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Abstract

Using the second law of thermodynamics, a criterion for the instability of a crystal lattice with respect to a change
parameters is derived for finite strains and lattice rotations. An explicit relation for lattice rotation is derived. A Gibbs
dau) potential describing martensitic phase transformations, twinning, and dislocation nucleation is derived for a pr
nonsymmetric nominal stress tensor and small elastic strain, but finite transformation strain and rotations. The equilib
transformation conditions are obtained. Martensitic phase transformations in NiAl, BN and C are analyzed and the im
of finite-strain corrections is demonstrated.
 2005 Elsevier B.V. All rights reserved.

1. Introduction

Phase field or Landau–Ginzburg theory of phase transformations (PTs) and dislocations is widely
estimate interface energies and the energies of critical nuclei, to model microstructure evolution, and
heterogeneous nucleation at various defects[1,2]. We have developed several polynomial Gibbs (Landau) po
tials for the description of multivariant stress- and temperature-induced martensitic PT in 3D[2]. Our approach wa
a phenomenological one, that is, the potentials were constructed by requiring that they respect the exper
observed features of martensitic PT in shape memory alloys and steels, specifically, constant (stress-inde
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transformation strain (TS) tensor, weakly temperature dependent, or constant, stress hysteresis, and trans
at nonzero elastic moduli. The models can incorporate all temperature-dependent thermomechanical pro
both phases for arbitrary crystal symmetries, including higher-order elastic constants. The same approac
plied to the phase field theory of twinning and dislocations. The main drawback of[2] and all other Landau mode
is their limitation to small TS,εt < 0.1. TS shear is 0.2 for PTs in steels and shape memory alloys, the volum
TS for the graphite–diamond and BN rhombohedral-cubic PTs is 0.54, the TS shear for twinning in bcc
lattices is 0.71, and for dislocations it is|b|/d ∼ 1, whereb is the Burgers vector andd is the distance between th
glide planes. Moreover, finite rotations of the crystal lattice, which can even occur at small TS, can cruciall
the PT conditions.

PT conditions in phase field theory are conditions for instability of the crystal lattice. Recent research on
instabilities at finite strain has focused on the ideal strength of crystals and solid–solid, amorphization, and
PTs[3–8]. A general approach to stability at finite strain has been developed on the basis of the Lagrange–D
criterion for conservative systems[3–5]. Nonconservative loading was considered by Wang et al.[6] who postu-
lated an alternative criterion. Most stability studies have addressed only intrinsic stability, where the applie
“follows” the material during deformation. However, intrinsic stability may differ significantly from stabilit
laboratory experiments, where finite rotation of the specimen is involved[3,4]. Hill [3] investigated stability unde
fixed loads, accounting for finite rotations. Strong limitations on stability were obtained by assuming that th
tion can be varied arbitrary, but as we will see, rotation under a prescribed load is a function of the strain
invalidates Hill’s conclusions.

It is impossible to describe all of the experimentally observed features of strong martensitic PT using a
mial potential in total strain[2], but these features can be encoded in a Gibbs (Landau) potential in order para
related to the TS. For small strains, the total strain is simply the sum of the elastic and TS:ε = εe + εt . However,
at finite strain this additive decomposition breaks down and one must resort to multiplicative decompositio
deformation gradient into elastic and transformational parts and take into account finite rotations[9]. This nonlin-
earity and strong coupling between strains and rotations pose significant challenges to constructing a prop
potential and studying PTs. Another basic point is that a change in order parameter is a dissipative process
of the existing criteria for the stability of conservative systems can be applied. Also, the required invarianc
Gibbs potential and the instability criteria under changes in the stress and strain measures is nontrivial to r
practice.

In this Letter, we derive a thermomechanical lattice instability criterion with respect to change in order p
ters using the second law of thermodynamics. It accounts forfinite elastic and transformation strains and latti
rotations. Invariance of the instability criterion and Gibbs potential under changes in stress and strain mea
proved. The Gibbs potential, criteria for PT, twinning, and dislocation nucleation, and equilibrium conditio
derived for a prescribed nonsymmetric Piola–Kirchoff (nominal) stress tensorP , i.e., the force per unit area in th
undeformed state, and small elastic strains butfinite transformation strains and rotations. In contrast to other for
mulations, it is not necessarily the case that the instability occurs at a stationary value of some stress mea
in NiAl, BN and C are analyzed and significant differences between the small- and finite-strain Gibbs po
are found. All of these results are obtained for the first time.

