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Abstract – The universal thermodynamic driving force for coherent plane interface reorientation
(IR) during first-order phase transformations (PT) in solids is derived. The relation between
the rates of IR and interface propagation (IP) and the corresponding driving forces are derived
for combined athermal and drag interface friction. The coupled evolution of IR and IP during
cubic-tetragonal and tetragonal-orthorhombic PTs under three-dimensional loading is studied.
An instability in the interface orientation is shown to have the features of a first-order PT.
c EPLA, 2007
Copyright 

Introduction. – The microstructure that is formed,
e.g., in ceramics, steels, or a shape memory alloy as a
result of a solid-solid PT determines the physical and
deformation properties of the material, internal stresses,
and possible engineering applications. One of the goals of
computational material design is the formation of a desired
microstructure [1]. The universal (independent of specific
constitutive relations) thermodynamic driving force for
IP during solid-solid PT, the celebrated Eshelby driving
force [2], and its generalization in the form of the tensor
of chemical potential [3] have been known for decades. In
marked contrast, the universal driving force for IR has not
been previously obtained. The orientation of an invariant
plane interface has initially been determined on the basis
on crystallographic theory [4] which coincides with the
results of direct energy minimization [5]. Orientation of an
interface for linear elastic solids when it does not coincide
with an invariant plane, i.e. when internal stresses are
generated, and changes in its orientation under external
stresses are studied in [6–10] using energy minimization.
However, these methods explore specific expressions for
elastic energy of the mixture of two phases when they
are relatively simple. They cannot be used for important
cases where athermal interface friction is significant. In
this letter, an explicit universal (independent of specific
constitutive relations) expression for the driving force for
IR is derived for small and large strains. We derive an
expression for the dissipation rate for simultaneous IP
and IR that accounts for both athermal and drag interface
friction. Relationships between the rates of IR and IP and
the driving forces for IR and IP are obtained. Athermal
friction introduces a nontrivial coupling between IR
and IP. In particular, during IP, even an infinitesimal

driving force for IR causes a finite IR rate. The nontrivial
evolution of IR and IP during cubic-tetragonal and
tetragonal-orthorhombic PTs under complex threedimensional loading is studied numerically. An IR instability is revealed, i.e., one interface orientation suddenly
transforms to a significantly different one under complex
loading. This rapid interface reorientation exhibits the
features of a first-order PT, and is usually accompanied
by a jump in the stresses and volume fractions. On the
other hand, the IR is continuous under other types of
loading. A change in temperature can induce IR as well.
Universal thermodynamic driving force for interface motion. – Consider a cube V containing two phases,
1 and 2, divided by a plane interface Σ with the unit
normal n under external stresses. Let εi and σi be the
constant strain and stress tensors in each phase, then
ε = ci εi ,

σ = ci σi ,

ψ = ci ψi (εi , θ),

s = ci si (εi , θ)

(1)

are the strain and stress tensors, as well as the Helmholtz
free energy and entropy, both per unit volume, averaged
over V , ci is the volume fraction of the i-th phase, θ
is the temperature homogeneous in V , and summation
over the repeated subscript is assumed. As is usual for
strain-dominated PTs with coherent interfaces (displacements are continuous across an interface), we neglect
the interface energy (and its orientational dependence)
in comparison to the elastic energy. It follows from the
thermodynamics of each phase that σi = ∂ψi /∂εi and
si = −∂ψi /∂θ. The dissipation rate per unit volume
is DV = σ : ε̇ − ψ̇ − sθ̇  0, where : designates double
contraction of tensors. Inserting in DV the expressions
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Fig. 1: Components of the stress tensor that are discontinuous
across the interface Σ and therefore contribute to Xn , the
driving force for IR.

for ε and ψ from (1), we obtain
DV = Xc ċ2 + ci (σ − σi ) : ε̇i  0,

(2)

where Xc := σ : [ε] − [ψ] is the Eshelby driving force for IP
during the PT 1 ↔ 2 and [A] := A2 − A1 . Using σ = ci σi ,
and the traction continuity and Hadamard compatibility
conditions
[ε] = (an)s ,

[σ] · n = 0,

(3)

where the vector a characterizes the strain jump and the
subscript s means symmetrization, the second term in (2)
can be transformed into Xn · ṅ, where
Xn := −c1 c2 a · [σ]

(4)

is the expression for the universal thermodynamic driving
force for IR. Thus,
DV = Xc ċ2 + Xn · ṅ  0.

