

Here, Kh=15 GPa and Kb=3.65 GPa are, respectively, the
bulk moduli of the HMX crystal and binder, Fh and Fb are
the volumetric deformation gradients in the HMX and
binder, the superscripts �, t, and m designate the thermal and
transformational components of the deformation gradients,
as well as the component due to the mass loss during the
chemical decomposition, F0=1+�0 is the deformation gradi-
ent that determines precompression in the PBX in the rigid
cylinder due to piston motion, f0h and f0b are, respectively,
the initial volume fractions of the HMX and binder with
respect to void-free PBX, Fhi and Fbi are inelastic deforma-
tion gradients in the HMX and the binder, and Mgh and Mgb

are the molecular masses of gas product due to the decom-
position of the HMX and nitroplasticizer �it is assumed that
Mgh=Mgb=0.037 kg /mole�. For the case Mgh=Mgb consid-
ered in the paper, one gets Q= ��g /Mgh�R�	P and there is no
need to separate �g into �gh and �gb and use Eqs. �14� and
�15�.

Deformation gradients in the HMX and binder:

Fh
m = �h

m + 1;

Fh
t = �h

t + 1;

Fh
� = �h

� + 1;

Fb
m = �h

m + 1;

Fb
� = �b

� + 1, �19�

where � designate corresponding strains defined below.
Thermal expansion strains for the HMX and binder:

�h
� = c��

� + �1 − c���
� = ��

� + c���
� − ��

��; �20�

��
� = 13.1 � 10−5�� − 300�;
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��
� − ��

� = 0.4 � 10−5�� − 432�; �21�

�b
� = 6 � 10−5�� − 300� . �22�

The strains in the nitroplasticizer (binder) and HMX due
to mass loss during the chemical decomposition:

�b
m = �N

m = �0.5 − �N/b�	b/	N;

�h
m = fhv/f0hv − 1. �23�

Here, 	N and 	b are the mass density of the nitroplasticizer
and binder and we neglected decomposition of the Estane.
All material parameters that have not been given above are
enumerated in Tables I–IV.

III. SIMULATION OF COUPLED PHASE
TRANSFORMATION, CHEMICAL DECOMPOSITION,
AND DEFORMATION IN PBX 9501 FORMULATION

In this section we present results of the solution of the
system of Eqs. �1�–�23� using the MATHEMATICA program.12

Each of the kinetic equations, Eqs. �9� and �10�, for the
chemical decomposition of the nitroplasticizer and HMX are
independent of pressure and of all other equations. They can
be solved independently and used as input data for all other
equations. At the first step, Eqs. �11�–�23� are solved without
PT equations �c=0� to determine the corresponding pressure
evolution. Then, the algebraic Eq. �6� is solved for the tem-
perature �i at which the PT criterion is satisfied for the first
time. As the next step, setting c=c0 and recalculating the
pressure, the algebraic Eq. �7� is solved for the �0 at which
the nucleation criterion is met for the first time. Thus, for �

�0, solution of Eq. �11�–�23� is used for c=0. Then, the
complete system of Eqs. �1�–�23� is solved for �0
�

510 K �the highest temperature of interest� using the pre-
vious solution at �=�0 as the initial data. The pressure has a
jump at �=�0 due to the introduction of a finite concentration
of operational nuclei and corresponding transformation
strain.

Special care has to be taken while solving the nonlinear
algebraic Eq. �7�. Since the driving force for the PT,
−�G�→�, is squared in Eq. �7�, there are two solutions cor-
responding to the positive �correct solution� and negative

�unphysical solution� driving force. For a specific nonmono-
tonic pressure variation, Eq. �7� may have several solutions
with the positive driving force; only the solution with the
lowest temperature corresponds to the nucleation. Also, this
equation contains an extremely fast-growing exponential
function; during the iterative solution of Eq. �7� it can nu-
merically diverge. Several methods can be used to improve
the numerical procedure:

�a� An initial trial temperature, �tr, to start an iterative pro-
cedure can be taken as 0.5 to 1 K larger than the solu-
tion of the phase equilibrium condition �s�→���−�e�
= p�� ,c0��v�−� for pressure evaluated with the existing
nucleus, i.e., for c=c0;

�b� In addition to the solution of Eq. �7�, solving the equa-
tion with the logarithm of the left and right part of Eq.
�7� and comparing solutions;

�c� Checking that �G�→���0 , p��0 ,c0��
0;
�d� Substituting the solution back in Eq. �7� to be sure that

the residual is negligible.
�e� Analyzing the graphical solution of Eq. �7� in order to

avoid some unexpected situations.

