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Abstract
A uni®ed ®nite-element approach to phase transformation (PT), twinning and fracture in elastoplastic materials both at small and ®nite strains is developed. The applicability of the approach is
illustrated by numerical solutions of a number of two-dimensional elastoplastic boundary-value
problems, in particular, layer by layer PT progress in a cylindrical specimen, adiabatic straininduced PT at shear-band intersection and in a spherical particle imbedded in a cylindrical specimen, appearance and growth of a temperature-induced martensitic plate in austenitic matrix,
furthermore the appearance of a single twin in an elastoplastic matrix under applied shear stress or
displacement, fracture in a sample with an edge notch and an interaction between PT and fracture
in the same sample. Both time independent and time dependent kinetics are considered. For time
independent kinetics, in order to overcome nonuniqueness of solution of boundary-value problems due to competition between phase transition and plasticity and/or fracture, the global phase
transition and fracture criteria based on stability analysis are applied. The solutions obtained give
insight into various eects, in particular the very complex and nontrivial strain ®eld variations and
their in¯uence on the driving force for structural changes, the peculiarity of interaction between
phase transformation, twinning, fracture and plasticity, eect of strain hardening and adiabatic
heating, formation of a discrete microstructure at phase transition and fracture (in particular, void
nucleation ahead of the crack tip rather than continuous crack propagation). Some of the
numerical results for the driving force are approximated analytically and applied to the analytical
determination of the geometry of phase transformation and fracture zone based on the corresponding extremum principle. # 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Recently a new continuum thermomechanical and kinetic approach has been
developed for the description of a wide class of structural changes (SC) in inelastic
materials, which includes PT, twinning, fracture, strain-induced chemical reactions (see
Levitas 1998a,b,c, 2000a,b; Levitas et al., 1998b). To illustrate the approach, which is
based on a consideration of SC in some volume without introducing the volume fraction (i.e. it includes a detailed description of SC with sharp interfaces between phases)
some simple analytical solutions are obtained and analyzed, in particular for PT in an
ellipsoidal inclusion under prescribed shear stress (Levitas, 1998c, 2000a,b), PT in a
spherical inclusion at a given pressure (Levitas, 2000a,b), chemical reactions in a
shear band (Levitas et al., 1998b; Levitas, 1998c, 2000a,b), spherical void nucleation
and crack propagation in a similar framework as the Dugdale model for a plane
stress state (Levitas 1998b, 2000a,b).
To consider more complex and real problems, appropriate numerical methods
have to be developed. The aim of this paper is to develop a uni®ed ®nite element
approach to phase transformation, twinning and fracture in elastoplastic materials
both at small and ®nite strains. Previously numerical approaches to a description of
PT in some volume of elastoplastic material with small strains and coherent interfaces
were given in the papers by Leblond (1989), Leblond et al. (1989), Ganghoer et al.
(1991), Marketz and Fischer (1994a,b), Reisner et al. (1998), Levitas et al. (1998a).
The analysis of some of them can be found in the papers by Levitas et al. (1998a). A
simple numerical approach to the description of incoherent interfaces and interfaces
with decohesion was suggested in the papers by Idesman et al. (1997a), Levitas et al.
(1998a). A numerical method for the thermodynamic description of PT and twinning
at ®nite strains were recently published in a paper by Idesman et al. (1999b). Kinetic
aspects of PT, consideration of fracture as a deformation process in a ®nite volume as
well as the interaction between fracture and PT in elastoplastic materials are presented here for the ®rst time. The applicability of this approach is illustrated by
solutions of a number of two-dimensional boundary-value problems.
In Section 2 a problem formulation for martensitic PT in elastoplastic isotropic
materials both at small and ®nite strains is presented. The considered problem formulation at ®nite strains includes ®nite plastic and transformation strains and small
elastic deformations. The deformation model is based on the multiplicative decomposition of the total deformation gradient into elastic, transformation and plastic parts.
In contrast to our ®rst papers on PT at ®nite strains (Idesman et al., 1997b, 1999a),
where a symmetric plastic deformation gradient is assumed, a non±symmetric plastic
deformation gradient is used. An additional condition of zero modi®ed plastic spin is
derived for isotropic materials, instead of assuming the symmetry of the plastic
deformation gradient. Such an approach is also very convenient from a computational point of view (Idesman et al., 1999b). A complete set of kinematic and constitutive equations for plasticity is presented in Sections 2.1 and 2.2. Conditions for
coherent and incoherent interfaces as well as interfaces with decohesion are described
in Section 2.3. Thermodynamic criteria and a kinetic equation for SC are presented in
Section 2.4 for time independent and thermally activated kinetics. Particular cases of
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driving forces for PT, twinning and fracture are considered. Extremum principles for
the determination of location and volume of the transformed region are presented in
Section 2.5. For time dependent kinetics the extremum principle corresponds to the
minimum of transformation time, or in a particular case to the minimum of transforming mass combined with the thermodynamic SC criterion. In addition, for time
independent kinetics a global criterion of SC based on stability analysis is analyzed.
The ®nite element algorithm for determination of the stress and strain variations
during SC at the given SC region, brie¯y discussed in Section 3, is realized at ®nite
strains in a step-by-step form with a variable actual con®guration. The use of the current con®guration and the true Cauchy stresses along with assumptions of small elastic
strains and the condition of zero modi®ed plastic spin allows us to apply the radial
return algorithm and to derive quite a simple formula for the consistent elastoplastic
moduli.
In Section 4.1 layer by layer PT progress in a cylindrical specimen is studied. It is
demonstrated that depending on the applied stress and the elastoplastic properties
either continuous interface propagation or formation of a discrete microstructure
follows from the extremum principle used. In Section 4.2 one aspect of nucleation at
shear-band intersection, namely allowing for adiabatic heating during the PT, is
studied. The result is obtained that the eective temperature which appears in the
PT criterion and the kinetic equation diers by 67 K from the transformation start
temperature. This dierence is quite important and is mostly due to transformation
heat. Application of the global PT criterion based on stability analysis is illustrated
in Section 4.3 using the solution of the problem of strain-induced PT in a spherical
particle imbedded in a cylindrical specimen.
The problems of the appearance of a temperature-induced martensitic plate in an
austenitic matrix are solved and analyzed in Section 4.4. Explicit expressions for the
width and length of the plate are obtained in terms of material properties. The following typical cases in the determination of the geometric parameters of the plate
are found: solely from the principle of the minimum of transformation time and the
kinetic equation without any constraints; from the principle of the minimum of
transformation mass and the thermodynamic criterion of SC; furthermore as an
interatomic distance and from the thermodynamic criterion.
The growth of the martensitic plate in an austenitic matrix mentioned above is
studied in Section 4.5. Very complex and heterogeneous stress-strain ®elds in austenite and martensite and their nonmonotonous time variation are obtained. Plastic
shear strain at some points can reach 60% and, after some elastic stage, changes its
sign and vary for about 40% in the opposite direction. The pro®le of the moving
interface (the short side of a plate) varies in a nontrivial way as well: after the
expected pro®le corresponding to transformation shear, it follows the wave-like
pro®le with the resulting shear strain near the corners directed in the opposite
direction to the transformation shear, and ®nally ends up in a practically undeformed vertical line (as before transformation). These results demonstrate the
necessity of ®nite strain treatment. After the appearance of the martensitic plate,
transformation work decreases by a factor of two during the lengthening of the plate
by 10%. This can lead to growth arrest of martensitic plates.
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The appearance of a single twin in an elastoplastic material under applied shear
stress is considered in Section 4.6.
Various scenarios of fracture in a sample with an edge notch are investigated in
Section 5. At a relatively small surface energy, a void nucleation occurs rather than
crack (notch) growth. After a void nucleation fracture propagates in the direction
from void to notch. Using an analytical approximation of some numerical results
obtained, the width and length of the fracture zone are obtained analytically. Typical cases for the determination of two characteristic sizes of fracture region are
similar to those for a temperature-induced martensitic plate.
An interaction between PT and fracture in the same sample is described in Section
6. In particular, an application of the global PT and fracture criteria are used to
analyze the competition between fracture and PT.
The analysis of some known solutions related to the interaction between PT and
plasticity, including our results, is presented in the paper as well.
Direct tensor notations are used throughout this paper. Vectors and tensors are
denoted in boldface type; AB and A : B are the contraction of tensors over one and
two indices; I is the unit second-rank tensor; devA is the deviatoric part of A; jAj :
A : At 1=2 is the amplitude of tensor A. A superscripts t and ÿ1 denote transposed
and inverse operations; subscripts s and a designate symmetrical and antisymmetrical tensor parts; :=means equals per de®nition; a point above indicates the
material time derivative, the indices 1 and 2 denote the values before and after SC.
2. Problem formulation at ®nite strains
Consider a volume V of the multiphase material with a boundary S and prescribed
boundary data. Assume that some volume Vn with a ®xed boundary n relative to the
material points undergoes some SC which include martensitic PT, twinning and fracture
as particular cases in this paper. Martensitic PT is considered as a special type of deformation of a crystal lattice from the parent phase (austenite) into a crystal lattice of product phase (martensite) without diusion, see Fig. 1a, which is accompanied by a jump
in all the thermomechanical properties. This deformation is called the transformation
strain. The transformation deformation gradient cannot be arbitrary (as the elastic or
plastic strain). For each PT the right stretch transformation tensor is a ®xed tensor to
within symmetry operations. All intermediate values of the transformation right stretch
tensor are unstable and cannot exist in an equilibrium. Twinning will be described as a
particular case of martensitic PT without any change in material properties during twin
appearance. The transformation strain in twinning has only shear components, Fig. 1b.
Formally we use the following general de®nition of SC (Levitas, 2000a,b):
The SC is considered as a process of variation of the transformation deformation
gradient and some or all thermomechanical properties in a transforming volume
from the initial to ®nal value. This process cannot be stopped at an intermediate
state in any transforming point.
We consider here such an SC as displacive PT, twinning and fracture. For PT we
will neglect the change in elastic properties, i.e. PT is a thermomechanical process of
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Fig. 1. Deformation due to transformation for phase transformation (a) and twinning (b).

