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P A C S . 64.60.-i – G e n e ra l stu d ie s o f p h a se tra n sitio n s.

Abstract. – T h e sta b ility , tra n sie n t d y n a m ic s, a n d p h y sic a l in te rp re ta tio n o f m ic ro stru c tu re s
o b ta in e d fro m a G in z b u rg -L a n d a u th e o ry o f fi rst-o rd e r p h a se tra n sfo rm a tio n s a re stu d ie d . T h e
J a c o b i c o n d itio n fo r sta b ility fa ils n u m e ric a lly , th u s a n a lte rn a tiv e e x a c t sta b ility c rite rio n ,
b a se d o n c ritic a l (m o st d e sta b iliz in g ) fl u c tu a tio n s, is d e v e lo p e d . T h e d e g re e -o f-sta b ility p a -
ra m e te r is in tro d u c e d to q u a n tify th e p h y sic a l sta b ility o f lo n g -liv e d u n sta b le m ic ro stru c tu re s.
F o r n a n o fi lm s, th e e x iste n c e o f fu n c tio n a lly g ra d e d n a n o p h a se s is d e m o n stra te d . N u m e ric a l
sim u la tio n s in d ic a te th a t g ra d e d n a n o p h a se s c a n b e p ro d u c e d b y d isso lv in g m a te ria l fro m b o th
su rfa c e s o f a n a n o fi lm . S ta b ility u n d e r fi n ite fl u c tu a tio n s a n d p o st-b ifu rc a tio n m ic ro stru c tu re
e v o lu tio n a re in v e stig a te d n u m e ric a lly .

In trod uction . – Th e G inzburg -L andau (G L ) eq uation (1) is used for th e description of a
w ide c lass of fi rst-order ph ase transformations (PTs), inc luding martensitic PTs in sh ape mem-
ory alloy s [1, 2 ], some reconstruc tiv e PTs [3 , 4], ferroelastic , mag netoelastic , and ferroelec tric
PTs. Th e G L framew ork also describes dislocation g eneration [5], stress-induced martensitic
PTs, tw inning and dislocation g eneration (w ith an emph asis on accounting for ty pical ex -
perimental observ ations [6 ], in contrast to prev ious approach es). S ev eral ty pes of periodic
analy tic solutions of th e static G L eq uation (microstruc tures) h av e been found [1,4], but th e
stability of th ese microstruc tures, and conseq uently th eir ph y sical interpretation, as w ell as
th eir transient dy namics w ere not th oroug h ly analy zed. Th is is in contrast to microstruc tures
assoc iated w ith oth er ph y sical processes (described by eq uations oth er th an G L or by oth er
ty pes of G L eq uation) for w h ich th e stability of static and dy namic solutions h as been treated
ex tensiv ely [7]. In th ese papers th e stability of static solutions is studied by carry ing out linear
stability analy ses, w h ich are essentially eig env alue problems, w ith ansatzes for th e forms of
th e fl uc tuations. S uch analy ses, h ow ev er, do not g uarantee th at all unstable solutions are
found because th e most destabiliz ing fl uc tuations are not obtained by th ese meth ods.

In th is letter w e present a new exa ct meth od for analy z ing th e stability of a static mi-
crostruc ture described by th e G L eq uation. W e seek th e critical (most destabiliz ing ) fl uc tua-
tion hc that (by definition) minimizes the second variation of the energy, δ

2
e , at a critical p oint

of the energy. If δ
2
e is negative (or p ositive) for su ch a fl u ctu ation, then the microstru ctu re