(5)

Decomposing a = an + aτ , where an and aτ are collinear
and orthogonal to n (fig. 1), and using n · [σ] = 0, we
obtain
Xn = −c1 c2 aτ · [σ].

(6)

Thus, the normal component of the strain discontinuity
across the interface does not induce IR; only the shear
(volume-preserving) component contributes to Xn . Also,
Xn · n = 0 because of [σ] · n = 0, i.e., Xn lies in the interface. In the coordinate system where aτ = |aτ |(1, 0, 0)
and n = (0, 1, 0) (fig. 1) we have
Xn1 = −c1 c2 |aτ |[σ11 ]

and

Xn3 = −c1 c2 |aτ |[σ13 ],
(7)

i.e., the discontinuities in only two components of σ
contribute to Xn . Thus, the conditions for thermodynamic
orientational equilibrium are [σ11 ] = [σ13 ] = 0 or aτ = 0.
Following a similar approach for the case of large strain,
we obtain
Xn := −c1 c2 a · [P ],

(8)

in the deformation gradient [F] = an. Since P is not
symmetric, [P] · n = 0 but n · [P] = 0, it is not valid to
substitute aτ for a.
For each phase we assume Hooke’s law, σi = Ei : εei ,
where Ei is the fourth-rank elasticity tensor, and εei :=
εi − εti and εti are the elastic and transformation (eigen)
strains; εt1 = 0 by definition, hence εt := εt2 . Transformation strain transforms crystal lattice of the parent phase
into lattice of the product phase; if phase 1 is considered
as a parent phase, then εt1 = 0. When E1 = E2 = E and εti
are independent of the applied stress σ, then σi = σ + σiin ,
where σiin are the internal stresses due to εti (ci σi = 0)
that are independent of σ [11]. Then [σ] = [σ in ], thus Xn
is independent of σ as well. If the interface is an invariant plane for εt [5], e.g., between two twins, then σ in = 0
and again the external stresses will not cause IR. Thus,
for equal linear elastic properties of phases and stressindependent transformation strain, external stresses do
not effect IR. This is generally not true for equal nonlinear
elastic properties (because the principle of linear superposition cannot be applied), unequal elastic properties,
and when εti depends on σ (e.g. when one phase consists of
a fine-scale mixture of several crystallographically equivalent variants [10] or when plastic accommodation occurs).
Dissipation rate. – The dissipation rate at each
point of the moving interface is assumed to be the sum
of athermal, Da , and viscous, Dv , friction components:
D = Da + Dv = k|vn | + λvn2 . Here vn is the normal interface velocity, k is the athermal interface friction due
to interaction between the interface and the long-range
stress fields of defects (point defects, dislocations, grain
and subgrain boundaries), as well as the Peierls barrier,
and λ is the viscosity coefficient. Other contributions, for
example, dissipation due to thermally activated motion of
the interface past obstacles, can be similarly taken into
account. The dissipation rate per
 unit volume due to the
motion of the interface is D = Σ DdΣ/V = Da + Dv . For
a plane interface, the normal velocity at the point r can
be expressed as vn = v0n + ω × (r − r0 ) · n, where r0 is the
centroid of the interface in V , v0n = ṙ0 · n is the normal
velocity of the centroid, and ω = n × ṅ (|ω| = |ṅ|) is the
angular velocity of the interface. To obtain all results
analytically, we consider IR in the plane 1-2. In this case,
vn = v0n + ωr, where r is the distance from the interface centroid in the plane 1-2, [σ13 ] = 0, Xn = Xn aτ /|aτ |,
and Xn · ṅ = Xn ω. When evaluating Da , one needs to
consider separately the cases when the position of the
center of rotation rc = −v0n /ω belongs to the interface
(−R  rc  R, where 2R is the interface length in the plane
1-2), or does not, i.e. when vn is of fixed sign or changes
sign within the interface. Substituting vn in the expression
for D and defining ω0 = v0n /R we obtain

where P is the nonsymmetric Piola-Kirchoff (nominal)
stress tensor (i.e. the force per unit area in the undeformed
state), and a is determined by the equation for the jump
16003-p2

Da = A|ω|(1 + ω02 /ω 2 ) for |ω0 /ω|  1,
Da = 2A|ω0 |
Dv = Bω

2

for |ω0 /ω| > 1;