growth of a transformation deformation gradient (or transformation strain in the case
of small strains) in some transforming region Vn from unit tensor I (from zero for the
transformation strain in case of small strains) to a ®nal value which is accompanied by a
change in thermal properties. Twinning will be treated as a particular case of PT without any change in thermal properties and when the transformation strain is simple
shear. Fracture is another particular case without transformation strain, i.e. fracture
will be considered as a thermomechanical process of decrease in Young's modulus E
and the yield stress y from the initial value to zero.
2.1. Kinematics
Let the motion of the uniformly deformed in®nitesimal volume in a process of SC
be described by the function r  r r ; t, where r and r are the positions of points in
the actual Vn and the reference Vn (at t  0) con®gurations, u  r ÿ r is the displacement of a material point, t is the current time. Thermal strains are neglected
because they are small with respect to transformation strains. We present only the
®nal set of equations (given in Box 1) in a form convenient for numerical algorithms
(for the derivation see Idesman et al., 1999b).
For small strains we use a linear decomposition of the total strain " into elastic "e ,
plastic "p and transformation "t parts, see Box 1. We introduce the dimensionless
order parameter  0441 in Eq. (9) for PT and twinning and in Eq. (10) for
fracture. SC starts at   0 and ®nishes at   1.
For ®nite strains we assume a multiplicative decomposition of the total deformation gradient F  @r@r into elastic Fe , transformational Ft and plastic Fp parts, see Eq.
(12), where F  Ve Re ; Ve is the elastic left stretch (symmetric) tensor, Re is the
elastic rotation tensor. The order parameter  is de®ned for PT and twinning by Eq.
(14) and varies from 0 to 1 when the transformation deformation gradient grows
from I to the ®nal maximum value Ft2 determined by crystallography. For twinning,
the transformation deformation gradient represents a simple shear t of the crystal
lattice accomplished in shear direction m across the plane with normal n, i.e.
Ft  I  t mn. For a small strain "t  t mns . In both cases   t2t , where t2 is the
shear of the crystal lattice at the end of PT.
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For fracture the parameter  is de®ned by Eq. (15) which is the same as at small strains.
Here E and E1 are the Young's moduli during and before PT respectively. We assume
that during a fracture process the yield stress y is changed proportional to E.
Using Eq. (12) the velocity gradient l and deformation rate d are decomposed as
follows
:
:
: ÿ1 ÿ1
:
@
ÿ1 ÿ1 ÿ1
 F Fÿ1  Fe Fÿ1
e  Fe F t Ft Fe  Fe Ft F p Fp Ft Fe
@r
:
 Fe Fÿ1
e  lt  lp ;

l :

:
d : ls  Fe Fÿ1
e  s  dt  dp ;

1
2

:
where   r is the velocity vector, lt and lp are the transformational and the plastic
parts of the velocity gradients, dt  lt s and dp  lp s are the transformational and
the plastic parts of the deformation rate (see Box 1).
To de®ne uniquely the elastic and plastic parts of the total deformation gradient
we use the condition that the modi®ed plastic spin is zero, i.e.
:
ÿ1 ÿ1
wp : lp a  Fe Ft Fp Fÿ1
p Ft Fe a  0 and

dp  l p :

3

This constitutive result can be derived for isotropic materials by some extension
and application of a method developed by Levitas (1998d) for the case with PT.
Here we use another method of derivation of Eq. (3) similar to that developed by
Dafalias (1984) for materials without PT. Assume that the modi®ed plastic spin wp is
a function of the plastic part of the deformation rate dp and the Cauchy stress tensor
T, i.e.


:
ÿ1 ÿ1
F
F
 f dp ; T:
4
wp : Fe Ft Fp Fÿ1
p
t
e
a

Using the representation theorem (Dafalias, 1984) the expression for the modi®ed
plastic spin wp can be written as


ÿ

wp  f dp ; T  1 dp Ta  2 d2p Ta  3 dp T2 a 4 dp Td2p
a
5
ÿ

 5 Tdp T2 a ;
where i are the functions of invariants of tensors dp and T. For isotropic materials
tensors dp and T are coaxial [see constitutive Eq. (23)] and all the terms in the right
part of Eq. (5) are zero and wp  0.
A similar condition for wp is accepted in many papers on large strains without PT,
see for example Weber and Anand (1990); Cuitino and
: Ortiz (1992). It allows us to
determine the rate of plastic deformation gradient Fp through the rate of plastic
deformation dp (see below).
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In our ®rst papers on PT simulations at ®nite strains (Idesman et al., 1997b,
1999a) we used in Eqs. (12) and (18) the symmetric plastic deformation gradient Up
with 6 components instead of Fp with 9 components as here. Therefore, we did not
need additional equations like Eq. (3) (3 equations in a component form). But the
®nal equations in the papers by Idesman et al. (1997b,1999a) are more complicated
for calculations, as we have to use objective derivatives in a numerical scheme.
For the description of elastic strain we use the elastic strain tensor Be de®ned by
Eq. (13). We assume that the elastic strains are small, i.e. Ve  I  "e ; "e  I, then
Vÿ1
e  I ÿ "e and Be  "e .
In the approach presented the transformation deformation gradient Ft should be
prescribed as input data. For the solution of the PT problem we vary it according to
Eq. (16). The ®nal value of the transformation deformation gradient Ft2 is determined in this paper according to the crystallographic theory of PT [see Wechsler,
Lieberman & Read, 1953; Nishiyama, 1978). This means that the transformation
strain corresponds to a deformation with an invariant (nondeformable and nonrotating) plane, which is called a habit plane.
For a material point without PT we must prescribe in the equations presented
above that Ft  I for deformation before PT or Ft  Ft2  const for deformation
after PT.
2.2. Constitutive equations
We use the thermodynamically consistent system of the constitutive equations for
isotropic elastoplastic materials with PT and isotropic hardening which have the
same form at small and ®nite strains and presented in Box 1, Eqs. (21)±(24).
Detailed derivation of these equations can be found in the paper by Idesman et al.
(1999b). Here q is the accumulated plastic strain; i  3=2s : s1=2 is the stress
intensity; s  devT is the deviatoric part of the Cauchy stress tensor T; y q;  is the
yield stress, a function to be found experimentally; E is the elastic modulus tensor;
K and G are the bulk and shear elastic moduli; I1 "e   I : "e is the ®rst invariant
of "e .
2.3. Incoherent interface and interface with decohesion
Under some circumstances displacement discontinuities across the interface can
occur which signi®cantly aect PT conditions. We have developed a simple way of
admitting incoherence (sliding) and decohesion by treating them as a contact problem (Levitas, 1997,1998a; Idesman et al., 1997a; Levitas et al., 1998a). Three types
of interfaces between new and old phases are considered: coherent (with continuous
displacements across the interface), incoherent (with discontinuous tangential displacements across the interface) and the interface with decohesion (with crack at the
interface). We assume that PT and incoherence (decohesion) criteria are thermodynamically mutually independent and that these processes are coupled through the
stress ®elds only. If during the growth of Ft (or "t in case of small strains) and variation of material thermomechanical properties in a nucleus a chosen decohesion
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criterion is met at some point of the interface, the crack appears or grows. If with
the variation of Ft the incoherence criterion is satis®ed, we admit sliding in this point
until a value where the criterion is violated. After completing the PT we check with
the PT criterion whether PT is thermodynamically admissible. Consequently, the
growing transformation deformation gradient Ft generates the stresses which are
necessary for the appearance of decohesion or incoherence, and decohesion and
incoherence change the stress variation in the transforming particle. As the simplest
decohesion (incoherence) criterion we assume that, if the normal to interface tensile
(or shear) stress reaches some critical value, then the fracture (or sliding) in this
point occurs. These conditions are given in Box 1, where n n and c are normal and
tangential stresses at the interface; n is the unit normal to the interface, c and s are
:
:
critical values of normal and shear stresses; un n; u are the normal and tangential
velocity at the interface; l1 is the positive multiplier, the upper indices 1 and 2
identify those belonging to the parent and the product phases.
There is an alternative, a much more detailed and consequently complex way to
treat displacement discontinuity. One can consider nucleation of discrete dislocations and cracks at the interface as additional structural change and apply the same
theory of SC.
2.4. Thermodynamics and kinetics of SC
The key points of our approach are as follows (Levitas, 1998b,c, 2000a,b). Using
the second law of thermodynamics, the dissipation rate due to SC only, D, is separated from other dissipative contributions (e.g. due to plastic deformation) and
:
expressed as a product of the generalized (driving) force X and rate , see Eq. (29).
The force X is the global dissipation increment due to SC only during the complete
:
SC in the transforming region; the rate  is the reverse transformation time ts , Eq.
(30). Here mn is the mass of transforming region, X is the driving force per unit mass
and X is the volumetric part of the driving force, ÿ is the increment of the total
surface energy of transforming volume.
Eqs. (31) and (32) represent the general expression for the volumetric part of the
driving force, where ' is the mechanical contribution and we assumed for simplicity
that the speci®c heat  does not change during the SC. Then the increment of the
thermal part of Helmholtz free energy is    s0 0 ÿ ef , where so is the jump
in reference values of entropy,  is the temperature, o is the equilibrium temperature
which is determined from the condition that the jump in the thermal part of the
Helmholtz free energy is zero at   0 ;   0   0. The eective temperature ef is
the temperature averaged over the transformation process and mass of the transforming region, see Eq. (33), where  is the mass density.
For PT and twinning we neglect the change in elastic moduli [Eqs. (34) and (35)]
in this paper. For twinning additionally s0  0 [Eq. (35)]. For the fracture transformation strain is absent [Eq. (36)].
The temperature evolution equation Eq. (37) in adiabatic approximation (see
Levitas et al., 1998b; Levitas, 2000b) contains two heat sources, namely due to stress
power and heat of SC.

