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The large-strain problem on the evolution of distribution of the components of stress tensor and plastic
strain in a sample under compression and torsion in a rotational anvil cell was formulated and studied in
detail using the FEM. Results are obtained for compression by different axial forces and torsion under two
different constant axial forces. The effects of redistribution of the friction radial and torsional stresses and
the load on a sample and gasket on the resultant fields are elucidated. Small pressure self-multiplication
effect is revealed during torsion after compression below some critical force, and significant heterogeneity
of all fields is found. Strong shear strain localization near the contact surface between sample and anvil
is quantified. Results are compared with the simplified solution and available experiments. The results
obtained are important for the determination of elastic and plastic properties of materials under high pressure
and for the interpretation of kinetics of strain-induced phase transformations and chemical reactions.
Keywords: rotational anvil cell; high pressure; finite-element method

1.

Introduction

Bridgman anvils and diamond anvils are widely used to produce high pressures and to study
material behavior in high-pressure physics, chemistry, material science, geophysics, and technology. High pressures are produced in the process of large elastoplastic deformation of a gasket
and, in most cases, of a sample. Unless tested inside hydrostatic media, the stress state of a sample is nonhydrostatic and knowledge of all components of the stress tensor is required [1–5].
In general, a very heterogeneous distribution of all components of stress tensor is present in
experiments. Knowledge of the stress tensor combined with X-ray measurements of distances
between atomic planes may lead to a more accurate determination of the elastic properties of
materials. In rotational Bridgman anvils [6–9] and rotational diamond anvils [10–15], large
plastic shear deformation can be superposed on high pressures, due to the rotation of one of
the anvils with respect to another (Figure 1(a)). Rotational anvils have been used to study the
pressure-dependence of the yield strength in shear [6] and the effect of shear on various phase
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Figure 1. (a) Schematics of rotational diamond anvil cell. (b) Undeformed geometry of a quarter of cross-section of
the sample and gasket. (c) Boundary conditions for the problem on compression of sample and gasket by axial force Q.
(d) Boundary conditions for the problem on torsion of sample and gasket under constant axial force Q.

transformations and chemical reactions [7–15]. The effect of the plastic shear was found to be
very strong and unique. Thus, it leads to: (a) a significant reduction (by a factor of 2–5) in pressure for the initiation of phase transformation and chemical reaction; (b) a significant reduction
in pressure hysteresis; (c) the appearance of new phases, which were not obtained without plastic shear; (d) the replacement of a reversible phase transformation by an irreversible one; and (e)
athermal strain-controlled kinetics [7–13,15–17]. To determine the plastic properties and to understand the above-mentioned phenomena and find methods to utilize them, it is necessary to have a
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quantitative knowledge of the distribution of the stress tensor in and plastic flow of the deformed
material.
Plastic flow and stress distributions can be found numerically using the theory of large plastic
deformation. The finite-element method (FEM) was utilized to study distribution of all components
of stress tensor and plastic flow under compression in [18–23]. However, a similar problem under
compression and shear (torsion) was not treated in the literature. It is much more sophisticated,
because it is three-dimensional and because much larger and very localized plastic deformations
lead to significant numerical problems. The only existing analytical solution to this problem
[16,17] contains a number of simplifying assumptions. In this paper we present our approach
and a detailed FEM study of a plastic flow and evolution of distribution of components of stress
tensor in a sample under compression and shear in a rotational cell. Results are compared with
the simplified solution in [16,17] and with the available experiments.
The paper is organized as follows. In Section 2, a simple generic model for elastoplastic deformations at finite strains is presented. Problem formulation is described in Section 3, and studies
of the compression stage and the torsion of a sample under constant axial force are presented in
Sections 4 and 5, respectively. Section 6 contains comparisons with available simplified solutions
and experiments. In particular, predicted pressure distribution along the radius of a sample and
its independence of the anvil rotation are in good correspondence with the experiment. Also,
accepted complete-cohesion contact condition reproduces well the direction of contact friction
stress and relative sliding along the anvil surface that follow from the model, which allows sliding.
This means that large strain localization near the contact surface leads to effective substitution
of a cohesion condition with a sliding condition. Section 7 contains concluding remarks. Some
preliminary results can be found in our short letter [24].

2.