The heating rates of interest are hr=0.1, 0.5, 1, 2, 5, 10, and
20 K /min and will be used in all examples below. The so-
lutions depend on the following parameters: F0 / �1− f0v�
�1+�0+ f0v that combines the prestraining F0 and an initial
porosity f0v; rate of heating hr; threshold for the gas leaking
ps and gas leaking coefficient l. The main features of the
interaction between all thermo-chemomechanical processes
in a rigid cylinder will be analyzed based on the following
modeling examples.

�1� A typical case with l=10−6 kg / �m3s MPa�, ps

=10 MPa, and F0 / �1− f0v�=0.01 �for example, �0=−0.005
and f0v=0.015� will be considered in detail. The evolution of
typical strains for hr=0.5 and 20 K /min is shown in Fig. 1.
The positive strains �those that lead to the pressure increase�
are the thermal strain of the HMX �h

�f0hv �linear function in
�� and the transformation strain of HMX �t f0hv, which is
proportional to c and characterizes the PT kinetics. The ther-
mal strain of the binder, �b

�f0b, is 28 times smaller than the
thermal strain of HMX and is not shown. The negative
strains �those that lead to the pressure decrease� are the initial
constant strain −��0+ f0v�, strain in the HMX due to mass
loss �h

mf0hv �which characterizes the HMX decomposition ki-
netics�, and strain in the binder due to the mass loss of the
nitroplasticizer �which characterizes the nitroplasticizer de-
composition kinetics� �N

mf0b. To observe the actual contribu-
tion of each strain, it is multiplied by the volume fraction of
the corresponding component. The initial constant strain is
taken with the negative sign because it is external �pre-
scribed� strain rather than internal strains like all others. In-
deed, compressive �negative� strain �0 increases pressure,
while compressive �negative� internal stresses �N

m and �h
m

cause the pressure to decrease.
For hr=0.5 K /min, strain related to the mass loss of the

nitroplasticizer appears at 380 K, intensively grows till 450
K, and remains constant ��N

mf0b=−0.5�0.071=−0.0355� af-
ter the nitroplasticizer disappears at 462 K. The �→� PT
starts at 440 K; there is a jump in the transformation strain

TABLE I. Thermodynamic properties for �–� phase transformation and
melting of � and � phases. The parameters participating in the kinetic equa-
tion for the �–� phase transformation are in bold.

�h
�kJ/mole�

�e

�K�
�s

�J/mole K�
��*105

�m3/mole�
�t

�–� 9.8 432 22.68 1.264 0.08
�–m 69.9 550 127.09 1.066 0.067
�–m 79.7 532 149.77 2.330 0.147

TABLE II. Parameters in the kinetic equations for �–� phase transforma-
tion.

Z to �s� �� �J/m2� c0

7�10−13 4.5�10−4 4.78�10−4 0.016
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�t f0hvc0=0.0012 due to the appearance of the nucleus of the
� phase. The volume fraction of the � phase and transforma-
tion strain grow very intensively until the pressure ap-
proaches the phase equilibrium line. In the temperature range
450−480 K, the volume fraction growth rate is approxi-
mately constant, after which growth is accelerated until com-
pleting the PT at 502 K. Maximum transformation strain
after complete PT is �t f0hv=0.08�0.914=0.073. Around
458 K, HMX decomposition starts and accelerates with the
temperature growth; the maximum strain ��h

m�f0hv exceeds
0.1. Acceleration in PT kinetics is related to acceleration in
HMX decomposition that provides free volume for transfor-
mation expansion due to PT.

For the maximum heating rate hr=20 K /min, all kinetic
processes are delayed and far from completion. Thus, strain
related to the mass loss of the nitroplasticizer appears at 400
K and is about −0.02 at 510 K. HMX decomposition starts at
475 K and the corresponding strain is only −0.002 at 510 K.
PT starts at 486.7 and reaches c=0.145 and strain 0.01 at 510
K.