A.V. Idesman et al. / International Journal of Plasticity 16 (2000) 893±949

901

As is usual in irreversible thermodynamics, the kinetic equation between force and
:
rate Xu  Ku ; . . . (or between rate and force which can be expressed in the form
ts  F Xu ; . . .) has to be given.
We will consider two types of SC kinetics:
:
. Athermal kinetics, for which Ku is independent of the rate  . In this case real
time and rate do not play a part, SC occurs instantaneously when X reaches
dissipative threshold K0 [Eq. (38)].
. Time-dependent thermally activated kinetics. We assume that SC starts, when
the driving force exceeds some threshold K0 , which is athermal part of the
:
driving force, see Eq. (43) (at X ÿ K0 < 0   0). Following Levitas (1998b),
we consider the size-dependent Arrhenius-type kinetics Eq. (44). Here Ea is the
activation energy per unit mass at X ÿ K0  0, R is the gas constant, to is some
characteristic time, n is the number of atoms in volume Vn which undergo
thermal ¯uctuations, N is the Avogadro's number. Last inequality in Eq. (44)
means the positiveness of an actual activation energy E a : Ea ÿ X  K0 ,
otherwise the process does not need thermal activations. By introducing the
eective temperature we also take into account the fact that temperature can
vary signi®cantly during the SC.
There are a lot of sources of athermal dissipation K0 due to PT (Olson and Cohen,
1986):
1. Interaction of transformation strain or moving interface with various defects,
e.g. point defects (solute and impurity atoms, vacancies), dislocations, grain,
subgrain and twin boundaries and precipitates;
2. Emission of acoustic waves;
3. Crystal periodic resistance force (Peierls barrier).
The value K0 can be dierent for nucleation and interface propagation, as well as
for direct and reverse PT, and it seems to be a very complex functional of the thermomechanical deformation process and the material microstructure. At the same
time in the papers by Levitas (1997, 1998a) the surprisingly simple formula (39) is
obtained by comparison of some high pressure experiments with the solution of
corresponding boundary-value problems assuming athermal kinetics, where  y is the
current value of the yield stress averaged over the transforming region before PT,
3"o is the volumetric transformation strain, and L is the coecient. The value L was
determined by Levitas (1997) for some materials. The physical interpretation of Eq.
(39) is as follows. The parameter K0 characterizes an interaction of moving interface
and material microstructure, and the yield stress is an integral characteristic of
microstructure because plastic ¯ow represents the motion of dislocations through
the same obstacles (point, linear and other defects). If we assume the validity of Eq.
(39) in the general case, then the dependence of K0 on temperature, plastic strain,
plastic strain rate and history, grain size and so on are determined. At large strains,
according to the regularity revealed by Levitas (1996), y and consequently K0 have
to be strain and strain-history independent.
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Just by analogy we can assume a validity of the similar formula K0  A y for
twinning and fracture in plastic materials and try to ®nd experimental arguments for
this hypothesis in future.
2.5. Extremum principle for SC
In a general case the actual position, shape and orientation of volume Vn of a new
transforming region, transformation strain and so on (which we designate by the
vector of unknowns b) in the SC criterion (38) or (43) and kinetic Eq. (44) are
unknown. To determine them for time independent kinetics, we can use the extremum principle (40) which follows from the postulate of realizability (Levitas, 1995,
1998a), where b is the admissible value of the vector b. The physical interpretation
of the principle (40) is as follows: as soon as during the increase in the driving force
the SC criterion (38) is ful®lled for the ®rst time for some parameters b, SC occurs
with this b. For all other b the inequality (40) is valid, because in the opposite case
the SC criterion (38) will be met for this b earlier than for b.
It is possible that under the given increment of boundary conditions the thermodynamic criterion of SC (38) and extremum principle (40) allow several solutions,
e.g. transformation in dierent places, a solution with PT or fracture. At least two
solutions are always possible when thermodynamic criterion of SC can be met: ®rst,
the solution with the SC, second, the solution without the SC, because all ®eld and
constitutive equations of continuum mechanics are satis®ed. Such a situation was
revealed in the papers by Levitas (1995) and Levitas et al. (1999) for PT. It was
suggested that the best unique solution among all possible is the stable one. To formulate the stability criterion the postulate of realizability is again applied. Using it,
the extremum principle for the whole volume is derived to choose the stable solution. The general extremum principle (Levitas, 1995) is too bulky. Here we will use
the simpli®ed versions (41) or (42) of this principle either at the prescribed displacements u or at a given traction vector p at the boundary S of volume V, where u1
and u2 correspond to the start and end of SC. It follows from principles (41) or (42)
that the stable solution minimizes the work of external stresses at given displacements and maximizes the work of external stresses at prescribed tractions. Consequently, the ful®llment of the thermodynamic SC criterion is not sucient for the
occurrence of SC and only the extremum principle (41) or (42) which represents the
global SC criterion yields the ®nal solution.
For time dependent kinetics the postulate of realizability results in the principle of
the minimum of transformation time (Levitas, 1998b,c), see Eq. (45). Let a characteristic size of nucleus not be determinable from principle Eq. (45) alone, because
the thermodynamic criterion of SC is violated. Then the thermodynamic restriction
X b  ÿ K0 b  0 has to be taken into account. Allowance for this constraint in Eq.
(45) when Ea and ef are independent of b results in the principle of the minimum of
transforming mass (47) and a simpli®ed kinetic Eq. (48).
Note that for fracture, extremum principles similar to those presented by Eqs. (41)
and (42) are derived by Bazant (1989); analysis of the method of derivation is given
by Levitas (1995).
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Box1. Field and constitutive equations
1. Kinematics
(a) Small strains
:
Linear decomposition of the total strain " and the total strain rate "
 
@u
 "e  "p  "t ;
" :
@r s

6

 
@t
:
:
:
 " e  dp  " t ;
" :
@r s

:
dp  "p :

7

Accumulated plastic strain

:
q : 2=3dp : dp 1=2 :

8

The dimensionless order parameter 
j"t j
for PT and twinning;
 :
j"t2 j

 : 1 ÿ

E
y
1ÿ
for fracture:
y1
E1

9

10

The transformation strain "t
"t  "t2 ;

 2 0; 1

(b) Finite strains
Multiplicative decomposition of the total deformation gradient F
@r
 Fe Ft Fp  Ve Re Ft Fp :
F
@r

11

12

The elastic strain tensor Be
Be : 0:5 Fe Fte ÿ I  0:5 Ve Ve ÿ I  "e 5I:
The dimensionless order parameter 
j F t ÿ Ij
for PT and twinning;
 :
jFt2 ÿ Ij

13

14
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 : 1 ÿ

E
y
1ÿ
for fracture:
y1
E1

15

The transformation gradient Ft
Ft  I   Ft2 ÿ I;

 2 0; 1

16

Decomposition of the total deformation rate d
 
:
@
 Fe Fÿ1
d :
e s  d t  d p ;
@r s

17

:
:
ÿ1
ÿ1
ÿ1
ÿ1
ÿ1
dp : Fe Ft Fp Fÿ1
p Ft Fe s  Fe Ft F p Fp Ft Fe ;

18

:
:
ÿ1
ÿ1
ÿ1
dt : Fe Ft Fÿ1
t Fe s  Fe  Ft2 ÿ IFt Fe s  :

19

:
Accumulated plastic strain q : 2=3dp : dp 1=2 :

20

2. Constitutive equations

Hooke0 s law

T  E : "e  KI1 "e I  2Gdev"e :

Yield function
Plastic flow rule

f T; q;   i ÿ y q; 40:
dp  ls:

The Kuhn ÿ Tucker conditions

3. Equilibrium equations
rT  0.

21
22
23

f T; q; 40; l50; lf T; q;   0:

24
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4. Sliding condition at the interface
:1
js n j < c ) u2 ÿ u  0

coherent interface;

:2
:1
js n j  c ) u ÿ u  l1 s n ;

:
:
u2n ÿ u1n  0;

incoherent interface:

25

l1 50
26

5. Decohesion condition at the interface
:2
:1
n < c ) u ÿ u  0;
:2
:1
n  c ) u ÿ u 6 0;

27
n  0;  n  0;

28

Box 2. Equations for structural changes in some
transforming region
1. Definitions
Dissipation rate due to SC
:
D  X u ;
X
1
: X : X ÿ

mn
mn

29

n

ÿdn ;

1
:
 :
ts

30

General expression for the driving force
X : ' ÿ s0 0 ÿ ef ;

31
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1
mn

' :



1

Vn

0

T : dt

dt
1
d ÿ
d
2

E2
E1


"e : dE : "e dVn :

32

Effective temperature
ef 

1
mn

1
Vn 0

ddVn :

33

Phase transformation E  0
'

1
mn

1
Vn 0

T : dt

dt
ddVn :
d

34

Twinning E  0; s0  0
X'

1
mn

1

dt
ddVn :
d

35

"e : dE : "e dVn :

36

Vn 0

T : dt

Fracture Ft2  I
'ÿ

1
2mn

0
Vn E1

2. Temperature evolution for adiabatic SC-processes
:
: 1
  T : d ÿ s0 0  :


37

3. Constitutive equations
(a) Time-independent kinetics
SC criterion
X  K 0 :

38
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Dissipative threshold K0 for phase transformation
K 0  3L y "o :

39

Extremum principle for SC
X b  ÿ K 0 b  < 0  X b ÿ K 0 b:

40

Extremum principle for the determinationof a stable solution (global SC criterion)
u2
S u1

pdudS ) min

41

(a particular case at prescribed u at S).
u2
S u1

pdudS ) max

42

(a particular case at prescribed p at S)
(b) Thermally activated kinetics
SC criterion
X 5K 0 :
Kinetic equation

0 
1
X ÿ K 0 ÿ Ea mn N
A
ts  to exp@ÿ
n
Ref

43

at

04X ÿ K 0 4Ea :

Principle of minimum of transformation time


X b  ÿ K 0 b  ÿ Ea b  mn N
! min:
ts  to exp ÿ

n
Ref
Principle (45) under thermodynamic constraint
X b  ÿ K 0 b   0

44

45

46

at Ea and ef independent of b, namely the principle of the minimum of transforming mass
mn ! min:
Simplified kinetic equation


Ea mn N
:
ts  to exp
Ref n

47

48
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3. Numerical method
For time dependent kinetics a general scheme for the application of SC criterion
(43), kinetic Eq. (44) and extremum principle (45), as well as the temperature evolution Eq. (37) is as follows. All the material properties and constitutive equations
must be given for each intermediate state of SC, i.e. for  2 [0,1]. Then we assume
that at some prescribed initial and boundary conditions some SC occurs in some
region Vn . We introduce the transformation strain and change the material properties from initial to ®nal values incrementally in a possible SC region. After solving
the elastoplastic and thermal boundary-value problems for each step we determine
the variation of all the ®elds, calculate the driving force X and resistance K0 and at
X ÿ K0 50 determine the SC time ts from Eq. (44) or (48). Then we vary the possible
SC region and way of varying the transformation strain and properties from initial
to ®nal values in it and ®nd such a SC region and the way of varying the transformation strain and properties which minimize the transformation time. For time
independent kinetics the procedure is as follows. In the same way as for time
dependent kinetics we determine X ÿ K0 for the chosen SC region. Then we vary the
possible SC region (and way of varying the transformation strain and properties
from initial to ®nal values in it) and ®nd such an SC region which maximizes
the dierence X ÿ K0 , see Eq. (40). Then the SC starting temperature s , or the
increment of boundary conditions or initial conditions are determined from the SC
criterion X ÿ K0  0.
It is necessary to note that in our numerical approach we consider `inverse' problems, i.e. instead of a `direct' problem of determining the transforming region at
some variation in temperature or (and) boundary conditions we solve a set of
`inverse' problems for which the position and the size of the transforming region
(nucleus) and the way of varying the transformation strain and material properties
in it are prescribed in advance.
In our concrete problems the way of varying the transformation strain and properties from initial to ®nal values is ®xed. In particular, the transformation deformation gradient varies homogeneously in the transforming region according to Eq. (16)
for PT and twinning, for fracture Young's modulus E, and the yield stress y
decrease homogeneously in the transforming region proportionally to  [see Eq. (15).
The temperature during PT is assumed to be homogeneous and ®xed, or an adiabatic process holds.
We do not present here the numerical algorithm developed which is described in
detail in the paper by Levitas et al. (1998a) for small strains and in the paper by
Idesman et al. (1997b, 1999a,b) for ®nite strains for PT and twinning. We note only
its main characteristic features. As a fracture in our approach is treated as a particular case of PT, then for fracture and PT we use the same numerical algorithm. For
spatial discretization FEM is used (quadratic triangular ®nite elements are used for
all the model problems considered below).
1. In order to calculate the variation of stress-strain state during PT or twinning
or for fracture, we have to solve an elastoplastic problem incrementally with the
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prescribed transformation deformation gradient Ft (or with the transformation
strain "t at small strains) for PT and twinning or with the decreasing Young's
modulus and yield stress in the region where fracture is assumed to occur. Such
a formulation for SC is kinematically similar to the problem of thermoplasticity with anisotropic thermal expansion, i.e. the order parameter  can be
treated like the temperature and the transformation deformation gradient (or
the transformation strain at small strains) like the thermal deformation gradient (or the thermal strain at small strains). At small strains such a problem
for PT is solved by the well-known numerical algorithms for thermoelastoplasticity in all the works on PT which were available to the authors (see
for example Ganghoer et al., 1991; Marketz and Fischer, 1994a,b; Reisner et
al., 1998; Levitas et al., 1998a and others). At ®nite strains an extension of
the algorithms based on the multiplicative decomposition of the deformation
gradient was proposed in a paper by Idesman et al. (1999b) for the case with
PT and twinning. The use of the current con®guration and the true Cauchy
stresses along with assumptions of small elastic strains and the condition of
zero modi®ed plastic spin allows us to apply the radial return algorithm and
to derive quite a simple formula for the consistent elastoplastic moduli. Some
modi®cations of the iterative algorithm related to the numerical integration of
constitutive equations along with the radial return algorithm are suggested in
order to improve the accuracy of solutions for large increments in external
load (such modi®cations can be used for any elastoplastic problem without
SC as well). A similar approach will be applied in this paper to fracture as
well.
2. A proposed simple model for an incoherent interface and interface with decohesion [see Eqs. (25)±(28)] prescribes the special conditions at the interfaces
between parent and product phases. Mathematically these conditions are
equivalent to the usual contact conditions for elastoplastic problems. To solve
a contact problem we use a numerical algorithm proposed by Idesman and
Levitas (1995) which includes the combination of iterative cycles to allow for
incoherence (decohesion) and plastic deformation. In ®nite element discretization the pair of nodes with the same coordinates are introduced at the interfaces.
3. The simplest approach to solving the extremum problem for the determination
of PT regions is given by Levitas et al. (1998a) for small strains and time
independent kinetics. A similar method can be used for ®nite strains and time
dependent kinetics as well. It includes checking the set of regions for the possibility of SC and the choice of the most favorable one according to the extremum principle. But unfortunately such a procedure requires huge computation
time and additional investigations regarding the mesh dependency of the solutions obtained. Here we will use a simpli®ed method to ®nd a ``constrained''
solution. The shape of the transforming regions (in our case rectangular) is
assumed and the geometric parameters of the transforming regions and (or)
their sequence will be found as a solution of the corresponding extremum
problem.