Contractions of tensorsA = {Aij } andB = {Bji} over one and two indices are denotedA · B = {AijBjk} and
A :B = AijBji . The transpose ofA is AT , andI is the unit tensor.

2. Instability criterion

A PT between austenite(A) and martensitic variantMi , i = 1,2, . . . , n, is characterized by the constant tran
formation deformation gradientF t i , which is considered to be an irrotational deformation of the crystal la
[9]. For example,F t i reduces to the symmetric Bain strainU t i for PT between two lattices. The nonsymmet
transformation deformation gradient for an invariant-plane-strain (IPS) variant, a mixture of two twin-relate
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strain variants, isF t i = I + εnini + γmini , a simple shearγ in directionmi in the habit plane with normalni and
a strainε normal to the habit plane. When the order parametersη̃ = (η1, . . . , ηi, . . . , ηn) vary from η̂0 = (0, . . . ,0)

to η̂i = (0, . . . , ηi = 1, . . . ,0) the TS gradient varies fromI to its final valueF t i ; see Eq.(8).
The rate of entropy production per unit undeformed volume,ṡµ, due to the PT at fixed temperatureθ is, accord-

ing to the second law of thermodynamics, nonnegative

(1)θ ṡµ = P T : Ḟ − ψ̇ � 0.

The total deformation gradient,F = ∂r/∂r0, wherer = r(r0, t) is the location of a material point at timet and
r(r0,0) = r0, can be multiplicatively decomposed into elastic and transformational parts,F = F e · F t [9], and
ψ(F e, θ, η̃) is the Helmholtz free energy. Fordη̃/dt = 0, the rate of entropy production is zero and one obtains
elasticity lawP · F T

t = ∂ψ/∂F e, which leads to the dissipative inequality

(2)θ ṡµ = Xiη̇i � 0, Xi := P T · F e :
∂F t

∂ηi

− ∂ψ

∂ηi

,

whereXi is the driving force for PT leading to theith variant. The corresponding Ginzburg–Landau equatio
∂ηk/∂t = ∑n

i=1 Lki(Xi + βp :∇∇ηi), whereβ i is the second-rank gradient energy tensor andLkp are kinetic
coefficients.

Equilibrium and its stability can only be analyzed for prescribed boundary conditions (BC) for stressesT and
temperature. We consider only isothermal processes and homogeneous stress states. For example,T is biaxial ten-
sion inP for the loading device used in[10]; alternatively,T may be the prescribed Cauchy stressσ = J−1P ·F T

(true stress, i.e., force per unit deformed area)[6], whereJ = detF . In general,P = q̄(T ,F ) = q(T ,F e, η̃), and
Xi = Xi(T ,F e, η̃). The thermodynamic equilibrium conditionsXi(T ,F e, η̃) = 0 define the equilibrium value
of the order parameters:η̃eq = η̂i , i = 0,1, . . . , n. If a spontaneous deviation ofη̃ from η̃eq is thermodynamically
admissible under prescribed BC, that is,ṡµ � 0, then the equilibrium is unstable:

(3)Xi

(
T ,F e + �F e, η̃

eq+ �η̃
)
η̇i � 0→ equilibrium is unstable.

Eq.(3) leads to the instability condition

(4)
∂Xi

∂ηj

∣∣∣∣
T

η̇i η̇j =
(

∂Xi

∂F T
e

:
∂F e

∂ηj

+ ∂Xi

∂ηj

)
η̇i η̇j � 0,

thus the instability occurs when∂Xi/∂ηj |T first becomes positive definite. LetH be the strain measur
work-conjugate toT , i.e., the rate of transformation work isP T : Ḟ = T : Ḣ . Introducing the Gibbs potentia
G(T , θ, η̃) = ψ − T :H , one obtainsXi = −∂G/∂ηi |T and∂Xi/∂ηj |T = −∂2G/∂ηi∂ηj |T . Hence, if the Gibbs
potential is expressed in terms ofT then lattice instability corresponds to the first nonconvexity ofG in order pa-
rameter space. SinceT can be expressed in terms of any other stress measure andF , the Gibbs potential can als
be expressed in terms of other stress measures. However, differentiation with respect toηj in Eq. (4) is performed
for constantT , so the instability criterion is unchanged.