Model for elastoplastic deformations at finite strains

To obtain generic results, we will consider the simplest model for isotropic, perfectly plastic
material, which is described, for example, in [25]. More complex models with isotropic and
anisotropic hardening are broadly described in the large-strain literature. Justification for the
application of the perfectly plastic and isotropic model comes from a postulate about the existence
of the limiting surface of the perfect plasticity [25]: it was found for more than 60 materials
belonging to different classes (metals, geological materials, oxides, pressed powders, etc.) that
above some level of plastic strain and for a monotonous deformation path (i.e. without sharp
changes in loading directions), the initially isotropic polycrystalline materials are deformed as
perfectly plastic and isotropic with a strain-history-independent limiting surface of the perfect
plasticity. This means that: (1) the strain hardening is saturated and plastic properties (and the
defect structure) reached their steady state; and (2) strain-induced anisotropy does not exhibit
itself at monotonous loading. Perfectly plastic behavior starts at the accumulated plastic strain
q > 1 for metals and for q > 0.4 for geological materials.
Let the motion of the deformed body be described by the vector function r = r(r0 , t), where r0
and r are the position vectors in the undeformed configuration and in the deformed configuration
at time t. The deformation gradient tensor, F = ∂r/∂r0 , can be multiplicatively decomposed
into elastic, Fe , and plastic, F̄p , parts, F = Fe · F̄p . It is convenient to decompose Fe = V e · R
into the symmetric elastic stretch tensor V e and the orthogonal rigid-body rotation tensor R.
Then, F = V e · R · F̄p = V e · Fp , where Fp = R · F̄p is the rotated plastic deformation gradient
tensor. We introduce elastic deformation measures C e = V e · V e and Be = 0.5(C e − I) and plastic
deformation rate d p = (Ḟp · F−1
p )sym , where subscript sym means symmetrization of a tensor and
I is the unit second-rank tensor. Then, the total system of equations includes [25] the following.
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Decomposition of deformation rate d = (Ḟ · F−1 )sym into elastic and plastic parts:
∇

d =Be −2(d · Be )sym + C e · d p ;

(1)

Elasticity law:
T = ρV e ·

∂ψ
· V e;
∂Be

(2)

d p = f (T);

(3)

Yield condition and plastic flow rule:
Y (T) ≤ 0;
Mechanical equilibrium equation:
Downloaded By: [Levitas, Valery] At: 15:25 15 December 2010

∇ · T = 0.

(4)

∇

Here, Be = Ḃe + 2(Be · W)sym is the objective (i.e. independent of rigid-body rotation) Jaumann
time derivative, W = (Ḟ · F−1 )a is the skew-symmetric spin tensor, subscript a denotes the skewsymmetric part of a tensor, ρ is the mass density in the deformed state, ψ is the elastic potential,
T is the true Cauchy stress tensor, and ∇ is the nabla operator in the deformed configuration.
We will focus on the case in which elastic strains are small, but plastic strain and rotation are
finite. Representing V e = I + εe with small elastic strain εe  I, we present the simplest version
of Equations (1)–(3), as follows.
Decomposition of deformation rate into elastic and plastic contributions:
∇

d =εe +d p ;

(5)

Hooke’s elasticity law:
p = Kεe0 ;

s = 2G devε;

(6)

Von Mises yield condition and the associated plastic flow rule: in the elastic region,
σi < σy ;

d p = 0;

(7)

in the plastic region,
σi = σy ;

d p = λs;

λ=

3 s:d
.
2 σy2

(8)

Here, K is the bulk modulus, G the shear modulus, p the mean pressure, dev the deviatoric
operator, εe0 the volumetric elastic strain, σi = (3/2s:s)1/2 the stress intensity, s = dev T the
deviatoric part of the Cauchy stress, and σy the yield strength in compression.
Accumulated plastic strain (Odqvist parameter) is defined by equation q̇ = (2/3d p : d p )1/2 .
Equation (8)3 for the scalar λ is derived in the following way. Differentiating the deviatoric
∇

∇

∇

part of Hooke’s law Equation (6)2 s= 2G dev εe and expressing dev εe from deviatoric part of
∇

Equation (5) and using the flow rule Equation (8)2 , we obtain s= 2 G (dev d − d p ) = 2 G(dev d −
λs). Then substituting the derived relationship in the time derivative of the squared yield condition
∇

Equation (8)1 , (3/2)s: s= 0, we obtain an equation for the scalar λ, which can be resolved in the
form of Equation (8)3 .
Smallness of volumetric elastic strain ε0e = p/K < 0.1 limits the maximum pressure p <
0.1 K. Then, we can neglect the elastic deformations of the diamond anvils or anvils made of
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hard alloys. Smallness of elastic deviatoric strains is not a limiting assumption because deviatoric
stress is limited by the yield strength. We will use material data typical of strengthened steel:
K = 175 GPa, Poisson’s ratio μ = 0.2525, and σy = 1.6 GPa.√Consequently, G = 3K(1 − 2μ)/
(2 + 2μ) = 104 GPa, the yield strength in shear τy = σy / 3 = 0.92 GPa (according to von
Mises’ yield condition), and maximum elastic shear strain is τy /2G = 0.004  0.1
For solution, all stresses are normalized by the yield strength in compression σy , T̄ = T/σy (e.g.
σ̄zz = σzz /σy and p̄ = p/σy ) and the only material properties used are the dimensionless bulk
modulus K̄ = K/σy = 109.4 and Poisson’s ratio μ = 0.2525. For the convenience of the presentation of results, dimensionless shear stresses, τ̄rz = τrz /τy and τ̄rφ = τ̄rφ /τy , will be normalized
by the yield strength in shear τy . Dimensionless, averaged axial stress is defined as F = Q/(Sσy ),
where Q is the axial force and S is the initial contact area between the sample with a gasket and
an anvil.