910

A.V. Idesman et al. / International Journal of Plasticity 16 (2000) 893±949

4. Numerical study of phase transformations and twinning in elastoplastic materials
The following presumptions hold for the problems considered below.
(a) For PT the volumetric transformation strain is small, and the mass densities 
for the parent and product phases are approximately the same.
(b) Elastic properties of the product and parent phases for all the problems considered are the same: Young's modulus E=2.105 MPa, Poisson ratio o =0.3.
4.1. Progress of PT (layer by layer) in a cylindrical sample
Axisymmetric problems for the sequence of PT layers prescribed in advance with
the coherent and incoherent interfaces and time independent kinetics were studied in
the papers by Idesman et al. (1997a) and Levitas et al. (1998a). Here we consider
another formulation. Fig. 2 shows a cylindrical sample. The half of its cross-section
is subdivided into 5 layers in which PT can occur. The following assumption is made
for the PT calculation: PT occurs at any time instant in one layer only. For this
state, the whole deformation process of PT in the layer has to be computed. Every
layer is considered as a possible new nucleus. Only after ®nishing PT in one layer
can PT start in another one.
The following boundary conditions are applied:
. along CD and DE boundaries un  0; n  0;

Fig. 2. Half of the cross-section of a cylindrical sample with layers I±V, where PT can occur.
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. along EF boundary n  n  0 (free surface);
. along CF boundary n  P; n  0,

where un is the normal displacement, n is the tangential stress, n is the normal
stress, P is the prescribed ®xed compressive stress P (we study two cases with P=100
and 180 MPa). The new phase is assumed to be elastic at once after beginning of PT.
The following two cases of the plastic properties of the matrix are considered: (a) a
perfect elastoplastic material with the yield stress y =180 MPa; (b) an elastoplastic
material with isotropic hardening y =250+2000 q MPa.
The PT in a layer is simulated by an increase in the compressive volumetric
transformation strain "o from 0 to the ®nal value ÿ0.01 with increment j"o j  0:002
(the dilatational PT is considered). PT is initiated by homogeneous variation of
temperature. During PT the temperature is assumed to be ®xed and its value is
determined from the PT criterion.
First let us analyze the results obtained by Idesman et al. (1997a) and Levitas et al.
(1998a). It appears that the coherent interface in an elastic material at K0  const is
unstable, i.e., if PT occurs in the ®rst layer, then, at the same temperature and external
stresses, PT should occur in all the remaining layers, because the transformation work
' grows. To describe the stable phase equilibrium we should assume heterogeneous
distribution of K0 or growing K0 with increasing volume fraction c of the new phase.
It is assumed for an incoherent interface in the elastic matrix that after completing
the PT in the layer the displacement discontinuities at the layer interface do not
change. This corresponds to the frozen surface dislocations. The incoherence stimulates PT signi®cantly in the ®rst layer (' increases). The mechanical part of the
driving force ' in the second layer for an incoherent interface is smaller than for a
coherent interface, but a little larger than for the ®rst layer with the incoherent
interface. That is why at K0  const or for slightly growing K0 c an incoherent PT
in the second layer can occur at once after PT in the ®rst layer under the same
external conditions. The value ' for incoherent PT in the third layer is smaller than
in the ®rst and second layer and much smaller than in the third layer for coherent
PT. If the value K0 c is large enough to stop the coherent interface motion with
®xed external parameters after PT in layers 2-4 (' ' 0 MPa), then it is necessary to
change the external parameters very signi®cantly in order to shift the incoherent
interface (' ' ÿ12 MPa). With such changes in external parameters PT can occur at
other places in a sample, which leads to the formation of a discrete microstructure.
The results of the computation explain the known experimental facts that an incoherent interface has low mobility or cannot move at all. The reason for the
decreasing value of ' for an incoherent interface is the change in internal stresses.
A plastic deformation of the matrix acts in the same way as incoherence: it promotes nucleation, the PT in the second layer occurs immediately after PT in the ®rst
layer under the same external conditions. For PT in 3±5 layers it is necessary to
change the external condition in order to enforce PT, i. e. due to plasticity it is possible to obtain a stable interface motion.
In the given paper we study the application of the extremum principle (40) to the
computation of PT regions. We consider various values of the external force P and
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materials with various plastic properties of the matrix. The interface between the
parent and product phases is assumed to be coherent.
The following algorithm is used for the determination of the PT region. First of all
we consider PT in each of 5 layers (5 independent problems), calculate the driving
force and the threshold for each layer and choose the layer with the maximum value
X ÿ K0 . If K0 is a constant, then the layer corresponding to the maximal driving force
is chosen. In this layer PT occurs ®rst of all according to the extremum principle for
PT (40). In order to determine the next transforming layer, each of the remaining 4
layers is considered as a possible PT region and the procedure of searching for the
next layer with PT is repeated. In this way we can calculate PT progress in all the
layers. The local stress and strain ®elds in the sample appeared after PT in the transformed layers are used as the initial data for the solution of the next layer. The ®nite
element mesh with re®nement in transforming layers is shown in Fig. 3.
The results of the calculations presented in Figs. 4±10 show that dierent combinations of external conditions and elastoplastic properties are responsible for the
formation of dierent microstructures. At P =100 MPa, y =180 MPa and constant
K0 the calculated mechanical part ' of the driving forces presented in Fig. 4 determines the formation of a discrete microstructure, Fig. 5. At ®rst PT occurs in the
®rst layer for which the value '=ÿ5.2 MPa is the largest among all the 5 layers (see
the ®rst 5 columns in Fig. 4). Then PT occurs in the 3rd and the 5th layers for which

Fig. 3. Finite element mesh with re®nement in transforming layers.
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Fig. 4. Values of the transformation work ' for each layer for PT at P=100 MPa and y =180 MPa.

Fig. 5. A discrete microstructure obtained during PT at P=100 MPa and y =180 MPa.

the value ' is the largest among the remaining 4 and 3 layers respectively (see the
second 4 columns and the third 3 columns in Fig. 4). Finally, PT in the fourth and
then in the second layer occurs. The progress of PT is accompanied by a decreasing
mechanical part of the driving force ' from ÿ5.2 MPa for the ®rst layer to ÿ12.9
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Fig. 6. The distribution of pressure (a,c,e) and equivalent plastic strain (b,d,f) in the sample after PT in
1st (a,b), 1st and 3rd (c,d), 1st, 3rd and 5th (e,f) layers.
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Fig. 7. Values of the transformation work ' for each layer during PT at P=180 MPa and y =180 MPa.

MPa for the third layer, which requires considerable variation in temperature for the
PT progress. In Fig. 6 the distribution of pressure and equivalent plastic strain during PT progress is shown. The stress and strain ®elds in regions where PT have
already occurred aect the PT condition in new regions.
The solution of the problem for P=180 MPa and y =180 MPa presented in Figs.
7 and 8 demonstrates another scenario of PT progress, namely, the subsequent PT in
layers occurs, i.e. after the ®rst layer PT occurs in the second one, then in the third
layer and so on. Such a PT progress corresponds to motion of the coherent interface, see also Idesman et al. (1997a).
One possible reason for the formation of a discrete microstructure for a plastically
hardening material is related to the linear dependence of K0 on yield stress  y ,
averaged over the transforming layer at the beginning of PT, see Eq. (39), where the
value L is equal to 7.48 for steel (see Levitas, 1997). For linear hardening materials it
is equivalent to the linear dependence of K0 q on the accumulated plastic strain q,
averaged over the transforming layer at the beginning of PT (K0 q  K00 
K0 q; K0 q  aq, where K00 and a are the material constants). The results of the
problem for a hardening elastoplastic matrix with y q=250+2000 q and P=100
MPa are given in Figs. 9 and 10. Without allowing for the dependence of K0 q on
accumulated plastic strain q the subsequent PT in layers occurs (see Fig. 9), i.e. after
the ®rst layer PT occurs in the second one, then in the third layer and so on.
Allowing for this dependence the formation of the discrete microstructure (see Fig.
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Fig. 8. The distribution of pressure (a,c,e) and equivalent plastic strain (b,d,f) in the sample after PT in
1st (a,b), 1st, 2nd and 3rd (c,d), 1st, 2nd, 3rd, 4th and 5th (e,f) layers.
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Fig. 9. Values of the transformation work ' for each layer for PT at P=250+2000 q.

10) occurs as in Fig. 5. Consequently, for the general case of the variable K0 the
simpli®ed approach based on maximization of the transformation work ' leads to
wrong results. Application of the more general extremum principle (40) derived with
the help of postulate of realizability is required.
As plastic deformations are concentrated near the interface and decay with growing distance from the interface, the value K0 decays when moving away from the
interface. Strain hardening in the layer next to the transforming one suppresses the
subsequent PT in it. In fact, the plastic strain ®eld in Fig. 6 determines the natural
spacing between transforming regions if it is varied.
4.2. Adiabatic nucleation at shear-band intersection
It is known from experiments (see Olson and Cohen, 1972; Olson, 1984; Stringfellow et al., 1992) that
.
.
.
.

shear-band intersections are the major nucleation sites;
growth beyond the intersection region is generally very restricted;
transformation occurs during the intersection events;
transformation does not occur at every shear-band intersection.
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Fig. 10. Values of the expression ' ÿ K0 for each layer for PT at P=100 MPa and y =250+2000 q.