u nder stu dy is u nstable (or stable). U sing this ap p roach, w e comp rehensively stu dy all single-
and mu lti-interface microstru ctu res in one dimension for a sp ecific G L energy. W e find several
typ es of u nstable microstru ctu res, and w e nu merically solve the time-dep endent G L (T D G L )
eq u ation to elu cidate the p hysical meaning of these microstru ctu res. S ome are fou nd to be
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critical nuclei (martensitic, austenitic and martensite-martensite). It is found that for other
microstructures (equilibrium austenite-martensite or martensite-martensite) there are critical
sample lengths below which they are unstable; ex plicit ex pressions for the critical lengths are
determined. These unstable microstructures may be long-lived; some initial configurations
evolve to these unstable microstructures, which is unex pected and nontrivial. We introduce
the degree of stability parameter to characterize the physical stability of microstructures that
are formally (mathematically) unstable. We show that the n-interface microstructures have
the same degree of stability as the single-interface microstructure, which is unex pected be-
cause their energy is ∼ n. A lso, for nanofilms, the ex istence of functionally graded nanophases
is demonstrated. N umerical simulations indicate that graded nanophases can be produced by
dissolving material from both surfaces of a nanofilm. M icrostructural stability under finite
fluctuations and post-bifurcation microstructure evolution are investigated numerically.

In one dimension, the dimensionless GL energy is of the form gGL = g(ξ)+ ξ′ 2, where ξ is
the order parameter and ξ′ = ∂ ξ/∂ x. The corresponding TDGL equation reads

∂ ξ/∂ t = −dg/dξ + 2 ξ′′; ξ′(±l/2) = 0 . (1)

In this paper we investigate the solutions of (1) for the Landau potential g(ξ) = Bξ2−ξ4+ξ6 in
a sample of length l. F or ∂ ξ/∂ t = 0 , x =

∫

(g−g0)
−1/2 dξ and the boundary conditions become

g(±l/2) = g0, where g0 is a constant and g ≥ g0 [1, 6 ]. The potential g has three minima:
austenite, A (ξ(A) = 0 ), and two martensitic variants, M− and M+ (−ξ(M−) = ξ(M+) = ξM ).
These are just convenient names, because our results are not limited to martensitic P Ts.

Stability of static microstructures I: Jacobi method. – A static solution ξs(x) of the GL

equation is stable if it minimizes the energy e[ξ] =
∫ l/2

−l/2
gGL(ξ)dx. The solution ξs(x) yields

a minimum of the energy if the second variation of the energy

δ2e[h] = 2

∫ l/2

−l/2

(

C(x)h(x)2 + h′(x)2
)

dx , C(x) :=
1

2

d2g(ξs(x))

dξ2
, (2)

is positive for all admissible fluctuations h(x) (h′(±l/2) = 0 ). The ex act J acobi condition that
ξs(x) minimizes e[ξ] [8 ] is that the solution of the corresponding J acobi equation

h′′(x) = C(x)h(x) (3 )

for h(−l/2) = 0 does not have a zero in the interval (−l/2, l/2] [8 ]. The J acobi condition is
usually formulated for ex trema with fix ed values at the boundaries [8 ]. H owever, we found
that the J acobi condition is also valid for ξ′(±l/2) = 0 .

A-M in terfaces: equilibrium fun ction ally graded n an op hases. – F or 0 < B < 1/3 and
g0 > 0 , solutions of the TDGL equation represent periodic A-M microstructures [1, 4 , 6 ]:

ξAM(x) = ξ1/
√

1− (1− ξ2
1/ξ2

2) sn2 (ξ2p x, ξ3s/(ξ2p)), (4 )

where sn is the J acobi elliptic function; s :=
√

ξ2
2 − ξ2

1 and p :=
√

ξ2
3 − ξ2

1 , and g = g0 has
three pairs of real roots, ±ξ1, ±ξ2, and ±ξ3, for which we assume 0 < ξ1 ≤ ξ(y) ≤ ξ2 <
ξ3. A pplication of the boundary conditions gives l = nK (ξ3s/(ξ2p)) /(ξ2p), where K is the
complete elliptic integral of the first k ind and n is the number of interfaces. A s all roots ξi

are functions of B and g0, the last equation allows us to determine g0 for prescribed B, n and
l, and thereby complete the solution. The period of the microstructure is T = 2l/n. B oth
ξAM(x) and g(ξ) for A and M in thermodynamic equilibrium (B = 1/4 ), n = 1, and several l
are shown in fig. 1a.
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Fig. 1 – Landau potentials (symmetric with respect to ξ) and static microstructures ξs(x) for (a) A-M
and (b ) M

−
-M+ interfaces; gm corresponds to the minimal sample length lm and gc is for the critical

length lc.