3.

Problem formulation

Figure 1(a) and (b) represents the schematics of rotational diamond anvil cell as well as the
geometry of the sample and gasket before application of an axial load. Since the anvil contains
16, 24, or 32 facets, it can be approximated by cone, and the axisymmetric geometry approximation
can be used without a significant error. The cylindrical coordinate system rzφ is used. While we
will consider homogeneous material, part of the material below the flat anvil surface (i.e. for
r ≤ R, where R is the anvil radius) will be called “sample” and the material at r > R will be
called “gasket”. Sample and gasket are pre-indented to create the geometry shown in Figure 1(b).
Due to symmetry about rotation axis and with respect to the plane passing through the center of
a sample, a quarter of a cross section is shown. The following parameters for the initial sample
and gasket geometry are chosen: initial thickness of the pre-indented part of a sample between
flat diamond surfaces, H0 = 0.2 R = 0.5 H , where H is the thickness of the gasket; the external
radius of the gasket is chosen as 3R.
Two loading regimes are considered: first, the sample is compressed by the increasing axial
force Q, and then the torsion of an anvil by an angle ϕ is applied under constant axial load Q.
As initial conditions, all stresses and strains are assumed to be zero. The following boundary
conditions are applied for both regimes (Figure 1(c) and 1(d)).
At the axis of rotation OB (r = 0), we have shear stress τrz = 0 and radial displacement ur = 0.
At the plane of symmetry z = 0, we have shear stress τrz = 0 and axial displacement uz = 0. At
the contact surface between sample, gasket, and rigid anvil OKD, all displacements of the sample
are equal to the displacement of the anvil, i.e. complete cohesion between anvil and sample is
assumed. Normal σn and shear τn components of the surface traction vector at the deformed free
surfaces DM and MN are zero, σn = τn = 0. In addition to the above boundary condition, the
following regime-specific boundary conditions are applied.
For the compression stage, the increasing vertical force Q is applied to the rigid anvil, which
moves down in the vertical direction. Alternatively, vertical displacement of an anvil can be
prescribed. Due to complete cohesion, radial displacement ur = 0 at the contact surface. Due to
axial symmetry, twisting shear stress τrφ = 0 everywhere.
For the torsion stage, the force Q (and consequently, the averaged axial stress F ) is kept
constant, and rotation of one anvil with respect to another by growing angle ϕ is applied. For
torsion, the geometry and all fields are axisymmetric, but loading is three-dimensional. Due to
symmetry with respect to plane z = 0, the twisting displacements uφ = 0 can be prescribed at
this plane, and the half of the rotation angle ϕ/2 is applied to the anvil and (due to cohesion) to
the contact surface of the sample OKD.
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Let us discuss the condition of complete cohesion at the anvil sample and gasket surface. When
pressure exceeds 2σy , asperities of the diamond or a hard alloy penetrate into a deformed sample,
which leads to complete cohesion. However, when
 the magnitude of the shear friction stress, τ,
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2 + τ 2 , reaches the yield stress in shear, the
along the anvil sample and gasket surface, τ = τrz
rφ
sliding is localized within a thin layer of a sample material in the form of the shear band, just
below the contact surface. Since theory does not possess any intrinsic length scale, the width of
the shear band tends to zero. This is equivalent to the sliding condition just below the contact
surface:
v
τ
(9)
=
for τ = τy ; v = 0 for τ < τy ,
|v|
τ

where v is the vector of the particle-relative sliding with respect to the contact surface and near
the contact surface. The collinearity of the the directions of sliding and shear friction stresses in
Equation (9) is a consequence of isotropy of the plasticity condition. Equation (9) is the isotropic
version of a more general contact friction rule for an anisotropic yield condition [25]. Note that for
an axisymmetric (or plane) problem the slip-line method results in the same relationship between
cohesion at the contact surface and sliding just below it [25].
The FEM software ABAQUS [26] is used for solution of the above-formulated problem. In
order to obtain a reliable solution, the problem was solved in number of steps. After each loading
step, the ABAQUS built-in mesh-to-mesh solution-mapping procedure was performed. Mapping
a solution from one mesh to another is a part of a remeshing procedure, in which a significantly
deformed mesh is replaced with a new one. After generating a new mesh, a solution from the
previous step is mapped onto the new mesh and analysis continues with the solution from the
previous step assumed as the initial condition for the next step. Then, further loading is applied
until again the mesh becomes significantly deformed. During all steps, the mesh of the sample
has on average 6000–7000 linear quadrilateral elements.
In the FEM, in the contact region where the magnitude of the shear friction stress τ approaches
τy , a shear band is localized in the first layer of finite elements near the contact surface, imitating
the sliding. To receive almost a mesh-independent solution, the size of the first finite-element
layer should be much smaller than the sample height h. One can also utilize models of hardening
material or viscoplastic material, which would not posses mesh-dependence similar to a perfectly
plastic model. However, it complicates the calculations without a significant advantage in accuracy.
As we will see below, with a complete-cohesion boundary condition, we can well reproduce an
inclination of the vectors v and τ relative to the radial direction obtained analytically with the
relative sliding condition in [16,17].