3. Instability and potential under prescribed nominal stress

Fig. 1exhibits the deformation and rotation of a sample after a PT under fixed components of the nomina
tensorP . The magnitude and direction of all forces are the same before and after the PT. Using Eq.(2) and the
elasticity rule, which results in the cancellation of two terms involving the derivative∂F e/∂ηj , one obtains

(5)
∂Xi

∂ηj

∣∣∣∣
P

= P T · F e :
∂2F t

∂ηi∂ηj

− ∂2ψ(F e, ηi)

∂ηi∂ηj

∣∣∣∣
F e

.
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Fig. 1. Deformation and rotation of a sample after PT under fixed components of nominal stress tensorP : (a) before PT; (b) after PT.

Invoking polar decompositionF e = R · U e, whereR ∈ SO(3) characterizes the rigid-body rotation of the crys
lattice andU e is the symmetric elastic stretch tensor, one obtainsF T = F T

t ·U e ·RT . SubstitutingF T in the equa-
tion σ = J−1 P · F T and designatingN := P · F T

t · U e, one obtainsN = Jσ · R, that is, the polar decompositio
of N into symmetricJσ and orthogonal parts,N · NT = J 2σ · σ , and finally

(6)N = (
N · NT

)1/2 · R.

Thus the PT-induced rotation cannot be varied arbitrary, as was done by Hill forF t = I [3], because it is determine
from Eq.(6).

Analytical expressions forF e, and consequently, for the Gibbs potential in terms ofP cannot be obtained fo
even the simplest realistic elasticity law. However, an analytical expression forG(P ) can be derived for the cas
when the changes in the elastic strains accompanying the PT are small butF t andR are finite; the change in elast
energy is negligible. Deviatoric elastic strains are always small because|devU e − I | � τy/µ, and the ratio of the
yield stress in shear,τy , to the shear modulusµ is of order 10−3 for steels and 10−2 for shape memory alloys. Th
assumption of small elastic volumetric strain is valid for pressuresp � 0.1�S, where�S is the jump in the bulk
compliance.

In the case of a single martensitic variant we haveG = −P T :F + f (θ, ηi), wheref is the thermal (chemical
part of the free energy. Generalizing ton martensitic variants by following the procedure in[2], one obtains the
Gibbs potential for small elastic strains but finite transformation strains and lattice rotations

G = −P T · R(P , η̃) :

(
I +

n∑
k=1

εtkϕ(ηk)

)
+

n∑
k=1

f (θ, ηk) +
n−1∑
i=1

n∑
j=i+1

Fij (ηi, ηj ),

ϕ(ηk) = aη2
k

2
+ (3− a)η4

k + (a − 4)η6
k

2
, 0� a � 6,

f (θ, ηk) = Aη2
k

2
+ (

3�Gθ − A
)
η4

k + (A − 4�Gθ)η6
k

2
,

Fij (ηi, ηj ) = Bη2
i η

2
j + (Zij − B)η4

i η
2
j + Cη3

i η
3
j + (Zji − B)η2

i η
4
j ,

(7)2Zij = P T · R(P , η̃) :
[
aεtj − 3(εtj − εt i )

] + Ā − A, εtj := F tj − I .

Here�Gθ is the difference between the thermal parts of the Gibbs free energies ofM andA. The parametersA and
Ā characterize the thresholds forA ↔ M andM ↔ M transformations,a governs the variation ofε between the
i j i ti
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A andMi minima, andB andC control the Gibbs energy away from both theA andMi minima and the minimum
energy paths between the minima. The rotationR(P , η̃) is determined from Eq.(6) with N = P ·F T

t (η̃) andF t (η̃)

determined from Eq.(8).
Eq. (7) formally coincide with the corresponding equations in[2] if one substitutesσ e = P T · R (P , η̃) for

σ and allows for nonsymmetricεt i andσ . There is, nevertheless, a significant difference between the sma
large TS cases because of the strong coupling between the TS and lattice rotation (Eq.(6)), which introduces an
η̃ dependence intoσ e for large strains. The remaining difference is that all phase equilibrium and PT cond
depend on the rotation tensor atη̃ = η̂i . FromR(P , η̃) · F t (η̃) = −∂G/∂P we obtain

(8)F t (η̃) = I +
n∑

k=1

εtkϕ(a, ηk) − 1

2

n−1∑
i=1

n∑
j=i+1

η2
i η

2
j

{[
aεtj − 3(εtj − εt i )

]
η2

i + [
aεt i − 3(εt i − εtj )

]
η2

j

}
.