The mechanical formulation and the solution of a model problem of nucleation at
shear bands at a ®xed homogeneous temperature and K0  const are described by
Idesman et al. (1999b) and in more detail by Levitas et al. (1999). Let us summarize
the results reported in the last paper. It was demonstrated that for strain-induced
transformation at shear-band intersections the transformation work is maximal in
comparison with other possible locations, i.e. shear-band intersection is in fact the
most favorable nucleation place. Further growth of the nucleus beyond the intersection is inhibited, because the transformation work decreases signi®cantly and
transformation at other shear-band intersections is favored. The higher transformation work explains also why PT is favored during the intersection event rather
than after intersection and cooling at ®xed stress. Transformation work depends
strongly on the number of active shear-band intersections at the prescribed macroscopic strain increment. This favors sequential transformation at multiple intersections, even when the intersections are completely equivalent. At a given temperature,
the necessary transformation work is determined from the PT criterion, and the
number of active intersections is obtained using the numerical solution.
Hence, all four experimental observations enumerated above can be at least qualitatively described in the framework of continuum thermomechanics without
detailed physical mechanisms. Of course, this does not diminish the role of concrete
micromechanisms of interaction of PT and plasticity. An important point is that there
are pure macroscopic (mechanisms-independent) reasons for the above phenomena,

A.V. Idesman et al. / International Journal of Plasticity 16 (2000) 893±949

919

and that each microscopic mechanism has to be checked from point of view of
continuum thermodynamics.
Further, the relevance of stability analysis for strain-induced PT has been
demonstrated. According to the stability criterion (41), when the macroscopic  ÿ "
curve for the solution with PT exceeds the  ÿ " curve for the solution without PT,
the PT will not occur, even when the local PT criterion can be satis®ed. We will
illustrate this in more detail for the next problem.
Calculations also demonstrate a large dierence between PT conditions for displacement and stress controlled boundary conditions. For given ®xed external
stresses martensite growth increases the macroscopic axial strain and the transformation work, favoring growth beyond the intersection region, in contrast to the
restricted growth predicted under displacement control. Maximum transformation
work corresponds to the case when the whole band transforms into the martensitic
state without plastic straining and is equal to the total work of the applied stress.
Consequently, in stress controlled experiments shear band intersection is not the
best place for nucleation. A plate-like nucleus is more favorable. These results are in
line with experiments.
In a shear band and at the shear-band intersection an adiabatic heating is expected
which can signi®cantly change thermodynamic and kinetic conditions for PT. Here
we consider the adiabatic formulation of a PT problem. The cross section of a
sample for the case of a plane strain state is given in Fig. 11. The following

Fig. 11. Cross-section (a) and FE mesh (b) of a sample with a martensitic nucleus 1 at the intersection of
two shear-bands (I and II).
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assumptions hold: shear bands are introduced in advance; the material deforms
elastoplastically within shear bands and elastically only outside shear bands; the
nucleus appears at the shear-band intersection in the region I. The following thermomechanical properties of steel are used in calculations: yield stress ym =250 MPa
for an austenitic matrix (the nucleus is assumed to be elastic at once after beginning
of PT); =7.8.10ÿ9 Ns2/mm4, s0 =ÿ11.6.107 mm2/Ks2, =0.46.109 mm2/Ks2,
K0 =11.3.109 mm2/s2, 0 =440 K.
The following boundary conditions apply:
. along AB boundary, un  0; n  0;
. along CD boundary, un  umax  0:24, n  0 (umax is the prescribed normal
displacement);
. along AC and BD, boundaries n  n  0 (free surface).
The transformation deformation gradient Ft2 and the order parameter  are subdivided into 60 increments for calculations. In the local cartesian coordinate system
(axes X01 and X02 are directed along shear bands, axis X3 is orthogonal to them) the
transformation deformation gradient Ft2 has the following components
Ft2 11  1; Ft2 12  0:2; Ft2 21  0; Ft2 22  1:026; Ft2 33  1;

49

and the other components are zero.
We assume that during the PT not only the transformation deformation gradient,
but also the prescribed displacements grow proportionally to the order parameter ,
u   u1  umax ÿ u1 ;

50

which means that the transformation deformation gradient grows proportionally to
u
the prescribed displacement. We start PT at "  AC1  0:14%, when plastic strains
appear in shear-band regions. This corresponds to the situation where transformation occurs during the shear-band intersection event. As initial conditions we assume
that at the beginning of PT the temperature is homogeneous and equal to the
transformation starting temperature s .
The temperature in the nucleus during adiabatic PT can be represented as
  s  ;

51

where   [according to (37)] is equal to
  

1



0

T : dt

dt
s0 0 
ddVn ÿ
:
d


52

Then allowing for Eqs. (33), (51), (52) the PT starting temperature s can be calculated from the PT criterion (38)
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' ÿ s0 0 ÿ s 


mn

1
Vn 0



dt
d  K0 :
d
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The value of ' and the integral in Eq. (53) are calculated based on the ®nite element
solution.
Remark. In fact, we assumed that the PT starting temperature is s  300 K and found
the value K0 =11.3109 mm2/s2 (which we assumed to be given above) from PT criterion (53).
The temperature distribution in the nucleus after PT is shown in Fig. 12. The
homogeneous temperature increase due to the term ÿ s0 0 is equal to 111 K, i.e. this
is the main contribution to temperature variation. Due to the higher yield stress in
the nucleus and the presence of relatively high transformation shear as an inelastic
(eigen) strain, the plastic strain in the nucleus for the given problem is small and
much smaller than in shear bands near the nucleus. The heat source related to stress
work is mostly due to transformation work. Stresses are quite heterogeneously distributed in the nucleus and change the sign. In the upper and lower corners of the
nucleus the stress work is negative and the temperature is lower than 411 K, in other
parts of the nucleus the stress work produces additional heating.
The eective temperature ef found from PT criterion (53) is equal to 367 K. At
isothermal approximation the PT starting temperature would be 367 K, i.e. allowing
for adiabatic heating the transformation starting temperature decreases to 67 K.
Allowance for an eective temperature of 367 K instead of s  300 in kinetic Eq.
(44) or (48) is equivalent to a decrease in activation energy by a factor of 1.223.

Fig. 12. Temperature distribution in nucleus 1 after PT (s =300 K, e;f =367 K).
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4.3. Phase transition in a spherical particle within a cylindrical sample
Let us consider axisymmetric problems for a unit cell consisting of a spherical
inclusion within a cylindrical matrix (Figs. 13 and 14). At stress controlled boundary
conditions problems related to PT in spherical inclusion were solved by Levitas et al.
(1998a) for coherent and incoherent interfaces and an interface with decohesion.
Transformation of graphite particles embedded in an iron matrix (cast iron) into
diamond is a possible example. The result was obtained that the smallest transformation work corresponds to a coherent interface. Incoherence at low friction and
decohesion at the interface favors the PT condition signi®cantly. The results obtained
exhibited mutual assistance of various micromechanisms of inelasticity. The external
stress in the examples considered was too low to initiate plasticity, sliding and decohesion without PT. PT without plasticity, sliding or decohesion at the interface could
not occur either, because the driving force was too small. Consequently, each of these
processes could not proceed separately. When at least two processes occur simultaneously, they help each other by the ®eld of internal stresses and both are possible.
Based on our experience (Levitas et al., 1999), we expect solutions under prescribed
forces and displacements to be qualitatively dierent. In addition, an important aspect
related to the necessity to apply stability analysis and global PT criterion (41) to the
description of competition between plasticity and PT arises for prescribed displacements. That is why we consider here displacement controlled boundary conditions.
Assume that under the applied external axial displacement increment and the
given homogeneous temperature the spherical nucleus undergoes the dilatational
transformation with "o2  ÿ0:005. For reasons of symmetry, Fig. 13 shows a quarter of the unit cell of the composite, where X1 is the horizontal axis of symmetry and

Fig. 13. A quarter of cross-section of the cylindrical matrix with a spherical nucleus.
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X2 is the axis of revolution, respectively. A coherent interface between the particle
and the matrix is assumed. The yield stresses for the matrix and the inclusion are the
same and equal to y =200 MPa before PT. After beginning the PT the nucleus is
assumed to be elastic, which corresponds to in®nite yield stress in transforming
region. The volume fraction of the nucleus is c=0.28. The following boundary
conditions apply:
. along AB and AD boundaries un  0; n  0 (from the symmetry condition);
. along CD boundary n  n  0 (free surface);
. along BC boundary un  umax ; n  0.
The PT is simulated by increasing the compressive transformation strain "o from 0
to ÿ0.005. To obtain the value of the transformation work ' the elastoplastic problems are solved incrementally with a transformation strain increment
j"o j  0:0005.
Five dierent values of the maximum prescribed displacement umax are considered,
namely
umax  0:003; 0:004; 0:0045; 0:0065; 0:011:

54

As in the previous problem, the prescribed displacements grow proportionally to the
order parameter , see Eq. (50), and the transformation strain grows proportionally

Fig. 14. Finite element mesh with re®nement near the interface.
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to the prescribed
displacement. For all cases we start PT at the at the macroscopic
u
strain "1  L12  0:001% when the equivalent Mises stress in the matrix reaches the
yield stress which corresponds to strain-induced rather than stress-induced PT. Here
L2  1 is the initial height of the sample. In Fig. 15 the calculated macroscopic stress
P-vertical displacement u curves for the sample under consideration and corresponding values of the transformation work ' are presented.
The macroscopic axial stress P is obtained from the problem solution and averaging over the boundary CD. Curves 1±5 correspond to the PT in a spherical particle,
curve 6 Ð for deformation without PT (perfectly plastic behavior). Two opposite
factors related to PT are responsible for the shape of the stress-strain curve:
. appearance of additional transformational deformation modes, namely transformation strain in the particle and plastic strain in the matrix induced by
transformation, i.e. transformation induced plasticity (TRIP);
. strengthening due to assumed in®nite yield stress of the martensitic product.
For curves 3±5 additional transformational deformation modes exceed the prescribed strain, and thus macroscopic elastic strain and stress decreases during the

Fig. 15. Relationships between external averaged axial stress P and vertical displacement u (at dierent
values u after ®nishing the PT).
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transformation. The transformation work for these curves is negative, i. e. stresses
resist the growing transformation strain. For curves 1 and 2 the prescribed strain
exceeds the transformation strains and strengthening due to the in®nite yield stress
in the transforming region leads to higher stresses and positive transformation work.
As the transformation volumetric strain is ®ve times smaller than in the previous
problem, the transformation shear is zero and plastic strains are small, the temperature increase due to stress work is negligible in comparison with the term  
ÿ s0 0  111 K (the same properties as in the previous problem are used). Consequently, ef ÿ s  55:5 K.
If we know the PT starting temperature and K0 , then from the PT criterion (53) we
can ®nd the corresponding value of the transformation work ' and choose the prescribed displacement in Fig. 15 at which PT can occur. When the displacement is
given, then the transformation work ' can be calculated and the PT temperature can
be de®ned from the PT criterion (53).
As was mentioned in Section 2, the solution without PT (curve 6 in Fig. 15) is
always possible, because it satis®es all the equations of continuum thermodynamics.
To choose which solution Ð with PT or without PT Ð will be realized, we can use
stability analysis. According to the stability criterion (41), when the P ÿ u curve for
the solution with PT (curves 1 and 2 in Fig. 15) exceeds the P ÿ u curve for the
solution without PT, the PT does not occur, despite the fact that the local PT criterion can be satis®ed. In the opposite case (curves 3±5 in Fig. 15) the deformation
process with PT is more stable. Such a situation can occur at high temperature when
a large transformation work is required for PT. This suggests a possible criterion for
the determination of the Md temperature. The maximum temperature Md at which
PT can be caused by plastic straining is limited not by thermodynamics (because the
higher transformation work can be obtained, see curves 1 and 2 in Fig. 15), but by
the impossibility of PT from the viewpoint of stability analysis.
4.4. Appearance of martensitic plate in elastoplastic material
Let us consider the appearance of a small temperature-induced martensitic plate in
elastoplastic material for the case of a plane strain state, Fig. 16. To evaluate the
condition of martensitic plate formation, calculations were made for ®ve cases of the
appearance of the nucleus in regions I; I-II; I-III, I-IV; I-V, respectively, i.e. with
dierent ratios of its width and length. The following elastoplastic properties of steel
were used in calculations:
yield stress y =250 MPa for an austenitic matrix and y =800 MPa for a martensitic nucleus. The boundary of the sample is free from stresses, which is in line
with experiments for temperature-induced PT. For our calculations the transformation deformation gradient Ft is subdivided into 60 increments. The ®nal value of Ft
has the following components in the cartesian coordinate system X1 X2 X3
Ft 11  Ft 33  1; Ft 12  0:2; Ft 22  1:026;
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Fig. 16. Cross-section (a) with stress free boundary and FE mesh (b) of a sample with a nucleus (regions I±V).