4. Analysis of the compression stage
Distribution of pressure and some components of the stress tensor are presented in Figures 2
and 3. During the initial stage of compression, stress evolution is completely controlled by the
development of friction shear stresses at the contact surface between the anvil and the sample with
gasket. Intense growth of shear stress starts at the external radius of the sample and decays toward
the sample’s center. This leads to the growth in normal stresses and pressure proportional to the
local friction stress and constant normal stresses and pressure in the region where friction stress is
still zero. Normal stresses also grow due to the increase in the pressure at the edge of an anvil r = R
due to similar (but less intense due to larger thickness) processes in the gasket. With an increase
in the applied load or displacement, shear friction stress grows and the region with nonzero shear
stress expands, which intensifies the increase in normal stresses and pressure. Growth of the local
shear stress stops when it reaches the yield stress in shear; in this region, intense sliding occurs
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Figure 2. Distribution of (a) dimensionless shear stress τ̄rz , (b) pressure p̄, and (c) normal stress σ̄zz along the radius
of the contact surface of a sample r for the different values of averaged dimensionless axial stress: (1) F = 0.95; (2)
F = 1.91; (3) F = 2.86; (4) F = 3.68; (5) F = 4.29.

(a)
p

1
2
3
4
5

σ zz

1
2

+9.794

+1.000

+7.431

+8.056

+0.653

+5.731

+6.319

+0.306

+4.035

+4.584

-0.041

+2.338

+2.848

-0.388

+0.641

+1.112

-0.735

-1.055

p
(b)

+9.125

(c)

τ rz

σ zz

-0.625

τ rz

-1.083

1
2

3

3

4

4

5

5

Figure 3. Distribution of (a) dimensionless pressure p̄, (b) normal stress σ̄zz , and (c) shear stress τ̄rz for different values
of the averaged dimensionless axial stress F in a quarter of cross-section of the sample: (1) F = 0.95; (2) F = 1.91; (3)
F = 2.86; (4) F = 3.68; (5) F = 4.29.

just below the contact surface. A reducing region with almost homogeneous normal stresses exists
until nonzero friction stress approaches the center of the sample. During further compression, the
region where friction stress reached the yield strength in shear propagates toward the center of the
sample. In the region with maximum friction stress, normal stresses and pressure grow linearly,
with the exception of the small portion of a sample near the edge r = R, where normal stresses
are almost constant.
Contour lines in Figure 3 allow us to understand evolution of stresses in the entire cross section
of the sample. The region with increased shear stress expands from the edge toward both the center
and the symmetry plane of the sample. At some stage, the region appears where shear stress is
practically independent of radius and varies almost linearly from zero at the symmetry plane to
the yield strength in shear at the contact surface. Normal stress σzz is practically independent of
the z coordinate in most of the sample, while pressure reduces from the contact surface to the
plane of symmetry.
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Figure 4. Distributions of the accumulated plastic strain q (Odqvist parameter) along the dimensionless width of the
sample 2z/ h for sections with different values of dimensionless radius r/R after compression with averaged dimensionless
axial stress F = 4.29: (1) r/R = 0; (2) r/R = 0.2; (3) r/R = 0.4; (4) r/R = 0.6; (5) r/R = 0.8; (6) r/R = 1.0

It is not representative to show the contour lines for the Odqvist parameter due to strong
concentration of plastic strain near the contact surface. That is why distributions of the accumulated
plastic strain q along the z coordinate for six sections with different distances r/R from the center
are shown in Figure 4 after compression by the averaged axial stress F = 4.29. Note that the
thickness of the sample did not change much and that for homogeneous uniaxial compression q =
ln(Ho / h) = 0.05 for F = 3.68 and q = ln(Ho / h) = 0.10 for F = 4.29. These values correspond
to the Odqvist parameter in the vicinity of the plane of symmetry of the sample, where plastic shears
are absent. Shear strain localization near contact increases the Odqvist parameter significantly, up
to q = 1 and higher, with larger values for larger r. This means that even during the compression
stage, large plastic strains are concentrated near the contact surface due to contact friction, and
material is under compression and shear, similar to the case with the rotation of an anvil. In the
lower part of the sample 2z/ h < 0.6, accumulated plastic strain is relatively homogeneous along
both r and z and changes with compression approximately like ln(Ho / h). Knowledge of the
evolution of accumulated plastic strain is important for the simulation of strain-induced phase
transformation [27]. Namely, the larger the plastic strain in the region where pressure exceeds
some critical value, the greater the phase transformation progress is.