If A and M are not in thermodynamic equilibrium (B �= 1/4), then the Jacobi method
indicates that ξAM is unstable for any n and l. Numerical analysis of the TDGL eq. (1)
demonstrates that these microstructures are critical M nuclei for B < 1/4 (in the region of
stability of M). Thus the initial fluctuation k ξAM(x) with k > 1 (k < 1) evolves into M (A).
Similarly, the microstructures for B > 1/4 are critical A nuclei. Their energies [1] are the
activation energies for nucleation. Since the energy ∼ n [1], it is very improbable that critical

nuclei w ith n > 2– 3 w ould be observed

Although the formal solution (4) was known, its physical interpretation for a nanoscale
sample was lacking. The solution ξAM is a constant for l/n below a minimal length lm that can

be determined from the condition ξ1 = ξ2 (fig. 1a): lm =
√
3π /(2

√

1−
√
1− 3B(1− 3B)1/4).

This homogeneous phase corresponds to a maximum of the L andau energy rather than a
minimum! For B = 1/4 (thermodynamic equilibrium between A and M), ξAM

h =
√

1/6
represents a new homogeneous phase. Numerical analysis confirms that it is unstable: both
homogeneous and asymmetric fluctuations induce the transformation of this phase into either
A or M. However, ξAM

h plus large initial sinusoidal fluctuations still evolves toward ξAM

h , but
eventually the specimen transforms to pure A or M (fig. 2). If we start from ξAM for B = 1/4
and l = lc (minimal length for stability; see below) and repeatedly reduce l by small equal
decrements from both ends, then the solution of the TDGL equation for each length of the
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Fig. 2 – E v o lu tio n o f ξAM

h p lu s a la rge sin u so id a l fl u c tu a tio n to ξAM

h fo llo w e d b y tra n sfo rm a tio n to M.
T h e n u m b e rs sh o w th e tim e se q u e n c e .

Fig. 3 – Fu n c tio n s C(x), th e c ritic a l fl u c tu a tio n hc(x), a n d E = 2[C(x)h(x)2 + h′(x)2] fo r th e e q u i-
lib riu m A-M m ic ro stru c tu re .

specimen evolves to the corresponding unstable static microstructure, including ξAM

h
=

√

1/6
for l = lm. T his procedure suggests that this new phase could be produced by dissolving
m aterial from both surfaces of a nanofi lm (or nanotube of large radius) at the sam e rate. T his
phase is highly energetic and its energy would be released during its transform ation to A or M.

W hen l is greater than lm but smaller than the interface w idth, the microstructure consists
of continuously varied phases ξ(x), ξ1 ≤ ξ ≤ ξ2, w ith continuously vary ing properties across
the sample (fi g. 1a). In three dimensions, the cry stal structures of these phases may diff er
from those of both A and M. S ince the interface w idth is ty pically in the nanometer range, the
solution predicts the existence of functionally graded nanophases in nanofi lms or nanotubes
of large radius. O nly for l 
 lm (g0 � 0 ) does the microstructure (4 ) consist of regions of A

(ξ = 0 ) and M (ξ = ξM ) divided by narrow diff use interfaces.

M
−
-M+ interfaces. – P eriodic microstructures for 0 < B < 1/4 and g0 < 0 are [1]:

ξMM(x) =
ξ̄1ξ2sn (sξ3x, p ξ2/(sξ3))

√

ξ2
2cn

2 (sξ3x, p ξ2/(sξ3)) − ξ2
1

, l =
2n K (p ξ2/(sξ3))

ξ3s
; (5 )

cn is a J acobi elliptic function. T he eq uation g = g0 has one pair of imaginary roots±ξ1 = ±iξ̄1

and tw o pairs of real roots, (±ξ2,±ξ3). T he microstructure (5 ) does not ex ist for l/n below a
minimal length lm, w hich can be found from the condition ∂ l/∂ g0 = 0 . F or each admissible
l/n there are tw o possible microstructures, ξMM