(1 + 3 ω02 /ω 2 ),

(9)

Interface reorientation
where A = kR2 /S, B = 2λR3 /(3S), and S is the area of
the cube face. On the other hand, since ċ2 = v0n Σ/V ,
then using eq. (5) we obtain D̃ := D/A = DV /A =
(Xc v0n Σ/V + Xn ω)/A = X̃c ω0 + X̃n ω, where X̃c = Xc ×
RΣ/(AV ) and X̃n = Xn /A. Decomposing the X̃
into athermal and viscous parts, X̃c = X̃ca + X̃cv and
X̃n = X̃na + X̃nv , we obtain
D̃a := Da /A = X̃ca ω0 + X̃na ω = X̃ a · ω̄,
D̃v := Dv /A = X̃cv ω0 + X̃nv ω = X̃ v · ω̄,

Xc

w
8

6

4

(10)

2
2

where Da and Dv are given by eq. (9), ω̄ := (ω0 , ω), X̃ :=
(X̃ca , X̃na ), X̃ v := (X̃cv , X̃nv ), and X̃ = X̃ a + X̃ v . The two
eqs. (10) are not sufficient to find the four scalar driving
forces X̃ a , X̃ v . Applying the extremum principles of
nonlinear irreversible thermodynamics [12] (which can be
justified using the postulate of realizability [13]), we obtain

2ω0 /ω sign(ω) for |ω0 /ω|  1,
∂
D̃
a
X̃ca =
=
∂ω0
2 sign(ω0 ) for |ω0 /ω| > 1,

(1 − ω02 /ω 2 ) sign(ω) for |ω0 /ω|  1,
∂
D̃
a
=
(11)
X̃na =
∂ω
0 for |ω0 /ω| > 1,

X̃nv = (1/2) ∂ D̃v /∂ω = Cω,

C := B/A.

(12)

The important point here is to assume thermodynamic
independence of athermal and viscous dissipation, otherwise no reasonable result can be obtained. Let us consider
the case X̃ v  X̃ a , which corresponds to neglect of viscosity (C = 0) or slow interface motion (IM = IP + IR). Eliminating ω0 /ω from eq. (11) for |ω0 /ω|  1, one obtains the
equations of the limit curve for IM in the X̃na -X̃ca plane
(fig. 2)
f± (X̃ a ) := X̃na ∓ [1 − (1/4) (X̃ca )2 ] = 0.

(13)

The case |ω0 /ω| > 1 yields just X̃ a = (±2, 0). Inside the
curve (13), i.e., for f < 0, where ω0 = ω = 0, IM does not
occur. The curve f = 0 is the counterpart of the stressspace yield surface in single and polycrystalline plasticity
or the friction surface [12,13], or the PT surface [11]. We
have ∇f± = (±X̃ca /2, 1) = (ω0 /ω, 1) ∼ (ω0 , ω), i.e.,
ω̄ = h ∇f

w
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Fig. 2: Plots of the potential contours Ψ(X̃) = M for the values
of M shown near the curves. The contours are symmetric
with respect to the X̃n and X̃c axes. The contour Ψ = 0
coincides with f = 0 (eq. (13)), inside of which IM does not
occur. The velocity vector ω̄ is orthogonal to the potential
contours; its magnitude is proportional to the inverse distance
between nearest curves along ω̄. The straight line X̃c − 3X̃n = 2
corresponds to the condition ω0 = ω. The curves above the line
X̃c − 3X̃n = 2 are ellipses.

means that during the IP, the IR occurs fast until the thermodynamic equilibrium orientation determined by X̃na = 0
is reached. Also, in the case X̄ a  X̄ v , i.e., small athermal friction or large viscosity, eq. (12) shows that there is
no coupling between IP and IR. Note, for any X̃na = 0, the
center of interface rotation belongs to the interface and
|ω0 /ω|  1.
Consider now a system in thermodynamic equilibrium
with X̃na = 0 and f < 0, and increase |X̃ca | by changing
the temperature until f = 0. Then, IR
 will occur along
with IP until X̃na = 0. Since |X̃ca | = 2