5. Analysis of the torsion of a sample under constant axial force
Torsion was performed under two different values of axial force: for the case with averaged axial
stress F = 4.29, for which friction shear stress reached the shear strength almost along the entire
contact surface (excluding the central part of the sample; see curve 5 in Figure 2), and for the
case with F = 3.68, for which friction stress reaches the shear strength along the external half
of the radius only (curve 4 in Figure 2). In Figure 5, distributions of dimensionless radial τ̄rz
and torsional τ̄rφ shear stresses, as well as pressure p̄ along the radius of the contact surface of
a sample r, are shown for the averaged dimensionless axial stress F = 4.29 and different values
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Figure 5. Distribution of (a) dimensionless shear stress τ̄rz , (b) shear stress τ̄rϕ and (c) pressure p̄ along the radius of
the contact surface of a sample r for the averaged dimensionless axial stress F = 4.29 and different values of angle of
rotation ϕ. (1) ϕ = 0.03; (2) ϕ = 0.21; (3) ϕ = 0.958; (4) ϕ = 0.1.45; (5) ϕ = 2.034.

of the angle of rotation ϕ. During torsion, torsional shear stress τrφ increases, is becoming less
dependent up on radius, and almost reaches the yield stress in shear τy , along almost the entire
contact surface of a sample. Radial shear stress τrz reduces in the region where
it reached τy


2
during compression because the magnitude of friction shear stress vector τ = τrφ
+ τzr2 is equal
to the yield strength in shear τy . Near the symmetry axis, radial shear stress τrz increases initially
during the rotation of an anvil, because torsion produces sliding in this region and τ is still lower
than τy . Pressure distribution practically does not change during the rotation of an anvil in most of
the sample. Only near the symmetry axis, where shear stresses grow, does pressure slightly grow
as well. For large rotation, however, pressure slightly decreases in the central part of a sample
because of the pressure growth in the gasket region r ≥ R, since the total axial force does not
change.
The same distributions in the sample volume, as well as the distribution of normal axial stress
σzz are shown in Figure 6. Drastic reduction in the sample thickness during rotation is clearly
visible. Radial shear stress τzr is practically independent of r and varies approximately linearly
along the z coordinate (from zero at the symmetry plane to the maximum value at the contact
surface), except in the small central region. Torsional shear stress τrφ is weakly dependent on the z
coordinate and is becoming almost constant in the entire sample for large rotations. Axial stress σzz
remains almost independent of the z coordinate (like at compression). Pressure p increases from
the plane of symmetry to the contact surface (like at compression); however, for large rotation,
it is practically the same at the plane of symmetry and the contact surface, with only a small
reduction between them. All normal stresses and pressure grow linearly with decreasing r, except
near the symmetry axis.
The same distributions and fields as in Figures 5 and 6 are presented in Figures 7 and 8 but for
smaller averaged axial stress F = 3.68, when after compression, the shear stress τrz reached the
yield strength in shear along the external half of the sample only (Figure 2). At the initial stage of
rotation, radial shear stress τrz increases in the central part of a sample. When the magnitude of the
friction stress vector τ reaches the yield strength in shear τy , radial shear stress reduces because
of the increase in the twisting shear stress τrφ . Variation in both shear stresses with rotation is then
similar to that for larger averaged axial stress F = 4.29 (compare Figures 5 and 7). However, for
smaller F , twisting shear stress is slightly smaller (and radial shear stress is slightly larger), for
the same rotation angle.
While it was expected that the pressure gradient in the sample will initially grow with rotation
because of growth in radial shear stress, pressure gradient and pressure in the most part of a
sample slightly reduce. The main reason can be found by analyzing the ratio Fs /F of the axial
load Fs applied to the sample (horizontal contact surface of the sample OK) to the total axial load
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Figure 6. Distribution of (a) dimensionless shear stress τ̄rz , (b) shear stress τ̄rφ , (c) pressure p̄, and (d) normal stress
σ̄zz for the averaged dimensionless axial stress F = 4.29 and different values of angle of rotation ϕ in a quarter of a
cross-section of the sample. (1) ϕ = 0.03; (2) ϕ = 0.21; (3) ϕ = 0.958; (4) ϕ = 0.1.45; (5) ϕ = 2.034.
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the contact surface of a sample r for the averaged dimensionless axial stress F = 3.68 and different values of angle of
rotation ϕ. (1) ϕ = 0.03; (2) ϕ = 0.21; (3) ϕ = 0.958; (4) ϕ = 0.1.45; (5) ϕ = 2.034.