The corresponding pressure evolution is presented in
Fig. 2. The lower the heating rate is, the earlier the pressure
starts to build up and reach the leaking threshold ps

=10 MPa. The pressure increase is mostly due to the decom-
position of the nitroplasticizer in the closed volume. For
larger temperature and the slowest heating rate of
0.1 K /min, pressure is just above the threshold ps until the �
phase nucleation temperature 438.7 K, i.e., the rate of leak-
ing is much higher than the rate of the nitroplasticizer de-
composition. The higher the heating rate is, the larger the gas
production with respect to leaking, the pressure increase
above the threshold ps, and the higher the � phase nucleation
pressure and temperature are. The maximum in the pressure
curves before nucleation is related to the complete disappear-
ance of the nitroplasticizer �and consequently the lack of the
gas supply� while gas leaking is strong due to high pressure.
The �-phase nucleation is accompanied by the jumplike in-
crease in pressure followed by a slight pressure decrease and
then a sharp pressure increase. Then, for each hr pressure
evolves along �but slightly below� the phase equilibrium line,
caused by the dynamic equilibrium between the volume de-
crease due to gas leaking and the volume increase due to the
PT. When the �→� PT is completed �for hr=0.1 and
0.5 K /min�, the pressure drops sharply due to a lack of
transformation expansion. Then, the pressure grows for both
these heating rates because of the intensification of the HMX
decomposition with increasing temperature. For hr

=0.1 K /min and ��505 K, the gas production due to the
HMX decomposition is smaller than the gas leaking and
pressure reduces again.

The PT kinetics is presented in Fig. 3 for all heating
rates under study. The slower the heating rate is, the more
complete the PT progress is. For hr=0.1 K /min and hr

=0.5 K /min the PT is completed and for hr=1 K /min it is
almost completed. Fast initial transformation progress for
hr=0.1−1 K /min is related to the pressure being signifi-
cantly lower than the phase equilibrium pressure. Slower ki-
netics for hr=0.1−1 K /min for higher temperatures as well
as for all higher heating rates is related to the heating-loading
path in the vicinity of the phase equilibrium line. Sharp ac-
celeration of the �→� PT for hr=0.1−1 K /min and high
temperatures is due to the volume decrease due to the intense
HMX decomposition and gas leaking �providing the space
for transformation expansion�, as well as due to high �.

TABLE III. Initial mass and volume fractions of the PBX constituents.

fmoh fmoN fmoE foh foN foE fob

0.95 0.025 0.025 0.928 0.033 0.039 0.072

TABLE IV. Mass densities of the PBX constituents �in kg/m3�.

	h 	N 	E 	b 	P

1905 1390 1190 1282 1860

FIG. 1. Evolution of the main strain contributions for l
=10−6 kg / �m3s MPa�, ps=10 MPa, F0 / �1− f0v�=0.01 and �a� for the heat-
ing rate hr=0.5 K /min and �b� 20 K /min. The positive strains �those that
lead to the pressure increase� are �1� the thermal strain of the HMX �h

�f0hv
�linear function in �� and �2� the transformation strain of HMX �t f0hv, which
is proportional to c and characterizes the PT kinetics. The negative strains
�those that lead to the pressure decrease� are �3� the initial constant strain
−��0+ f0v�; �4� strain in the HMX due to mass loss �h

mf0hv �which character-
izes the HMX decomposition kinetics�; and �5� strain in the binder due to
the mass loss of the nitroplasticizer �which characterizes the nitroplasticizer
decomposition kinetics� �N

mf0b.

113520-5 Levitas et al. J. Appl. Phys. 102, 113520 �2007�

Downloaded 11 Dec 2007 to 129.118.17.179. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp



Various contributions to the gas production in and flow
from the cylinder are shown in Fig. 4. For hr=0.5 K /min,
the nitroplasticizer starts to decompose around 350 K and
ends decomposition around 462 K. Just above 360 K the
pressure exceeds the leaking threshold ps and practically the
entire gas completely leaks. HMX decomposition starts at
458 K and again the gas leaks almost completely till 502 K.
At this temperature the �→� PT is completed and pressure
drops. This decelerates the gas leaking and some product of
HMX decomposition remains in the cylinder.

For hr=20 K /min, all gas production and leaking activi-
ties are reduced by an order of magnitude. The nitroplasti-
cizer and HMX start to decompose around 400 and 475 K,
respectively. At 510 K, the mass fraction of gas due to the
nitroplasticizer and HMX decomposition is 0.012 and 0.002
only. The maximal value of the mass fraction of the remain-
ing gas in the cylinder is also 0.002 only at 510 K.