1 − |X̃na |, a rota-

(X̃na

= 0) can significantly reduce the
tional driving force
magnitude of the driving force required for IP.
With viscous friction, eqs. (11)-(12) are of the form
X̃(ω̄) = dΦ/dω̄, where Φ = D̃a + D̃v /2. Using the
Lagrange transformation Ψ(X̃) = X̃ · ω̄(X̃) − Φ(ω̄(X̃)),
one can invert the relations between ω̄ and X̃: ω̄ =
dΨ/dX̃, where

(14)

Ψ(X̃) = g3 [22/3 g4 (X̃n − (1 + 1/(18 21/3 g42 ))

−21/3 g3 g42 (1 + 1/(6 21/3 g42 )) + X̃c /3]/C
with h a constant and ∇ for gradient operator. Expresfor X̃c − 3X̃n  2;
(15)
sion (14) is the associated PT rule, similar to one in plasticity, friction and PT theory [11–13]. Thus, the vector ω̄
Ψ(X̃) = ((X̃c − 2)2 + 3X̃n2 )/(6C)
is a normal to the limit curve f = 0 (fig. 2). At the singular
for X̃c − 3X̃n > 2.
points X̃ a = (±2, 0) the vector ω̄ must lie on or between
◦
the normals to f+ and f− , which are inclined ±45 to the
X̃ca axis (fig. 2). Since |ṅ| = ω must vanish for X̃na = 0, ω̄ Here
g1 = (9X̃c + (81X̃c2 + 4(3X̃n − 1)3 )1/2 )1/3 ,
g2 =
a
is in fact along the X̃c -axis. However, for any infinitesimal 2 − 6X̃n + 21/3 g12 , g3 = X̃c − 21/3 /(3g4 ), and g4 = g1 /g2 .
X̃na we get ω0 /ω = 1, i.e. ω jumps to a finite value. This For X̃c , X̃n > 0, (first quadrant in the PT space) ω̄(X̃)
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Fig. 3: (a) Prescribed strain history and the corresponding stresses, and (b) the evolution of the volume fraction c1 and
the direction angles, βi , between n and the coordinate axes for a tetragonal-orthorhombic PT. The jump in the normal is
accompanied by a jump in volume fraction (reverse PT) and all macroscopic stresses.

is given by

c1

o

0.9

ω0 = g3 /(3C),

ω = 22/3 g3 g4 /C

ω0 = (X̃c − 2)/(3C),

ω = X̃n /C

for X̃c − 3X̃n  2;
for X̃c − 3X̃n > 2;

(16)

Coupled evolution of IP and IR: orientational
instability. – The complete system of equations describing the evolution of stresses and strains in each phase,
IP (or volume fraction), and IR for a prescribed macroscopic strain (or stress) - temperature path consists of
eqs. (1), (3), (4), the Eshelby driving force, Hooke’s law,
the free energies ψi = (1/2)εei : Ei : εei + ψiθ (ψiθ (θ) is the
thermal part of the free energy), and the kinetic eqs. (16).
The stresses and strains in the phases can be found analytically [11]. Phase and orientational equilibrium configurations can be determined from the conditions Xc = Xn = 0;
assuming phases with equal isotropic elastic moduli and
k = 0, we obtained analytic solutions for cubic-tetragonal
and tetragonal-orthorhombic PTs that coincide with those
presented in [6]. We have also obtained analytical solutions
for cubic-orthorhombic PTs, but they are too complex to
be presented here.
Two classes of numerical simulations were carried
out to illustrate the phenomenology of IR: two calculations of IR during tetragonal-orthorhombic PTs with
εt = {0.022; −0.011; −0.0044} and k = 0 for quasi-static
loading; and two calculations for cubic-tetragonal PTs
with εt = {0.022; −0.011; −0.011} and k > 0 for ε̇1 =
0.0025 s−1 . The following material properties were used
in all seven calculations: Young’s moduli, E1 = 10 GPa
and E2 = 40 GPa; Poisson’s ratio, ν1 = ν2 = 0.3; and the
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they are symmetric with respect to the coordinate axes. A
geometric representation of eqs. (15)-(16) is given in fig. 2.
Viscosity regularizes the singular point on the limit curve
f = 0 (or Ψ = 0) and removes the jump in the ω̄ vector.
Outside the limit curve f = 0, an infinitesimal X̃n causes
an infinitesimal IR rate.
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Fig. 4: Variation of the volume fraction c1 and the angle β
between the normal and the cubic axis 1 for various k (shown
near the curves) for a cubic-tetragonal PT and the loading path
ε2 = ε3 = −νε1 . Dots and crosses designate PT start and finish,
respectively. For k = 0 and k = 0, β varies along the same curve
in the nucleus (since it is determined from Xn = 0). During the
PT, curves with different k partially overlap, but they begin
and end with larger β for larger k, since the PT starts and
finishes at larger strains. For k = 5 MPa the change in β from
both the nucleus and the PT is 49◦ .