F applied to the sample and gasket, namely, its variation versus angle of rotation of the anvil ϕ
(Figure 9).
At the beginning of torsion under F = 4.29, 95% of the axial force is applied to the sample.
After rotation by angle ϕ = 2.368, the inclined part of the contact surface of a gasket increased
by almost 300%, causing the reduction in the ratio Fs /F to 0.89. A sharp decrease in the ratio
Fs /F occurs during the initial stage of torsion, ϕ = 0.04. For the smaller applied stress F, Fs /F
dropped to less than 0.80 during the initial stage of torsion and then changed almost in the same
way as in the first case, namely decreased by another 5–6%. That is why the pressure gradient
and pressure in the sample slightly reduce during the torsion for F = 3.68. Still, the pressure at
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Figure 9. The ratio Fs /F of the axial load Fs applied to the sample (horizontal contact surface of the sample OK) to the
total axial load F applied to the sample and gasket versus angle of rotation of the anvil ϕ. (1) F = 3.68; (2) F = 4.29.

the center of a sample slightly increases. For large anvil rotation, the ratio Fs /F tends toward a
plateau that depends on applied force and the geometry of the gasket.
Note that the experimentally observed increase in pressure under constant axial force during
rotation of an anvil and phase transformation [10–13] (the pressure self-multiplication effect) was
explained in [16,17,28,29] by an increase in the yield strength during the phase transformation.
Our current results without phase transformations suggest an additional possible reason for the
pressure self-multiplication effect related to an increase in the radial shear stress and pressure
redistribution between sample and gasket.
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Figure 10. Distributions of the accumulated plastic strain q (Odqvist parameter) along the dimensionless width of the
sample 2z/ h for sections with different values of dimensionless radius r/R compression and torsion by angle ϕ = 2.034:
(1) r/R = 0, (2) r/R = 0.2, (3) r/R = 0.4, (4) r/R = 0.6, (5) r/R = 0.8, (6) r/R = 1.0. Solid lines correspond to
averaged dimensionless axial stress F = 4.29 and dashed lines correspond to F = 3.68.

The distributions of the components of the stress tensor fields and pressure field in the sample
volume (Figure 8) for the axial force F = 3.68 is qualitatively similar to the case for F = 4.29.
Thus, axial stress σzz is practically independent of the z coordinate and torsional shear stress τrφ
is weakly dependent on the z coordinate, and is becoming almost constant in the entire sample
for large rotations. Radial shear stress τzr is practically independent of r. Pressure p increases
from the plane of symmetry to the contact surface; however, equality of the pressure at the plane
of symmetry and the contact surface (observed for F = 4.29 for large rotation) was not obtained
for F = 3.68.
Figure 10 presents the distributions of the accumulated plastic strain q along the z coordinate for
six sections with different r/R values after compression and torsion by an angle ϕ = 2.04, for both
averaged axial stresses F = 4.29 and F = 3.68. It is clear that the Odqvist parameter q increases
more than by an order of magnitude in comparison with compression without rotation. For the
strain-induced phase transformations, the concentration of the high-pressure phase is proportional
to the plastic strain [16,17]. Since pressure does not change drastically during rotation and plastic
strain growth, this explains the promotion of phase transformations by rotation of an anvil [27].
Plastic strain is larger for rotation under larger axial force. It increases significantly with the
increasing radius of the particles r, and it becomes practically independent of r in the ring 0.8 <
r/R < 1. Variation of q along the height is more complex. At symmetry axis r = 0, the Odqvist
parameter reduces from the plane of symmetry toward zero at the contact surface. This corresponds
to the presence of the “rigid” zone near the contact surface and the symmetry axis. For 0.2 <
r/R < 1, maximum accumulated plastic strain is localized at the contact surface with the large
gradient; the minimum of q is in the range 0.2 < 2z/ h < 0.4. An important contribution to the
accumulated plastic strain during torsion (in addition to shear straining) is related to the reduction
in the dimensionless thickness of a sample h/ h0 shown in Figure 11, where h0 is the sample
thickness at the beginning of rotation. The reduction in thickness is caused by the reduction in radial
shear friction stress τrz (due to an increase in τrφ ), which resists to the radial material flow. The rate
of the thickness reduction with respect to an anvil rotation decreases with the rotation angle and is
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Figure 11. Reduction in the relative thickness of a sample versus the rotation angle of an anvil under constant averaged
dimensionless axial stresses F = 4.29 (1) and F = 3.68 (2) and according to Equation (12) [16].

almost saturated for large angles. Rotation of an anvil under smaller force causes smaller reduction
in the sample thickness. When one considers phase transformations that are accompanied by the
reduction in volume, thickness reduction compensates for the decrease in volume and increases
pressure in the transforming region [16,17]. The rotation-induced reduction in sample thickness
was considered in [28,29] as the main macroscopic mechanism for the intensification of phase
transformation, before strain-induced kinetics has been introduced [16,17,27].

6.