the other components are zero. The stresses and the value of the transformation
work ' was determined by solving the elastoplastic problem with incrementally
enlarged transformation deformation gradient.
According to the numerical results the martensitic plate deforms practically elastically with the exception of small regions near short sides. In the parent phase the
plastic strains are concentrated around the transformed plate. The distributions of
the accumulated plastic strain are presented in a paper by Idesman et al. (1999b).
The relation between the transformation work and ratio of width to length of
nucleus x  hl is obtained and approximated by the parabolic function
'  A  Bx  Cx2 ; A  ÿ72:11 MPa;
B  6:40 MPa; C  ÿ0:29 MPa:
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It is clear that assumptions related to the plane strain state and the in®nite nucleus
in the X3 direction used here and below for problems on PT and fracture are
unrealistic from a kinetic point of view and the principle of the minimum of transforming mass. A small three dimensional nucleus will appear for such problems with
the higher transformation rate; however, solutions of three-dimensional problems
are much more time consuming. So to meet the ends in a simpli®ed way, we will
assume that we know and will not vary the actual thickness of the nucleus b in the
X3 direction and will use the plane strain solution for the determination of X and to
allow for the surface energy.
The principle of the minimum of transformation time Eq. (45) results in
ÿ


A1  Bx  Cx2 lh ÿ 2ÿ l  h ! max;
x;l

57

where A1 : A ÿ K0 ÿ  y ÿ Ea ; ÿ is the surface energy. Application of the principle Eq. (57) leads to two algebraic equations
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2ÿ
2ÿ
; A1 x ÿ Cx3 
h
h
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which are equivalent to a cubic equation with respect to x. Analysis shows that this
equation has a thermodynamically admissible solution for a very high driving force
and small activation energy only. Applying the principle of the minimum of transforming mass Eq. (47) together with the thermodynamic criterion Eq. (46)
ÿ


A  Bx  Cx2 l  2ÿ 1  x; A : A ÿ K0 ÿ 

y;

59

we obtain
Vn
l2
1  x2
 lh   4ÿ2
! min;
x
b
x
x A  Bx  Cx2 2
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and the explicit expressions for ratio of width to length of a thermodynamically
admissible nucleus and its length. In particular, at x  1 we get
xÿ

B

p
B2  12AC
2ÿ 1  x
:
;l
6C
A  Bx  Cx2 
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The higher the driving force, the smaller the nucleus and the smaller the transformation time. For example, at A  0 we get x  7:36; l  0:533ÿ and at A  ÿ30 we
obtain x  10:61; l  4:40ÿ.
Substituting Vn  lhb in the kinetic equation, Eq. (48), we determine the transformation time. If the width of the nucleus obtained with the help of Eq. (61) is
smaller than the interatomic distance a in the X2 direction, then we put l  a and
determine the thermodynamically admissible x from Eq. (59). The transformation
time is determined by Eq. (44) at Vn  lab.
Consequently, the following typical cases in the determination of the width and
length of plate are found: solely from the principle of the minimum of transformation time and the kinetic equation without any constraints; from the principle of the
minimum of transformation mass and the thermodynamic criterion of SC; as an
interatomic distance and from the thermodynamic criterion.
4.5. Growth of martensitic plate inside the austenitic matrix
One problem presented here diers from the previous one by the sizes of the
regions I±V, Fig. 17. First we consider PT in the region I. The stress and strain ®elds
after the appearance of martensitic plate with the aspect ratio x  4 (the region I)
are used as initial data for the study of the plate growth. Then we model the plate
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Fig. 17. Cross-section of a sample with subsequently transforming regions I±V (a) and FE mesh before
(b Ð for a whole sample, c Ð near transforming regions) and after (d Ð near transformations regions)
transformation.
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growth by subsequent PT in regions II±V, i.e. ®rst in region II, then in region III and
so on.
A re®ned ®nite element mesh within and near the transforming zone is used. Each
transforming region during the plate growth (II, III, IV and V) contains 20 ®nite
elements. The space step for interface motion (width of region II, III and so on) is
chosen to be 0.15 of the plate width.
P
It is convenient to introduce the process parameter  as follows:   ki1 i , where
k designates the number of the transforming region in Fig. 17 and i is the order
parameter  in region number i. For example, when k  1, PT occurs in the large
plate I and   1 . After ®nishing the PT in the plate and starting the transformation
in region II, we have k  2; 1  1 and   1  2 . When PT is completed in region
II and starts in region III, then k  3; 1  2  1 and   2  3 and so on.
The deformed mesh in the transformed region (Fig. 17d) together with isobands of
accumulated plastic strain (Figs. 18 and 19) present very complex and heterogeneous
strain (and consequently stress) ®elds in austenite and martensite and their nonmonotonous variation with the growth of the process parameter . Positive values of
shear stress and plastic shear strain correspond to the direction opposite to transformation shear.
The transformation work decreases signi®cantly from the value ÿ50.3 MPa for
the appearance of the large plate I to ÿ100.8 MPa for region V with a saturation
which is expected for the steady stage of plate growth (Fig. 20). Such a decrease is
caused by interaction between transformation strain in the currently transforming
region, transformation strain in the previously formed plate, the plastic strain ®eld
due to the previous transformation process and due to currently growing transformation strain as well as by the three times higher yield stress of martensite.
It is clear that if the driving force in the nucleation of a martensitic plate is smaller
than the value calculated for a steady growth state, the plate growth
will be arrested.

1

dV
and the variaIn Figs. 21 and 22 the variation of the
shear
stress

:
n
Vn Vn

tion of the plastic shear strain  : V1n Vn dVn , averaged over each region I±V during the sequential PT in regions I±V, are presented.
During the transformation in the large plate I, the averaged plastic shear strain
(Fig. 22) is very small. The averaged shear stress which resists the transformation
strain grows very intensively (linearly) in an elastic regime and it is practically constant in a plastic regime (Fig. 21). It decreases slightly after ®nishing the PT in region
I and at each next transformation event.
It was expected that the shear stress and plastic strain averaged over the region
contacting the currently transforming region have the same sign as the transformation strain. It appears, however, that due to very strong stress heterogeneity this is
not the case. During the PT in plate I the shear stress and plastic strain averaged
over region II are positive. The same situation takes place for all the other transforming regions.
Due to the large ®eld gradients near the transforming region, the shear stress
averaged over the regions, which are not in contact with the currently transforming
region, has the same sign as the transformation strain. For example, during the
transformation in plate I the shear stress averaged over regions III, IV and V is
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Fig. 18. Isobands of the accumulated plastic strains in the right part of the martensitic plate after transformation in regions I (a), I±III (b), I±V (c).
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Fig. 19. Isobands of the accumulated plastic strains near transformation regions after transformation in
regions I (a), I±III (b), I±V (c).
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Fig. 20. Transformation work ' as a function of ratio l=h.

negative. In region III, due to large gradients, the situation is very surprising,
because the shear stress and plastic strain averaged over this region have dierent
signs. The averaged shear plastic stress in regions IV and V has the same negative
sign as the averaged shear stress.
In the transformation in region II, the shear stress averaged over region II (which
resists the transformation) grows signi®cantly due to the jump-like change in the
yield stress. This is the reason for the decrease in transformation work in comparison with the transformation work for plate I. At some stage in the transformation,
the stress is high enough to cause the plastic straining in martensite in addition to
plastic strain inherited by martensite from austenite.
With respect to the transformation in region III the averaged shear stress and
plastic strain behave in a similar way to those with respect to the transformation in
the region II; the same is qualitatively true for all the other transforming regions.
An interesting cyclic change of averaged plastic shear occurs in regions IV and V,
respectively. In the transformation in plate I, the sign of these plastic shears coincides with the sign of the transformation strain. Then, after some stage of elastic
straining, plastic shears grow in the opposite direction.
The deformed mesh in the transformed region (Fig. 17) together with isobands of
accumulated plastic strain (Figs. 18 and 19) allow deeper inside into nonhomogeneous distributions of shear strains in addition to the information given in
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Fig. 21. Variation of shear stress  averaged over each region I, II, III, IV, V (designated near the curves)
during sequential phase transformation in regions I, II, III, IV, V.

Fig. 22. It seems at ®rst glance that the results in Fig. 22 are contradictory. For
example, the plastic shear is almost equal to the transformation shear with the
opposite sign in region III, i.e. region III has to be nearly undeformed overall. This
is not the case, and Figs. 17±19 allow us to explain this seeming contradiction by the
very heterogeneous deformation in this region.
After PT in plate I there is a small region near the short side of the plate in which
plastic strain is very small (Fig. 19a). Plastic strain is also very small near the martensitic plate after completing the PT in region V (Fig. 19c), which is in agreement
with experiments. This is related to the relatively small shape of the contour of the
martensitic plate (see the deformed mesh in Fig. 17). Such a ®nal picture, if observed
experimentally, can give the impression that austenite deforms (excluding the narrow zone) elastically and martensite plastically. As follows from considering the
transformation process, intense plastic deformations near the interface from the
austenite side are inherited by growing martensite and make a very important contribution to stress variation and the driving force in the transforming region.
The wave-like pro®le of the martensitic plate after PT in region III (Fig. 18b) is
also very surprising: the resulting shear near the corners is directed in the opposite
direction to the transformation shear and is signi®cant.
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Fig. 22. Variation of plastic shear strain  averaged over each region I, II, III, IV, V (designated near the
curves) during sequential phase transformation in regions I, II, III, IV, V.