It is easily verified thatεt (η̃) = F t (η̃) − I satisfies all requirements:εt (η̂0) = 0, εt (η̂i ) = εt i , εt (ηi η̂i) = εt iϕ(ηi).
The potential(7) can be trivially modified to describe twinning and dislocation nucleation. In each case,�Gθ =

0 anda = 3. The TS for twinning isεt i = γmini , and for dislocations it isεt i = bini/d , whereni is the normal to
the glide plane. For dislocations, each of the order parameters must be replaced byη̄i = ηi − Int(ηi) ∈ [0,1], where
the integer part Int(ηi) accounts for the presence ofn dislocations in the slip plane. The functionϕ(ηi) is likewise
replaced byϕ(η̄i) + Int(ηi), as for small strains[2]. For 2–3–4 quartic polynomials, the expressions forϕ, f and
Fij are the same as for the small strain case in[2].

The thermodynamic driving forces for theA → Mi andMi → Mj PTs are

(9)

G(P , η̂0) − G(P , η̂i) = P T :
[
F (η̂i) − F (η̂0)

] − �Gθ

= P T :
[
R(P , η̂i ) − R(P , η̂0) + R(P , η̂i) · εt i

] − �Gθ,

(10)G(P , η̂i) − G(P , η̂j ) = P T :
[
F (η̂j ) − F (η̂i)

] = P T :
[
R(η̂j ) − R(η̂i) + R(η̂j ) · εtj − R(η̂i) · εt i

]
.

The phases are in thermodynamic equilibrium when these driving forces vanish. The potential(7) was designed
to satisfy the condition that the local thermodynamic equilibrium conditions,∂G/∂ηi = 0, for anyP andθ have
n + 1 solutions corresponding toA and theMi : η̃ = η̂i . In other words, the locations of theA andM extrema in
order parameter space are independent of the stress and temperature. Consequently, the TS and Burger
independent of the stress and temperature, in contrast to all previous phase field theories, but in agreem
experiments on shape memory alloys and traditional (not phase field) dislocation theory. The PT condition
follows:

A → Mi :
∂2G(P , η̂0)

∂η2
i

� 0⇒ P T · R(P , η̂0) :εt i � A

a
;

Mi → A:
∂2G(P , η̂i)

∂η2
i

� 0⇒ P T · R(P , η̂i) :εt i � A − 6�Gθ

a − 6
;

(11)Mi → Mj :
∂2G(P , η̂i)

∂η2
j

= −6P T · R(P , η̂i ) : (εtj − εt i ) + 2Ā � 0.

The simplicity of (11), despite the strong coupling between rotation andηi , is a consequence of the fact th
∂R/∂ηj = 0 at the pointŝη0 andη̂i for the potential(7). For small TS and rotations, one can substituteσ for all
P T · R and use symmetricεt i . Note that in contrast to all known instability criteria[3–6] the instability conditions
(11)are consistent with experiments on steels, which show that the transformations occur at nonzero corre
tangent moduli∂P /∂F .
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4. Application to NiAl alloy, BN and C

We now turn to a comparison of the small and finite strain theories. The PTs of interest are the cubic-te
in NiAl and the rhombohedral-cubic in BN and C (graphite–diamond PT). The cubic phase is taken to be tA in
each case.

All parameters for the potential(7) can be found by comparing to atomistic calculations ofG or stress-strain
curves, as was done in[2] using the results of[11,12] for the cubic to tetragonal PT in NiAl. The tensorsεt i are
known from crystallography, and�Gθ from thermodynamics. ParametersA, Ā, anda can be determined at eac
θ from Eq.(11) when stresses are determined from atomistic calculations (see, e.g.,[5,8]). ParametersB andC

do not affect the PT and phase equilibrium conditions and can be determined either from the conditionG

has no spurious minima or by fitting to theG function calculated atomistically at points away from theA and
Mi minima. Note that there are no additional material parameters associated with rotations, thus it is s
to perform atomistic calculations for the rotation-free case and uniaxial loading. While the parametersA anda

have been found for a number of PT using stress-strain curves for theA − Mi PT [5,8], all material parameter
(includingĀ) have been determined only for NiAl[11].