Comparison with simplified solutions

For axisymmetric compression, a simple and much faster solution for stresses using the slip-line
method was found in [25]. After adding to two equilibrium equations and to the yield condition,
the so-called condition of complete plasticity about the equality of hoop stress and the smallermagnitude other principal stress, one obtains a system of four equations with four unknown
components of the stress tensor. This statically determinate system can be easily solved for each
prescribed geometry with the slip-line method (method of characteristics) without considering
the kinematics of the flow. While the velocity field for a rigid-plastic model can be determined
with the slip-line method, and deformation can be obtained by integrating this field, it was not
done in [25]. The case when the friction stress reaches the yield strength in shear on the entire
contact surface (excluding a small part near the sample center, obtained from the solution) was
treated in [25]. Also, a pressure-dependent yield condition was used in [25].
Despite these differences, there are some common general features between the solution in [25]
and here for the case when the friction shear stress reaches the yield strength in shear on almost
the entire contact surface (line 5 and contour plot 5 in Figures 2 and 3). Thus, the character of
the distribution of all stresses in the sample and at the contact surface is very similar. Stress σzz
is practically independent of the z coordinate, and the contour lines for other normal stresses and
pressure look similar for both solutions. If the yield strength in shear in [25] would be pressureindependent, shear stresses would be independent of the r coordinate and would vary linearly
along z, as in the current solution. Normal stresses would grow linearly toward the center with
the exception of the small portion of a sample near the edge r = R, where normal stresses are
almost constant, and near the center of a sample, where they grow parabolically (in both the FEM
and slip-line solutions).
The only existing solution for the case of torsion under constant axial force is a simplified
analytical solution in [16,17]. It considers a cylindrical sample only, i.e. the gasket (r > R), and
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consequently, redistribution of the force and moment between sample and gasket is neglected.
It is assumed that the magnitude of the shear friction stress τ is equal to the yield strength in
shear τy along the entire contact surface and that the angle of inclination of the vector of friction
stress τ to the radius is the same everywhere. It operates with stresses at the contact surface only.
A simplified equilibrium equation is as follows:
dp
2τrz
=
,
dr
h

(10)
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where τrz is taken at the contact surface, and Equation (9) is used as well. Equation (10) was
reduced in [16,17] to
2τy
dp
.
(11)
=
dr
h0
Because the sample thickness at the beginning of rotation, h0 = const, Equation (11) coincides
with the equilibrium equation for compression under the same force F . Thus, the analytical
solution predicts linear pressure distribution along the radius, which is the same before and during
the rotation stage, i.e. it is independent of the rotation of an anvil. It is clearly seen from Figure 2(b)
that the analytical solution gives practically the same slope as the FEM solution for F = 4.29.
It is also clear from the FEM solution that the pressure distribution along the radius under fixed
axial force is weakly dependent on the rotation of an anvil for both forces F = 4.29 (Figure 5(c))
and F = 3.68 (Figure 7(c)). Reasonable agreement for the case with F = 3.68 (despite the fact
that, under compression, shear stress reached the yield strength at the half of the contact surface
only) is related to the fact that rotation quickly increases the magnitude of the friction stress to the
yield strength almost on the entire contact surface (excluding the small part near the symmetry
axis). Deviation of curve 5 in Figure 5(c) for the large rotation is related to the increase in the
pressure in the region of the gasket r ≥ R and (in order to keep the same averaged axial stress F )
consequently to the reduction in pressure in the sample r < R.
Combining Equations (24) and (25) from [16], the following equation connecting angle of
rotation of an anvil, ϕ, and thickness reduction during rotation can be obtained as follows:
⎞
⎛
1 + 0.204 m ⎝ h20
h⎠
ϕ=
,
− 1 − arccos
0.204 m
h2
h0

(12)

where m = R/Ho and h0 is the sample thickness before rotation starts. For our case, m = 5. The
plot of h/ h0 versus ϕ is shown in Figure 11, along with the results of FEM simulation for both
F = 4.29 and F = 3.68. Taking into account the difference in problem formulation for analytical
and numerical solutions (in particular, neglecting part of the force acting on the conical surface
of an anvil), agreement is quite reasonable.
According to Equation (23) from [16], the angle α between the vector of the velocity of relative
sliding of the sample particles with respect to the diamond surface v (and according to Equation (9),
between the vector of the friction shear stress τ) and the radial direction r is
α = arccos

h
ho

(13)

and does not change along the radius. This relationship is compared with more precise numerical
results in Figure 12, where angle α was obtained from relationship tan α = (τrφ /τrz ), assuming
that the vectors of relative sliding and contact shear stress are parallel (see Equation (9)). While
shear stresses at the contact surface are not constant (excluding τrz for a small rotation and τrφ
for a large rotation), for both averaged axial stresses, F = 4.29 and F = 3.68, angle α does not
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Figure 12. Angle of the velocity of relative sliding of a sample particles with respect to the anvil surface versus reduction
of relative thickness of a sample under constant averaged dimensionless axial stress (a) F = 3.68 and (b) F = 4.29 for
r/R = 0.6 (1), r/R = 0.4 (2), r/R = 0.8 (3) and according to Equation (13) [16].