I (x) and ξMM

II (x) (fi g. 1b). ξMM

I (x) has the
smaller energy and varies from M

−
to M+ in a narrow diff use interface for relatively large l/n ;

it corresponds to ξ2 � ξ3 and g0 � g(ξ2) . F or relatively large l/n , ξMM

II (x) has a large A region
betw een M

−
and M+; it corresponds to 0 > g0 � 0 . T hese solutions converge tow ard each

other w ith decreasing l/n and coincide at l/n = lm, w hich provides a phy sical interpretation
of lm. F or small l, the microstructure (5 ) represents a functionally graded nanophase.

T he J acobi method show s that the microstructure ξMM

II (x) w ith the higher energy (fi g. 1b)
is unstable for all l and B. It w as show n by numerical solution of the T D G L eq uation (1) that
ξMM

II (x) represents a critical M
−
-M+ nucleus: the initial fl uctuation k ξMM

II (x) evolves into the
low energy microstructure ξMM

I (x) for k > 1, w hile for k < 1 it evolves into A.
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Stability of static microstructures II: critical fluctuations. – For A-M interfaces in ther-
modynamic equilibrium and for the M−-M+ microstructure ξMM

I (x), the J acobi method breaks
down: h(l/2) oscillates around zero with a magnitude of order the numerical error. The prob-
lem is clearly illustrated by comparing analytic and numerical solutions of the Jacobi equa-
tion for the homogeneous (most unstable) nanophase ξAM

h =
√

1/6 for which C = −π2 l−2
m .

The exact solution of the Jacobi eq. (3) for h(−lm/2) = 0 and h′(−lm/2) = µ is h(x) =
lm µ cos(π x/lm), thus h(lm/2) = 0. H owever, numerical solutions of eq. (3) yield small posi-
tive or negative values of h(lm/2) with equal probability, independent of numerical accuracy.

We have developed an alternative to the exact Jacobi method in which we seek the critical
(most destabiliz ing) fluctuation hc (h′c(±l/2) = 0) that minimizes δ2e at a critical point of
gG L (ξ), i.e., at ξs(x). If δ

2e[hc] > 0 (δ2e[hc] < 0), then the static microstructure ξs(x) is stable
(unstable). H owever, finding hc is not straightforward because the proper problem formulation
has to be determined. The E uler-Lagrange equation for δ2e→ m in is the Jacobi equation (3),
which is homogeneous in h; thus, if hc is a solution then k hc is also a solution. Then δ

2e[khc] =
k2 δ2e[hc], which is less than δ2e[hc] for |k| < 1. H ence, a critical fluctuation cannot be a
solution of the Jacobi equation. M ultiplying eq. (3) by h(x), integrating over [−l/2; l/2], and
tak ing the boundary conditions into account, one obtains δ2e = 0 for any solution h. H owever,

for any constant fluctuation h = α one has δ2e = a2J < 0 if J :=
∫ l/ 2

−l/ 2
Cdx < 0.

Determination of hc is a well-posed problem only if the freedom to rescale hc, which can
give |δ2e| any value on [0,∞), is eliminated from the problem formulation. It is suffi cient to

fix the normalization of h on [−l/2, l/2]: K :=
∫ l/ 2

−l/ 2
h(x)dx = N . This constraint changes

the E uler-Lagrange equation from eq. (3) to the inhomogeneous linear equation

h′′ = C(x)h(x) + λ, (6)

where λ is the Lagrange multiplier. A s we now show, the solution to eq. (6) is still not a
critical fluctuation. A dding a constant α to the solution h of (6) changes δ2e[h] to δ2e[h+α] =