coefficient of viscosity λ = 0.3 MPa s/m. The interface
length 2R was determined from the geometry for the unit
cube.
For each simulation, a nucleus with c2 = 10−4 was
introduced by locating the planar interface Σ very near
a corner of the cube. The initial interface orientation, n0 ,
was either determined from the condition Xn = 0, which
gives the “optimal” (energy minimizing) orientation, or
assigned a non-optimal value. The justification for using a
non-optimal n0 is as follows. Nucleation usually occurs at
defects, e.g., certain dislocation configurations, therefore
the sum of the applied stress and the stress field of the
defect must be used in the condition Xn = 0. Thus, a nonoptimal n0 mimics the presence of a defect stress field.
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Fig. 5: Variations of the volume fraction c1 and the normal
orientation β for k = 0, 3 MPa for the loading path ε2 = ε3 =
−νε1 and cubic-tetragonal PT. The curves for β1 (β2 –β5 ) and
c11 (c21 –c51 ) correspond to k = 0 (k = 3). The orientations β1
and β2 –β5 are for optimal and non-optimal n0 in the nucleus,
respectively. The points A, B, C, and D designate the start
of a PT. For β0 = 63◦ and β0 = 27◦ , cases 3 and 5, the start
of the PT is accompanied by an orientational instability and
a jump from C or D to the optimal orientation, β1 . After the
start of the PT for β0 = 39◦ and β0 = 51◦ , cases 4 and 2, at A
and B, there is a rapid increase in β but a very small change in
c1 until the normal reaches the optimal orientation (Xn = 0).
After this, β continues to rise while c1 quickly decreases to zero.
Note that for k = 3 MPa the PT runs to completion along the
same curve for all β0 .

When the nucleus grows away from the defect, the effect
of the nucleating defect becomes negligible.
The tetragonal-orthorhombic PT was studied for
prescribed strains corresponding to the uniaxial tensile
stress σ3 (σ1 = σ2 = 0), c1 = 0.7014 was held constant
(no IP) by changing the temperature, and [ψ θ ] was
determined from Xc = 0. The initial equilibrium interface
normal corresponding to Xn = 0 was n1 = (a, b, 0), where
a = 0.79 and b = 0.61. Due to symmetry there are three
crystallographically, but not energetically, equivalent
normals ni obtained by cyclic permutation of the components of n1 . The Gibbs energy has a multiwell structure
in the space of the nj : the local minima are located at ni
and are separated by potential barriers. For the tensile
stress σ3 the Gibbs energy is minimized for n2 = (a, 0, b).
However, during loading up to ε3 < 0.004, the normal
does not change because the local energy minimum at n1
is separated from the stable energy minimum at n2 by a
finite potential barrier. At ε3 = 0.004 the minimum at n1
and the potential barrier disappear, hence an abrupt IR
occurs to the stable normal n2 . Further loading does not
induce additional IR. Thus, we find that an instability
in the interface normal leads to a rapid interface reorientation that has the following features of a first-order

PT: there are multiple energy minima that are separated
by an energy barrier, and when the barrier disappears,
the system abruptly evolves toward another stable state.
Figures 3–5 show examples of PT under tri-axial staining.
In fig. 3 a jump in orientation is accompanied by a
jump in volume fraction and all macroscopic stresses,
fig. 4 exhibits a large continuous variation in the normal
orientation, and fig. 5 shows a PT with non-optimal n0
in the nucleus.
To summarize, the universal driving force for plane IR
during a coherent PT was derived for small and large
strains. Explicit relationship between the rate of IP and
IR and the driving forces for IP and IR are obtained. We
presented nontrivial examples of combined IP and IR that
will hopefully motivate related experimental studies. A
generalization that accounts for plastic accommodation
by slip and twinning will be presented elsewhere. The
equations obtained here are expected to provide a more
accurate description of discrete microstructure formation
than the equations in [11].
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