change significantly along the radius. Comparison between the analytical and numerical solutions
for F = 4.29 is very good. This means both a good quality of a simplified analytical model and
the complete adhesion boundary condition (assumed in numerical solution) reproduce well the
relative sliding of sample particles just below the contact surface, according to Equation (9).
For F = 3.68, the numerical solution is above the analytical one; coincidence in this case is not
expected because the magnitude of the contact shear stress vector grows during the initial stage
of rotation, in contrast to the problem formulation in [16].
Good correspondence between the analytical and FEM solutions in Figures 11 and 12 for
the case when friction stress before rotation reaches the yield strength in shear also justifies the
relationship between angle of rotation of a sample ϕs (excluding thin near-contact layer) and
anvil [16,17]:
1
ϕ.
(14)
ϕs =
1 + 0.204m
The difference ϕ − ϕs is due to large localized shear near the contact surface.
For comparison with experiments, two points are important. First, that known experimental
pressure distributions for compression and compression and torsion [10,13,30] have the same
shape as in our simulations (Figures 2, 5, and 7), i.e. linear pressure growth toward center in
the major part of a sample and parabolic growth near the center of a sample. Second, that the
independence of the pressure distribution of the rotation of an anvil was observed experimentally
for sodium chloride in [10] and for stainless steel in [13], similar to the results of our simulations
(Figures 5 and 7). Note that a more detailed comparison is not straightforward because of missing
experimental information about sample thickness under load, geometry of gasket, which determines pressure at r = R, and the yield strength [25]. However, for the case when all geometric
information is known, comparison with the experiment is not very informative (when linear pressure growth is established), because the yield strength is determined by fitting the experimental
and theoretical slope of the linear part of the pressure distribution.

7.

Concluding remarks

In this paper, the detailed FEM solutions for the evolution of the fields of components of stress
tensor and accumulated plastic strain in a sample under compression and torsion in rotational anvils
are found. They confirm some of the predictions of a simplified analytical solution [16,17], in some
cases quantitatively, namely that (and how) the thickness of a sample significantly reduces during
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rotation of an anvil due to reduction in radial friction (which is extremely important for promoting
the phase transformations), that normal stress (pressure) distribution along the contact surface
during rotation of an anvil is practically independent of rotation (which corresponds to experiments
in [10,13]), and that τrz and τrφ are becoming independent of the r for large enough rotations.
Also, the dependence of the direction of the vector of friction stress and velocity of relative
sliding at the contact surface versus twisting angle corresponds well to the analytical solution
for the case with the axial force F = 4.29. However, the FEM solution takes into account much
more detail than a simplified model [16,17], such as the variation of all fields in the z-direction,
the heterogeneity of shear stresses τrz and τrφ for moderate anvil rotations, and the effect of the
gasket that changes pressure distribution and a portion of the applied force that acts on a sample.
FEM allowed us to study compression before shear friction stress reached the yield strength in
shear and part of the sample became elastic and the torsion of the sample under these conditions.
The FEM solution also revealed a small pressure self-multiplication effect during the rotation of
an anvil without phase transformation and significant heterogeneity of accumulated plastic strain,
which is important for the determination and interpretation of the kinetics of strain-induced phase
transformations and chemical reactions.
One of the methods to determine the pressure dependence of the shear strength [6,31] was
based on assumptions that τrφ = τy and pressure are homogeneous along the radius. The τrφ can
be determined through the measured torque, and pressure is equal to force divided by area. It is
clear that while τrφ can be very close to τy for large rotations, it is still smaller, since τrz  = 0.
Pressure is extremely heterogeneous, and if the yield strength depends on pressure, it will be
heterogeneously distributed as well. Stresses on the inclined part of an anvil produce 23% of
the measured force, which introduces additional inaccuracy. Also, for small rotations, τrφ and
consequently torque grow with increases in ϕ, which can be interpreted as strain hardening, while
we consider material without strain hardening. Thus, this method contains significant errors.
Alternative methods that do not use the rotation of an anvil and are based on the measurement of
pressure distribution (or force) and sample thickness [25] are much more accurate and preferable
but work for large strain only, when strain hardening is saturated.
Drastic heterogeneity in accumulated plastic strain, in both the axial and radial directions, as
well as strong radial heterogeneity in pressure, causes a significant problem in the quantitative
characterization of strain-induced phase transformations and chemical reactions. Current experimental approaches allow one to measure in local points the concentration of a high-pressure
phase [14,15,32]. With the Raman method, concentration is averaged over the thin layer near the
sample contact surface, where strong plastic strain localization occurs. With X-ray diffraction, the
concentration of a high-pressure phase is averaged over the thickness of a sample (or over a major
portion of the thickness). Consequently, the results and interpretation of the kinetic data have to
be different with different measurement techniques. This indeed was observed experimentally
in [32], where phase transformation in Si under compression in diamond anvils was found in a
thin contact layer only and not in the bulk. Since stress intensity is constant and pressure does not
vary significantly along the thickness but plastic strain does, this difference is a signature of the
strain-induced phase transformation. Strong strain localization near the contact surface implies
that strain-induced transformations and reactions and new strain-induced phases can be detected
in the contact layer using the Raman method. The results obtained on the distribution of components of stress tensor and accumulated plastic strain are an important step in the determination of
local kinetic equations for strain-induced phase transformations [27].
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