Note that the mass fraction of produced gas is fgb+ fgh

=�g+�g
−, i.e., it can be obtained in Fig. 4 by combining

either of two corresponding curves.
�2� For all the same parameters but l

=10−9 kg / �m3s MPa�, PT does not start below 510 K for
any heating rate under study because of high gas pressure.
The same happens for l=10−8 kg / �m3s MPa� for hr=0.5
−20 K /min; for hr=0.1 K /min, the volume fraction of the
� phase reaches 0.1 but at further heating the � phase disap-
pears.

For l=10−7 kg / �m3s MPa�, PT does not start for hr

=10 and 20 K /min, and it starts at 506 K for hr=5 K /min.

For hr=0.1 K /min �Figs. 5 and 6�, the kinetics of PT is
initially nearly the same as for l=10−6 kg / �m3s MPa�, in-
cluding completing the PT at 482 K. However, slower leak-
ing during the intense HMX decomposition above 494 K
leads to a pressure increase and, in combination with the fast
PT kinetics at high temperature, leads to complete reverse PT
into the � phase. For hr=0.5 K /min, the PT kinetics is sup-
pressed in comparison with the case of l=10−6

FIG. 2. Pressure evolution in a cylinder for l=10−6 kg / �m3s MPa�, ps

=10 MPa, F0 / �1− f0v�=0.01 and various heating rates �shown in K /min
near the curves�. The straight line is the �−� phase equilibrium line.

FIG. 3. Evolution of the volume fraction of the � phase in a cylinder for l
=10−6 kg / �m3s MPa�, ps=10 MPa, F0 / �1− f0v�=0.01 and various heating
rates �shown in K /min near the curves�.

FIG. 4. Temperature variation of mass fraction of the nitroplasticizer de-
composition, fgb, HMX decomposition, fgh, of gas leaking from the cylinder,
�g

−, and remaining in the cylinder, �g for �a� hr=0.5 K /min and �b� hr

=20 K /min. Other parameters are l=10−6 kg / �m3s MPa�, ps=10 MPa,
and F0 / �1− f0v�=0.01. The mass fraction of produced gas is fgb+ fgh=�g

+�g
−, i.e., it can be obtained by combining either of two corresponding

curves.

FIG. 5. Evolution of the volume fraction of the � phase in a cylinder for l
=10−7 kg / �m3s MPa�, ps=10 MPa, F0 / �1− f0v�=0.01 and various heating
rates �shown in K /min near the curves�.
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kg / �m3s MPa�; the volume fraction of the � phase does not
exceed 0.65 �instead of complete PT for l
=10−6 kg / �m3s MPa�� and then reduces to 0.5 at 510 K. A
similar suppression of PT progress is observed for hr=1 and
2 K /min but without the reverse PT.

�3� To model the conditions with no leaking, we set ps

=1000 MPa. The gas pressure grows drastically in this case
and for F0 / �1− f0v�=0.01 and any heating rate between 0.1
and 20 K /min, pressure curve crosses the phase equilibrium
line in the range 557−564 K. This is far beyond the tem-
perature of interest and validity of our model, i.e., the �
→� PT is completely suppressed for �
510 K.

To reduce the gas pressure, we increased F0 / �1− f0v�
=0.03 �for example, by increasing the initial porosity to f0v
=0.035�. For a low heating rate in the range 0.1 to 2 K /min
the PT was suppressed at the temperatures of interest below
510 K. For hr=5, 10, and 20 K /min, the evolution of the
volume fraction of the � phase and pressure is shown in Figs.
7 and 8. The larger hr is, the earlier the PT starts, and the
larger c is. This is opposite to the case with a gas leaking. In
the case with a gas leaking, the main factor suppressing the
�→� PT is the short time for PT �rather than gas pressure�,
which reduces with the increase in hr. For the sealed cylin-
der, the main suppressing factor is the gas pressure, which
�along with the gas production� decreases with increasing hr.
The volume fraction of the � phase is quite small �less than
0.16 for the highest heating rate� and the pressure during the
PT is close to the phase equilibrium line �Figs. 7 and 8�.