As follows from Fig. 21, the resisting shear stress in region II during the PT is
much higher than in regions IV and V, i.e. the transformation shear work in region
II is smaller than in regions IV and V. At the same time the total transformation
work in region II is higher than in regions IV and V (Fig. 20). This emphasizes the
importance of the work of normal stresses along transformation dilatation, which is
only responsible for such a dierence.
To summarize, very nontrivial and heterogeneous stress-strain ®elds in austenite
and martensite and their nonmonotonous variation during the transformation process are found. The plastic shear strain in some points can reach 60% in the direction of transformation shear and, after some elastic stage, change sign and vary by
40%. The pro®le of the moving interface (short side of a plate) varies in a nontrivial
way as well (Fig. 18): after the expected transformation shear the wave-like pro®le
with the total shear near the corners directed in the opposite direction to transformation shear follows, and ®nally a practically undeformed vertical line (as before
transformation) is formed. These results demonstrate the necessity of ®nite strain
treatment. The results obtained support the idea that plastic accommodation can
lead to growth arrest and to the technologically important plate/lath morphological
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transition (Olson and Cohen, 1986; Haezebrouck, 1987). More detailed analysis of
the interface propagation though elastoplastic material will be given in a paper by
Levitas et al. (2000).
4.6. Appearance of a single twin in elastoplastic material
Continuum mechanical approach to interaction between slip and twinning was
considered in papers by Staroselsky and Anand (1998), Schlogl and Fischer (1997)
and references there in. Continuum thermodynamic twinning criterion at ®nite
strains was suggested by Levitas (1998a). The ®rst example of a numerical implementation of this criterion to the appearance of a single twin in elastoplastic material at ®nite strains caused by external shear stresses was reported in a paper by
Idesman et al. (1999b). In particular, the in¯uence of plastic properties on twin formation was considered. Here the eect of the variation of external shear stress as
well as the prescribed displacement on twinning is investigated.
We take the same cross-section of a sample as for the problem in Section 4.4, i.e. a
twin forms a single plate in the parent phase. The dierences to the problem in
Section 4.4 are:
(a) the transformation deformation gradient has only a large shear component
Ft2 11  1; Ft2 12  0:707; Ft2 21  0; Ft2 22  1; Ft2 33  1;

62

the other components are zero,
(b) the plastic properties of the two phases are the same, and the yield stress is
y =600 Mpa.
Due to the very high transformation shear a ®nite strain formulation is of great
importance. We consider twin formation due to external shear stresses which are
constant during the twinning. The following boundary conditions apply (Fig. 16):
. along BC boundary un  0; n    ;
. along AD boundary un  ut  0;
. along AB and CD boundaries n  n  0 (free surface).
The value of the external shear stress   varies in the range [180270 MPa]. The
sequence of calculations is the same as for the problem with martensitic PT. To solve
the elastoplastic problem the transformation deformation gradient Ft2 and the order
parameter  are subdivided into 300 increments.
The calculated values of transformation work ' with the various applied external
shear stresses are presented in Fig. 23; the twin aspect ratio x  10. It is interesting
that for the nonlinear problem considered here the diagram in Fig. 23 is practically
linear. At   <250 MPa twinning is impossible at any K0 50 because the transformation work ' < 0. At   >250 MPa the possibility of twinning depends on the
value of K0 .
Solving the problem for dierent aspect ratios of the single twin and approximating analytically the values of ' we can repeat the procedure described in Section 4.4
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Fig. 23. Transformation work ' as a function of the external shear stress .

for the determination of the actual geometrical parameters of the twin for prescribed
  and material properties.
The problem of the appearance of a single twin was also solved for an applied
external horizontal displacement at the surface BC (instead of the external shear
stress   ) which grew simultaneously with transformation deformation gradient in
the twin (as for the problems in Sections 4.2, 4.3). In particular, subsequent twinning
the region I, then II,. . . and V (see Fig. 16) was considered. It appears that the
transformation work ' is practically the same for each transforming region, i.e. it is
constant during such a growth process. A similar analysis of the choice of a stable
solution, as was done for the problems in Sections 4.2, 4.3, can be applied to twinning as well.
5. Fracture in elastoplastic materials
There is a considerable literature on the ®nite element study of fracture in elastoplastic materials based on the consideration of crack propagation, see for example
the book by Atluri (1997) and references there in. Some drawbacks of the consideration of fracture in elastoplastic materials as a crack propagation are related to the lack
of noncontradictory thermodynamic criteria and are analyzed by Levitas (1998b,
2000a,b). In the same papers it was suggested that one could consider fracture as a

A.V. Idesman et al. / International Journal of Plasticity 16 (2000) 893±949

937

special deformation process in some ®nite volume which is de®ned as a part of a
solution to the boundary-value problem from extremum principle suggested. The
thermodynamic fracture criterion and the thermodynamically consistent kinetic
equation is derived. Model problems on void nucleation and Dugdale-type crack
propagation in elastoplastic material are solved analytically.
In the present paper ®rst numerical solutions based on the same approach as that
described in Section 2 are presented. Some preliminary results can be found in a
short communication by Levitas and Idesman (1998).
Let us consider a model problem of fracture in a sample with initial edge notch
under tensile stress and plane strain state. The case of small elastic, but large plastic
strains is assumed. For numerical simulation of fracture the `inverse' problem is
considered, i.e. the position and size of the fracture region (nucleus) are prescribed in
advance, and then the condition for fracture is de®ned from the fracture criterion.
Such an approach includes a ®nite element solution of the elastoplastic problem with
the decreasing elastic and plastic properties in the fracture region during fracture.
The cross section of a sample and the ®nite element mesh are given in Fig. 24. We
consider isotropic elastic-perfectly-plastic material with the yield stress y =800
MPa. The following boundary conditions are applied:

Fig. 24. The cross-section of a sample (a), ®nite element mesh (b) and ®nite element mesh near edge notch (c).
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. along FD, boundary un  0; n  0 (the symmetry plane);
. along BC boundary n  p  700 MPa;   0 (p is the prescribed normal
stress);
. along AB, CD and AEF boundaries n  0; n  0 (free surface).

The following presumptions hold:
(a) for simplicity the fracture region is assumed to be rectangular, and various
possible values of its length and height as well as its positions are studied;
(b) in the fracture region the Poisson's ratio during fracture is constant; Young's
modulus and yield stress during fracture are homogeneously changed for 40
steps from initial values of undamaged material to zero and their ratio is constant during the property variation.
For isotropic Hooke's law
'  'd  ' ; 'd : ÿ
3 1 ÿ 2o 
' : ÿ
2Vn

1  o
3Vn
0



Vn E1

o2
E2

0
Vn

i2
dEdV;
2
E1 E
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dEdV;

where o is the mean stress, i is the stress intensity, o is Poisson's ratio.
The distribution of equivalent stress before fracture is shown in Fig. 24a. The
following cases of a possible fracture region are studied: fracture occurs
(a) in
(b) in
(c) in
(d) in
(e) in
(f) in

regions I, II;
regions I±IV;
regions I±VI;
region II;
regions II, IV;
regions II, IV, VI.

Additionally the following possible scenarios of fracture progress are considered:
(g) fracture occurs ®rst in regions I, II; then in regions III,IV; ®nally in regions
IV,VI; and
(h) fracture occurs ®rst in region II; then in region IV; ®nally in region VI;
(i) void nucleation ahead of the crack tip occurs in region VI or IV;
(j) fracture in region II or IV after void nucleation in region VI.
The ratio between the heights of regions I and II is 3; the lengths of regions I, III,
V are the same. The results of the calculations are presented in Figs. 25±27 and in
Table 1 where zones I±VI are schematically shown. The distribution of equivalent
stress after fracture in regions I±VI is shown in Fig. 25b. The equivalent stress
reaches the yield stress almost in the entire band between the fracture region and the
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Fig. 25. Distribution of equivalent stress before fracture (a) and after simultaneous fracture in regions I±VI.

Fig. 26. Driving force ' as function of . Fracture occurs: 1 Ð in regions I, II ['(  1)=2.5 Mpa]; 2 Ð in
regions I±IV ['(  1)=2.79 Mpa]; 3 Ð in regions I±VI ['(  1)=3.24 MPa]; 4 Ð in regions III, IV after
fracture in regions I, II ['(  1)=2.52 MPa]; 5 Ð in regions V, VI after fracture in regions I, II and III,
IV ['(  1)=2.57 MPa].

upper right corner of a sample. The attempt to increase the length (more than the
length of regions I±VI) of the fracture region leads to divergence of the iteration
algorithm; that means the impossibility of equilibrium due to a limit plastic state.
The curves in Figs. 26 and 27 show the variation of the mechanical driving force '
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Fig. 27. Driving force ' as function of . Fracture occurs: 1 Ð in region II ['(  1)=3.38 MPa]; 2 Ð in
region II, IV ['(  1)=6.48 MPa]; 3 Ð in regions II, IV, VI ['(  1)=10.59 MPa]; 4 Ð in region IV
after fracture in region II ['(  1)=4.45 MPa]; 5 Ð in region VI after fracture in regions II and IV
['(  1)=4.97 MPa].

during the fracture process. The driving force ' grows with the increase in a length
of the fracture region, and the increase is sharper for a small height of the fracture
region (Figs. 26 and 27). The decrease in height of the fracture region leads to an
increase in the driving force ' (Fig. 26, 27).
The successive progress of the fracture region with a constant height yields practically the same value of the driving force ' in case (g), Fig. 26, which corresponds to
stationary growth of the fracture region. A small increase in the driving force ' is
obtained in case (h) for the successive fracture regions, Fig. 27, i.e. accelerated
growth of the fracture region occurs.
For fracture in thin regions II, IV and VI the driving force is higher and growth is
more intensive during the fracture propagation than for thick regions I, III and V
(Table 1). However, the surface energy resists fracture stronger for a thin layer than
for a thick layer. If fracture occurs simultaneously in regions II+IV or II+IV+VI
rather than ®rst in a small region II and then propagates through regions IV and VI,
the driving force is higher, i.e. it is a more favorable scenario from the thermodynamic point of view. However, the transforming volume increases by factors 2
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and 3, respectively. As a consequence, the kinetically subsequent growth is more
favorable, provided that the thermodynamic criterion is satis®ed.
We have also solved the problem presented in Fig. 24 for another value of the
yield stress (y =1103 MPa) and obtained the results that the driving force ' is
proportional to y2 .
It is necessary to note that the part of the driving force 'd due to variation of a
deviatoric stress tensor in the fracture region is practically constant for all the cases
considered and equals 'd  y2 1  o =3E1 . It means that almost all the material
points in the fracture region deform plastically.
At a relatively small surface energy a void nucleation in region VI will occur
rather than crack (notch) growth. The mechanical driving force is much higher than
for any scenario of crack propagation and pore nucleation in region IV (see Table
1). After void nucleation fracture propagates in the direction from void to notch. It
is known that the void nucleation ahead of the crack tip is an actual physical
mechanism of ductile fracture, however, we derived this rather than assuming it.
Let us introduce an analytical approximation of the numerical results obtained for
fracture and analyze them.
(a) Let us consider fracture in a rectangular region with a dimensionless length L
and height H which are equal to the actual length and height divided by the height
EF of the notch (see Fig. 24a). We use the following simple relation between the
driving force X, the length L and the height H
Table 1
Driving force ' for dierent scenarios of fracture
', MPa
Fracture in I, II

Vn

2.5

4

Fracture in III, IV after fracture in I, II

2.52

4

Fracture in V, VI after fracture in I Ð IV

2.57

4

Fracture in II

3.38

1

Fracture in IV after fracture in II

4.45

1

Fracture in VI after fracture in II, IV

4.97

1

Fracture in I Ð IV

2.79

8

Fracture in I Ð VI

3.24

12

Fracture in II, IV

6.48

2

Fracture in II, IV, VI

10.59

3

Fracture in VI

23.29

1

Fracture in IV

10.62

1

Fracture in II after fracture in VI

3.69

1

Fracture in IV after fracture in VI

7.22

1

Initial;