δ2e[h] + 2α2J + 4αA[h], where A[h] :=
∫ l/ 2

−l/ 2
C(x)h(x)dx (see eq. (2)). Only the case J > 0

is of interest (for J ≤ 0, the microstructure ξs(x) is unstable for h = c o nst). The functional
δ2e[h+ α] has a minimum for α = −A[h]/J . Thus A[h] = 0 is a necessary condition for h to
be a critical fluctuation, while integration of (6) shows that A[h] = −λ l �= 0. C onsequently,
A[h] = 0 must be imposed as an additional constraint to find a critical fluctuation. Our final
problem formulation is δ2e→ m in, K = N , and A = 0, which results in the equation

h′′(x) = C(x)[h(x)− α] + λ. (7 )

Integrating eq. (7 ) over [−l/2; l/2], one obtains α = λl/J . The solution to eq. (7 ) and con-
sequently N scale with λ. Since our stability analysis based on δ2e is valid for arbitrary
infinitesimal perturbations, the magnitude of λ can have any infinitesimal value. This prop-
erty is physically relevant: only the shape of the critical fluctuation is determined. In practice
we solve eq. (6) and then simply add λ l/J to h(x) to give hc(x). For the microstructures ξs
corresponding to critical A, M, and M-M nuclei, the solution to (6) gives δ2e > 0 even though
the ξs are unstable, but after adding λ l/J , we obtain δ2e < 0, as expected.

C ritical fluctuations were calculated for the equilibrium A-M interface (B = 1/4) and
the M−-M+ microstructure ξMM

I (x) for n = 1 and several values of B as a function of l. This
numerical analysis shows that there is a critical length lc above (below) which each microstruc-
ture is stable (unstable) for a given value of B. The critical lengths are approximated by lc =
21.626−3.7 9 5B+248 .115B2 for M−-M+ interfaces and lc = 26.6 for the equilibrium A-M inter-
face. Similar calculations for the potential g4 = Bξ2−ξ3+ξ4 resulted in lc = 44.12 for the A-M
interface for B = 1/4. H owever, the weak dependence of δ2e on l in the vicinity of lc precludes
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the accurate determination of lc. The small value of δ2e near lc is the difference of two large
numbers, the integrals of δ2gGL over the regions where δ2gGL is positive and negative (fig. 3).

In addition to unavoidable numerical inaccuracy, there is also a conceptual problem. For
l ≤ lc, where δ

2e[hc] < 0, the probability of appearance of the specific fluctuation hc may
be small while deviations from hc for which δ2e > 0 may be frequent; therefore, the static
microstructure ξs(x) could be long-lived and physically stable. We seek a physical measure of
stability that ascribes a high (low) degree of stability to long-lived (short-lived) microstructures
which are formally (mathematically) unstable. Accordingly, we introduce the degree of stability
of the static microstructure ξs(x) with corresponding critical fluctuation hc(x):

D S (l, B) := − log10(−δ
2e[hc]/

∫ l/2

−l/2

∣

∣δ2gGL(hc)
∣

∣ dx). (8)

For C(x) < 0, D S = 0, which is the smallest possible value of D S . A logarithmic scale is
chosen so that D S amplifies the small values of δ2e near the critical length, so only the order
of magnitude is important. D S increases with l at fixed B and decreases with B at fixed l. As
l → lc from below, δ2e → 0−, resulting in a logarithmic singularity in D S . For l > lc, where
the microstructures are stable, that is, where δ2e[hc] > 0, D S is not defined. The results of
the numerical calculations can be approximated for l < lc (δ2e < 0) by D S (l, B) = (−3.54−
3.23B)+(0.72−1.06B)l (0 ≤ B ≤ 0.2) for M−-M+ interfaces, D S (l, 1/4) = −1.62+0.29l for the
equilibrium A-M interface, and D S = −2.02+0.22l for the g4 potential for an equilibrium A-M
interface. DS can be used to compare the relative stabilities of various microstructures; larger
values of DS correspond to more stable microstructures. Thus, DS grows with increasing l or
decreasing B or both. Multi-interface microstructures correspond to periodically continued
C(x) and hc(x); the period of C(x) is T /2 = l/n. Consequently, δ2e(n) = nδ2e(1); the critical
length for n interfaces is n lc and D S (n) = D S (1), both of which are unexpected because the
energy of a n-interface microstructure is ∼ n.