For the larger porosity of f0v=0.055�F0 / �1− f0v�=0.05�

and hr=0.1 K /min, the PT was not observed below 510 K.
For all other heating rates, c at 510 K grows with increasing
hr �Fig. 9�. However, in some intermediate temperature
ranges from 448 to 470 K and from 448 to 475 K, c for the
heating rate of 20 K /min is smaller than for 5 K /min and
10 K /min, respectively. Also, for 0.5 and 1 K /min, direct
�→� PT is followed by the reverse �→� PT due to a sharp
gas pressure increase at high temperatures; for hr

=0.5 K /min, the � phase completely disappears at 502 K.
The pressure-temperature trajectory for hr=5 to 20 K /min
penetrates quite deep in the region of stability of the � phase
�Fig. 10�, causing the intense �→� PT in the range 460
−475 K. At higher temperature they approach close to the
phase equilibrium line suppressing the PT. For 0.5 and
1 K /min, pressure trajectory returns back in the region of
stability of the � phase causing the reverse PT.

�4� The opposite limit case with complete gas leaking
was modeled by setting ps=0 and l=0.1 kg / �m3s MPa�; we
also used F0 / �1− f0v�=0.01 �see Figs. 11 and 12�. For hr

=1 to hr=20 K /min, the initial pressure was zero until the
touching between PBX 9501 and the cylinder which occurs
due to the thermal expansion of PBX 9501 in the range
382−387 K. The pressure grows, reaches a maximum, and
reduces, because the volume decrease due to the decomposi-
tion of the nitroplasticizer exceeds the thermal expansion.
For hr=1 K /min, the pressure reduces to zero and increases
when touching between the PBX 9501 and cylinder occurs
due to the intense �→� PT. For hr=5 to hr=20 K /min, the
pressure and volume fraction c variations are very close to

FIG. 6. Pressure evolution in a cylinder for l=10−7 kg / �m3s MPa�, ps

=10 MPa, F0 / �1− f0v�=0.01 and various heating rates �shown in K /min
near the curves�. The straight line is the �−� phase equilibrium line.

FIG. 7. Pressure evolution in a cylinder for no gas leaking and F0 / �1
− f0v�=0.03 and various heating rates �shown in K /min near the curves�.
The straight line is the �−� phase equilibrium line.

FIG. 8. Evolution of the volume fraction of the � phase in a cylinder for no
gas leaking and F0 / �1− f0v�=0.03 and various heating rates �shown in
K /min near the curves�.

FIG. 9. Evolution of the volume fraction of the � phase in a cylinder for no
gas leaking and F0 / �1− f0v�=0.05 and various heating rates �shown in
K /min near the curves�.
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those for ps=10 MPa and l=10−6 kg / �m3s MPa� �Figs. 2
and 3�. For hr=0.5 and 1 K /min, the pressure is zero until
the touching between PBX and the cylinder which occurs
due to intense �→� PT in the range 432−435 K. In fact, for
any heating rates the volume fraction of the � phase for the
cases with ps=0 and l=0.1 kg / �m3s MPa� and with ps

=10 MPa and l=10−6 kg / �m3s MPa� are very similar and
shifted by approximately 5 K. The threshold ps is important
for hr=0.1 and 0.5 K /min only. This means that for ps

=10 MPa and l=10−6 kg / �m3s MPa� the gas phase in a cyl-
inder does not play an important role; direct contact between
solid PBX and a cylinder creates the major part of the pres-
sure that affects the PT kinetics.

Summarizing, one can derive the following methods to
control the �→� PT: It can be completely or partially sup-
pressed by high pressure. Pressure can be increased by de-
creasing the initial porosity and gas leaking coefficient l and
increasing the preliminary compression �0 and the threshold
pressure ps. The effect of the heating rate depends on the
other parameters chosen. Thus, when the main suppressing
factor is the gas pressure �for example, for small initial po-
rosity and slow leaking�, then an increase in hr leads to a
smaller amount of the produced gas and a smaller pressure,
which promotes the PT. In the opposite case when the gas
pressure is not important �for example, for large initial po-
rosity and intense leaking�, an increase in hr directly sup-
presses the kinetics of the �→� PT, i.e., provides less time
for �→� PT.

Despite the fact that the parameters characterizing the
gas leaking are not known, we found the main ranges of their
effect. Thus, ps of the order of 10 MPa does not affect the
�→� PT significantly since the pressure in most cases is
significantly higher. For F0 / �1− f0v�=0.01 the case with
complete leaking �ps=0 and l=0.1 kg / �m3s MPa�� and with
ps=10 MPa and l=10−6 kg / �m3s MPa� are very similar for
any heating rate because the gas phase in a cylinder does not
play an important role for both cases; direct contact between
solid PBX and a cylinder creates the major part of the pres-
sure that affects the PT kinetics. For l

10−8 kg / �m3s MPa�, there is no PT, and for
10−7 kg / �m3s MPa� the PT occurs for slow heating only.
The case with no leaking depends significantly on F0 / �1
− f0v�, with no PT for F0 / �1− f0v�=0.01 and intense PT for
F0 / �1− f0v�=0.05.