A polynomial approximation to the energyΦ in Lagrangian strains, which were not explicitly defined, w
presented in[11]. At the minimum ofΦ the elastic strain vanishes and the TSs were found to have the dia
componentsεt1 = {0.215,−0.078,−0.078}, etc. In order to obtainU t we must first determine whether the T
in [11] was defined asEt = (U t :U t − I )/2, the usual definition of Lagrangian strain, or asεt = U t − I . In
the first case,U t = (2Et + I )1/2 = {1.196,0.919,0.919}, c/a = 1.196/0.919= 1.302, and the volumetric TS i
detU t − 1 = 0.009. In the second case,U t = {1.215,0.922,0.922}, c/a = 1.318, and the volumetric TS is 0.03
The c/a ratios are both close to the value 1.32 given in[11]. Their MD simulations gave a volumetric strain
0.025, and it was mentioned that this must be accurately reflected in the Landau potential. Other MD sim
give a minimum volumetric TS of 0.04 for several NiAl alloys[12]. We conclude thatεt = U t − I was used in
[11,12]. Note that the volumetric TS for NiAl isεt : I = 0.059 for the small strain theory, almost twice the fini
strain value. This difference between the TSs will result in a difference of the same order in the internal
obtained by solution of the coupled Ginzburg–Landau and elasticity equations. The difference in internal
will change the microstructure itself.

We consider the uniaxial loading of single crystals of NiAl, BN and C by a stressP in direction 1, and
only account for two martensitic variants,M1 andM2; seeFig. 2 inset. Axes 1′ and 2′ are the cubic axes. Not

Fig. 2. Normalized transformation workW1→2 (a, c), and−W2→1 (b, d) for BN for finite (a, b) and small strain (c, d) theories.
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that thec-axis of Mi is directed along the axisi′ before rotation. Representing the two-dimensional tensora as
{a11, a12, a21, a22}, the TSs forM1 andM2 in the 1′ − 2′ coordinates areεt1 = {ε1,0,0, ε2} andεt2 = {ε2,0,0, ε1},
whereε1 = 0.215 andε2 = −0.078 for NiAl, andε1 = 0.596 andε2 = −0.02 for the layer puckering mechanis
[13] in BN and C. The lattice rotation tensor is defined asR = {cosβ,sinβ,−sinβ,cosβ}. Solution of Eq.(6)
givesβ(η̂0) = 0 and cosβ(η̂k) = Ft11/(F

2
t11 + F 2

t12)
1/2, whereFtij is obtained by transformingF t (η̂k) = I + εtk

to the 1–2 coordinates. The maximum value ofβ for NiAl is 8◦and for BN it is 14◦, both forα 	 0.9; β can be
much larger for other PTs, e.g., ifFt11 = Ft12, thenβ = 45◦. The normalized transformation work is defined
Wi→j := P T · R(η̂i) : (εtj − εt i )/P and represents the TS along 1 axis; the transformation workWi→j appears in
the PT criteria(10). The finite-strain value ofW1→0 exceeds the small strain approximation by about 0.06 for
and 0.015 for NiAl, and the difference is weakly dependent onα. This difference is of course most significant ne
the zeroes ofW1→0. In Fig. 2we plotW1→2, and−W2→1 versusα for C and BN for both finite and small stra
theories. The maximum value ofW1→2 + W2→1 reaches 0.285 for BN and 0.09 for NiAl; it is zero in small strain
theory. The above deviations demonstrate the importance of finite strain corrections.

The results of numerous finite strain atomistic calculations[4–8,11]could not be presented in a practical an
lytical form and used in continuum microscale studies of nucleation and microstructure formation becaus
lack of continuum finite strain models for PTs. The explicit expression forG, Eq.(7), will bridge this gap.

Note that the crystallographic theory of martensitic PTs has long been based on finite strain kinema
neglected elastic strains), and the necessity of accounting for finite strain and rotations has been proven[14]. Since
a Ginzburg–Landau model of martensitic microstructure must reproduce the results of crystallographic
when it is applicable (e.g., the orientation of the interfaces between martensitic variants and between aust
twinned martensite, and the volume fraction of martensitic variants inside the martensitic plate), it must a
finite strain theory.
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