Current.
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X  c1  c2 L  c3 H  c4 LH;

64

where c1 =ÿ1.01 MPa, c2 =1.95 MPa, c3 =3.14 MPa, and c4 =ÿ1.8 MPa are coef®cients which approximate the data from Table 1. Then the thermodynamic fracture
criterion (43), extremum principle (45) and constraint (44)2 have the following form
y1  c1  c2 L  c3 H  c4 LH ÿ

ÿ
50;
H

65

y2  c1  c2 L  c3 H  c4 LH ÿ Ea 2HL ÿ ÿ2L ! max;

66

c1  c2 L  c3 H  c4 LH ÿ Ea < 0;

67

a4L4Lmax ;

68

L;H

b4H4Hmax :

Here a; b and Lmax ; Hmax are the interatomic distances and the maximum distances
from the notch tip to the boundary of the sample along axes X1 and X2 , respectively,
Ea is the activation energy. For simplicity we assume K0     0 (these constants
can be included in c1 ). Such, we should ®nd L and H which maximize a function y2
[Eq. (66)] at constraints Eqs. (65), (67), (68). This problem is complicated and can be
solved numerically. The more simple speci®c cases H  const, or L  const (in particular H  b or L  a) are analyzed below.
(b) First, the case of fracture in a rectangular region with a constant height H and
a variable length L is considered. Then the Eq. (64) can be presented in the form
X  C1  C2 L;

69

with C1  c1  c3 H and C2  c2  c4 H. Below we consider the case when C2 > 0. The
case C2 < 0 can be analyzed in a similar way. The thermodynamic fracture criterion
(43), extremum principle (45) and constraint (44)2 are reduced to the following form
y1  C 1  C 2 L ÿ

ÿ
50;
H

70

y2  C1  C2 L ÿ Ea 2HL ÿ ÿ2L ! max;

71

y2  C1  C2 L ÿ Ea 2HL ÿ ÿ2L < 0:

72

L

An additional constraint
a4L4Lmax

73

de®nes minimum and maximum admissible values of L. Consequently, we should
®nd L which gives a maximum value of a function y2 [Eq. (71)] at constraints Eqs.
2
(70), (72), (73). From the condition @y
@L  0 we obtain
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L 

Ea  ÿ=H ÿ C1
:
2C2
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74

Check of a sign of the second derivative (H is a constant parameter)
@ 2 y2
 4C2 H > 0
@2 L

75

leads to conclusion that at L  L the function y2 has a minimum rather than
maximum. Then a maximum value of y2 is reached at the boundary of a region of
variation of L, determined by the constraints. Let us consider a large value of Ea at
which L 5Lmax and the inequality (72) is met for L within a range de®ned by Eq.
(73). At such a value of Ea a maximum of y2 is reached at a minimum admissible
value of L, determined from the thermodynamic constraints (70), i.e.
L

ÿH ÿ C1
;
C2

76

if this Lo 5a; otherwise L  a. For smaller Ea , for which L < Lmax , we have to
check the value Lmax as the possible solution of the extremum problem (71). Physically this means simultaneous separation of the sample along the axis X1 .
(c) Now let us consider fracture in a rectangular region with a constant length L and
a variable height H. A linear relation between the driving force X and a height H
X  d1  d2 H

77

follows from Eq. (64), where d1  c1  c2 L and d2  c3  c4 L are coecients. Below
we consider the case when d1 > 0; d2 < 0. The other cases can be analyzed in a
similar way. The thermodynamic fracture criterion (43) and the extremum principle
(45) are as follows
y 1  d1  d2 H ÿ

ÿ
50;
H

78

y2  d1  d2 H ÿ Ea 2HL ÿ ÿ2L; ! max:
H

79

From a physical viewpoint we should add the following constraints:
y2  d1  d2 H ÿ Ea 2HL ÿ ÿ2L < 0;

80

which de®nes a region where the kinetic equation is valid [see Eq. (44)2], and
b4H4Hmax

81

which de®nes a minimum and maximum admissible values of H. From the condition
@y2
@H  0 we have
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H 

Ea ÿ d1
;
2d2

@ 2 y2 H 
 4d2 L < 0:
@2 H

82

Hence, at H  H the function y2 has a maximum. If this H 50 and H is met for
all the constraints (78), (80), (81), then H is the actual height. If H does not meet
some of the constraints then the actual H must be found at the boundary of variation
of H determined by the constraints. If H < 0 then a maximum value of y2 is reached
at the smallest H which satis®es all the constraints. The thermodynamic criterion (78)
restricts the admissible values of H between two roots H1 and H2 of equation y1  0,
H1 4H4H2 ;
0 < H1 

ÿd1 

83
q
d21  4ÿd2
2d2

;

0 < H2 

ÿd1 ÿ

q
d21  4ÿd2
2d2

;

84

as d1 > 0; d2 < 0. At H < 0 inequality (80) is ful®lled for any H. Thus, the smallest
H  Ho which satis®es constraints (81) and (83) is Ho  maxfb; H1 g. At
H1 > Hmax or H2 < b or d21  4ÿd2 < 0 a solution does not exist, i.e. fracture under a
given external force is impossible.
Consequently, the following typical cases in the determination of two characteristic sizes of fracture region are found: from the principle of the minimum of transformation time and kinetic equation solely without any constraints; from the
principle of the minimum of transforming mass and the thermodynamic fracture
criterion; as an interatomic distance and from the thermodynamic criterion; as the
size of a sample.
It is necessary to note that for geometrically similar samples the driving force ' is
constant if the external stress, elastic moduli and yield stress are constant. For
example, in order to satisfy the thermodynamic criterion (70) with the fracture
region consisting of domains I, II (X=2.5 MPa), the height of this region at ÿ=1.2
Pa.m (for our two-dimensional problem the size of a sample in the third direction is
assumed to be equal to unit) should be
H5

ÿ
 0:4810ÿ6 m:
X

85

6. Interaction between fracture and phase transitions
High stresses due to relatively large transformation strain may result in a fracture,
namely crack and void nucleation and growth, see examples in Hornbogen (1991).
On the other hand, a stress concentrator at the crack tip can induce PT (Stump and
Budiansky, 1989; Bulbich, 1992). Due to PT one obtains higher toughness; this is the
so-called transformation toughening phenomenon.
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To illustrate some types of interaction between PT and fracture we solved several
model problems under the same boundary conditions as above in Fig. 24; results are
summarized in Table 2. For fracture in region II the mechanical driving force
'=3.38 MPa. However, if fracture occurs in region II after PT in region I+II, then
PT decreases the driving force for fracture up to the value 1.35 MPa. Fracture in
region II+IV decreases the driving force for PT in region I up to ÿ8.06 MPa (due to
unloading in this region) and increases the driving force for PT in region V and
especially VI.
As the last class of problems we consider competition between fracture and PT for
time independent kinetics. We compare 4 dierent processes: PT region I+II or in
I±IV, and fracture in region II or in region II+IV. Assume that each of these processes is thermodynamically admissible, i.e. the thermodynamic criterion of SC is
ful®lled at chosen values of the surface energy and the dissipative threshold. We
have to select which process will occur in reality. We assume that the best solution is
the stable one. According to extremum principle (42) for the determination of the
stable deformation process, for the prescribed ®xed stresses the larger the displacement averaged over line BC the more stable is the process. Consequently, fracture in
region II+IV will occur as the most stable process (Table 3). If for such a process
the thermodynamic fracture criterion is not satis®ed, then PT in region I±IV will

Table 2
Driving force ' for various scenarios of fracture and PT
The ®rst process

', MPa

The second process

PT in I, II

7.01

Fracture in II

Fracture in II, IV

6.48

PT in I

ÿ8.06

Fracture in II, IV

6.48

PT in V

10.17

Fracture in II, IV

6.48

PT in VI

12.62

Ð

', MPa
1.35

Fracture in II

3.38

Table 3
Normal displacement, averaged over BC, for various processes
The process

Displacement uBC

', MPa

PT in I, II

0.7491 10ÿ3

7.01

PT in I, II, III, IV

0.988 10ÿ3

8.81

ÿ3

Fracture in II

0.9659 10

ÿ3

Fracture in II, IV

2.415 10
PT;

fracture.

3.38
6.48
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occur. If PT in region I+II and fracture in region II are only thermodynamically
possible, then fracture will occur. Consequently, in addition to the thermodynamic
fracture criterion one needs the global fracture criterion based on stability analysis,
similar to PT.
7. Concluding remarks
In the paper, a uni®ed numerical approach to such, from a physical point of view
dierent, SC as temperature-, stress- and strain-induced PT, deformation twinning
and fracture in elastoplastic materials is developed. Both small and ®nite strain formulations are included in a similar way. The approach suggested is based on the
solution of elastoplastic and thermal boundary-value problems when we vary
transformation deformation gradient and/or elastic properties from initial to ®nal
values in a transforming region. The driving force for SC is calculated using stress,
strain and temperature ®elds obtained and is applied to the estimation of the thermodynamical possibility of SC, determination of an actual PT region (solutions for
various possible transforming regions have to be obtained) and time of SC. Both
time independent and time dependent kinetics are considered. For time independent
kinetics, to overcome the nonuniqueness of solution of boundary-value problems
due to competition between PT and plasticity and/or fracture, the global PT and
fracture criteria based on stability analysis are applied. Possible sliding or decohesion at the interface is taken into account by considering contact problems.
The applicability of the approach developed is illustrated by a solution of a number of two-dimensional model elastoplastic boundary-value problems, in particular,
layer by layer PT progress in a cylindrical specimen, adiabatic strain-induced PT at
the shear-band intersection and in a spherical particle embedded in a cylindrical
specimen, appearance and growth of temperature-induced martensitic plate in an
austenitic matrix, appearance of a single twin in a space under applied shear stress
or displacement, fracture in a sample with an edge notch and an interaction between
PT and fracture in the same sample. Despite the fact that most of the real problems
are three-dimensional, consideration of the above two-dimensional problems allows
us to understand the importance of various factors, in particular, a very complex
and nontrivial ®eld variation and its eect on the driving force for SC, peculiarity of
the interaction between PT, twinning, fracture and plasticity, eect of strain hardening and adiabatic heating, formation of a discrete microstructure at PT and fracture (in particular, void nucleation ahead of the crack tip rather than continuous
crack propagation). Some of the numerical results for the driving force are
approximated analytically and applied to the analytical determination of the geometry of PT and fracture zones based on the corresponding extremum principle.
The same approach can be applied to the solution of three-dimensional problems,
however it is much more time consuming. The possibility of formation of several
martensitic variants in the transforming region and the real crystallography of
martensitic PT have to be taken into account. The uniqueness and mesh dependence
of the solutions have to be studied as well.

A.V. Idesman et al. / International Journal of Plasticity 16 (2000) 893±949

947

Complete modeling of the formation of a microstructure requires solution of the
problem of topological optimization. Another approach based on a generalization
of the Landau-Ginzburg theory for plastic materials (which has to be developed)
will probably be more convenient.
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