IV. APPLICATION OF PHENOMENOLOGICAL
NUCLEATION KINETICS

Here, we discuss the possibility of the application of our
previous kinetic model for the �→� PT based on a phenom-
enological �rather than physical� nucleation mechanism.9 In
Ref. 9 the contribution of nucleation to the rate in the change
of the volume fraction was described by the transition state
theory13 and the first-order thermally activated kinetic equa-
tion in the region of stability of the � phase,

ċn = �1 − c� = a�1 − c� ,

p�MPa� 
 − 775.139 + 1.794��K� , �24�

a: =
k�

h
exp��Sn − Hn − np�v�−�

R�
� , �25�

where Hn and Sn are the enthalpy and entropy of nucleation,
respectively, n is the factor that determines the transforma-
tion work of nucleation �in Ref. 9, where the effect of pres-
sure was not analyzed, it was assumed that n=1�. For com-
parison, in Refs. 5 and 6 nucleation was considered as a
reversible process which resulted in an additional term in Eq.
�24�. This leads to the existence of a stationary value of c

1 for high temperatures �and pressures� when the contri-
bution of nucleation to the overall kinetics prevails, which is

FIG. 10. Pressure evolution in a cylinder for no gas leaking and F0 / �1
− f0v�=0.05 and various heating rates �shown in K /min near the curves�.
The straight line is the �−� phase equilibrium line.

FIG. 11. Pressure evolution in a cylinder for complete gas leaking �l
=0.1 kg / �m3s MPa�, ps=0, F0 / �1− f0v�=0.01� and various heating rates
�shown in K /min near the curves�. The straight line is the �−� phase equi-
librium line.

FIG. 12. Evolution of the volume fraction of the � phase in a cylinder for
complete gas leaking �l=0.1 kg / �m3s MPa�, ps=0, F0 / �1− f0v�=0.01� and
various heating rates �shown in K /min near the curves�.
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physically contradictory. In contrast, use of Eq. �24� leads to
complete PT.

Additive combination of Eq. �24� with the kinetic Eq. �1�
for the growth stage based on the virtual melting results in
the following overall kinetics:

ċ = ċn + ċg = a�1 − c� + bc�1 − c� . �26�

Solution to differential equation Eqs. �26� for fixed a and b
and initial condition c�0�=0 is as follows:

c =
a�e�a+b�t − 1�
b + ae�a+b�t . �27�

From the condition c=0.5, one can find the time to half
conversion, which was used in Refs. 5 and 6 to compare with
experiment. We obtained

t =
ln�2 + b

a�
b + a

. �28�

Three parameters in Eqs. �25� and �2�, Hn

=309.328 kJ /mole, Sn=374.239 J /mole K, and Z=5.7
�10−12 �note that Z is the same as in current model; see
Table II� were determined from the best fit of experimental
data on time for half of the transformation for �→� PT.5,6

Equations �27� and �28� adequately describe experimen-
tal data on time for half of the transformation and individual
kinetic curves under various temperatures for the �→� PT
under isothermal conditions at ambient pressure.9 However,
our attempt to apply Eq. �26� to the problem of PT in a rigid
cylinder that involves high pressure and eventual cyclic
�↔� PTs in the vicinity of the phase equilibrium line ex-
hibits a number of contradictions. First, the nucleation term
is not consistent with the thermodynamics, so there is an
increase in the �-phase concentration even if the pressure
increases �due to, for example, volumetric expansion during
the PT� shifting the pressure-temperature trajectory into the
region of stability of the � phase. If we do not allow this by
multiplying ċn in Eq. �26� by H�−775.139+1.794�− p�,
where H�x� is the Heaviside unit step function �i.e., H�x�
=1 for x�0 and 0 for x
0�, then the solution exhibits
strong oscillations in ċ. Indeed, at high pressure, the PT tem-
perature is also high and the term ċn is large. When the
pressure-temperature trajectory shifts into the region of sta-
bility of the � phase due to volume and pressure increase, ċn

jumps to zero. Lack of the transformation expansion com-
bined with pressure decrease due to HMX decomposition
and gas leaking shifts the pressure-temperature trajectory
back into the region of stability of the � phase and the jump
of ċn to the large value and so on.