N ote that the general form of the integral constraint for which the Euler-Lagrange equation

is homogeneous in h and has nonzero solution, must be linear in h, i.e.,
∫ l/2

−l/2
h(x)f(x)dx =M

with arbitrary f . Our formulation has the physical advantage that it does not include functions
unrelated to the Landau potential. N ote that the shape of hc can be estimated for any C(x):
hc(x) is close to zero in the regions where C > 0 and has a peak in the region C < 0 (fig. 3);
the maximum of |h′| is controlled by the gradient term in δ2gGL. All of our solutions hc satisfy

these requirements. Even if the critical length is increased from lc to l̃c for some f , there would
be no practical consequences since D S (lc) would still be large and the corresponding ξs(x)
would be long-lived.

Transient microstructure dynamics and concluding remarks. – N umerous simulations
of the evolution of static microstructures under finite fluctuations h were performed. The
evolution depends on the specific form of the fluctuation. For example, for B = 0.1, l =
16.4 < lc, a = 0.004, and w = sin(2πx/l), the unstable microstructure ξMM

II (x) evolves to:

ξMM

I (x) under h = aw; metastable A under h = −aw; M+ under h = aw2; and M− under
h = −aw2. For B = 0.1, l = 7.8 < lc, and a = 0.006, ξMM

I (x), which is generally unstable,

transforms to M+ under h = aw2, M− under h = −aw2, and it is stable under h = ±aw.
For B = 0.1 and l = 16.4 < lc, an A initial state is stable under h = 0.1w but transforms
to ξMM

I (x) under the larger fluctuation h = 0.4w. Interestingly, instability of ξs(y) with
respect to some fluctuations does not preclude the possibility that an initial configuration
that differs significantly from ξs(y) nevertheless evolves toward ξs(y); see fig. 2. If a stable n-
interface A-M or M−-M+ static microstructure is continuously embedded into a single-variant
microstructure, it remains static — there is no tendency to decrease n and consequently the
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energy of the system by the lateral growth of one variant. These microstructures are also stable
under h = 0.1 ξM w. For a sinusoidal initial state (not a solution of the GL equation) with
l/n > lm (l/n < lm), the solution evolves to a static microstructure with the same n (with
ñ < n satisfying l/ñ > lm) or to pure A or M. The stability of multiple M−-M+ interfaces
is important because in three dimensions such a twinned M structure plays a key role in the
minimization of elastic energy through the formation of A-twinned M habit planes.

To summarize, it was found that the Jacobi condition for stability fails numerically for
certain microstructures. A new exact approach to analyzing the stability of static microstruc-
tures, which includes determination of critical (most destabilizing) fluctuations, was developed.
The DS parameter was introduced to quantify the physical stability of long-lived unstable
microstructures. Single and periodic n-interface A-M microstructures are unstable for any
l if the A and M are not in thermodynamic equilibrium (B �= 1/4). These microstructures
represent critical A and M nuclei and their energies are the activation energies for nucleation.
Since the energy is ∼ n [1], it is improbable that microstructures with n > 2– 3 can be formed.
For a given l/n, there are both low-energy (ξMM

I (x)) and high-energy (ξMM

II (x)) M−-M+ mi-
crostructures; ξMM

II (x) is a M−-M+ critical nucleus. For the equilibrium A-M interface and
ξMM

I (x) for n = 1, there is critical specimen length lc above which the microstructure is stable
under all infinitesimal fluctuations. The critical length for n interfaces is nlc, despite the fact
that their energy ∼ n.

The GL equation predicts the existence of A-M and M−-M+ functionally graded nanophases
in specimens whose lengths are greater than lm but less than the interface width. They could
be formed by dissolving material from both sides of a nanofilm or from both the inner and
outer surfaces of a nanotube of large radius. When l = lm, then ξs = 1/

√
6, which is neither

A nor M, but a novel homogeneous nanophase. It corresponds to a maximum of the Landau
potential instead of a minimum. These highly energetic nanophases would release energy
during a PT to A or M. We believe that our approach can be applied to other GL-type
models [7], as well as be extended to higher dimensions.
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