Without the Heaviside function, noncontradictory results
can be obtained for a large fitting parameter, n�20, sup-
pressing nucleation kinetics under high pressure. Then, the
nucleation term is getting small enough and the reverse PT is
observed in most cases in the region of stability of the �
phase. However, this does not guarantee that for slightly dif-
ferent regimes new contradictions will not appear. This does
not happen when we use the fully physically based model,
Eqs. �1�–�3�. Consequently, despite the fact that both physi-
cal and phenomenological models describe isothermal ex-

periments at zero pressure equally well, a fully physically
based model has significant advantage in comparison with a
phenomenological model because of this validity over much
broader regimes.

V. CONCLUDING REMARKS

In this paper, numerical analysis of the heating of PBX
9501 with a constant rate inside of a rigid cylinder is per-
formed. The coupled continuum thermo-mechanochemical
model developed in Ref. 1 is used. The model includes the
physically based kinetics of the �↔� PTs in crystalline
HMX, and phenomenological kinetics of chemical decompo-
sition of the HMX and binder �leading to gas formation�, as
well as gas leaking from the cylinder. The mechanical part of
the model takes into account elastic, thermal, and transfor-
mational straining, as well as straining due to mass loss. The
effect of the heating rate, initial porosity and prestraining,
HMX and binder decomposition, as well as gas leaking rule
on the kinetics of the �↔� PT and pressure buildup, is
analyzed numerically. The methods to control the �→� PT
by controlling the process parameters are enumerated at the
end of Sec. III. The obtained results on the prediction of the
thermo-mechanochemical behavior of HMX within PBX
9501 under various temperature-pressure loading histories in
a pre-ignition regime is of significant importance for the
safety of its storage, transportation, and handling, and devel-
opment of more comprehensive ignition models. Our models
can be used to improve models aimed at predicting time to
explosion.10,11,14,15 Multiple kinetic parameters for each reac-
tion step in HMX and the binder in those models were cho-
sen to obtain the best fit to time-to-explosion versus tempera-
ture experimental data. Incorporation of more precise and
physically based kinetic equations for �↔� PTs, and cali-
bration of one of the steps of HMX and binder decomposi-
tion using thermogravimetric data �i.e., mass loss� reduces
the number of kinetic parameters to be fitted to time-to-
explosion versus temperature experiments. Alternatively, ki-
netic equations for additional decomposition steps, neglected
here, and corresponding reaction heats can be added to our
model.

One direction of further development is to incorporate
pressure into the kinetic equation for the HMX and binder
decomposition.

Note that the knowledge of the suggested nucleation
mechanism can be used to activate similar mechanisms for
other PTs, especially with a large volumetric strain and in-
terface energy. This will allow a reduction of the PT pressure
and temperature by substituting a direct solid-solid PT by a
cluster-cluster PT in a proper liquid medium. It will also
allow the discovery of phases previously hidden due to large
volumetric strain and interface energy which cannot appear
by a direct solid-solid PT. For example, � HMX is stable at
382.4
�
430 K; however, � HMX does not transform to
� in this temperature range; it transforms to � at �
�432 K. In the presence of various solvents, � HMX ap-
pears at 382.4
�
430 K.16 Furthermore, by a proper
choice of solvent, one can nucleate and grow the desired
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metastable phase, if the change of the interface energy during
cluster-to-cluster PT for this phase is significantly smaller
than for the stable phase.

On the other hand, in the HMX crystals without a binder,
nucleation occurs at the specific nucleating defects, which
may be inclusions of the solvent used in HMX synthesis17 or
some stress concentrators. Nucleation temperature varies in a
wide range from crystal to crystal because of the different
potencies of nucleation cites. For example, in Ref. 8 the �
→� PT was not observed below 448 K. The case without the
nitroplasticizer is not relevant for the current paper. How-
ever, it is relevant for the case when the nitroplasticizer dis-
appears before the nucleation of the � phase.

The virtual melting transformation mechanism is also
expected to be the main mechanism of pressure-induced
crystal-crystal and crystal-amorphous PTs for a broad class
of materials.18 They occur in materials with the specific
pressure-temperature phase diagram when the melting tem-
perature of one of the phases reduces with growing pressure.
This mechanism is expected in the amorphization of ice,
�-quartz, coesite, jadeite, polymet, Ge and Si, BN and
graphite.
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