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a b s t r a c t

General thermodynamic and kinetic approaches for sublimation inside an elastoplastic
material developed in Levitas (2012) are applied to the problem of a nucleation of a spher-
ical gas bubble inside an infinite elastoplastic sphere. A large-strain solution of the
mechanical problem on a spherical void formation is generalized for the case with internal
pressure and surface tension. Nucleation via homogeneous transformation in the nucleus
of a fixed mass and nucleation via continuous interface propagation are studied in detail.
For both paths, the explicit expressions for the thermodynamic driving forces and activa-
tion energies are derived. Using a kinetic nucleation criterion, the kinetic relationships
between tensile sublimation pressure and temperature are derived. For both transforma-
tion paths, three different regions are present on the kinetic temperature-stress curve.
For small stresses, elastic deformation of a sphere takes place, and the results for both
paths coincide. For large stresses, nucleus size is equal to the minimum radius for which
one still can distinguish between solid and gas, and for the intermediate stresses the radius
of the critical nucleus maximizes the activation energy. For all cases with plastic expansion,
nucleation via homogeneous transformation is more probable for small stresses and signif-
icantly more probable for large stresses. However, such a homogeneously transformed
nucleus cannot grow. It is necessary to slightly increase temperature or tensile pressure
(to a value well below that for nucleation via interface propagation) to cause growth. Below
some critical temperature hin, while the nucleus cannot grow because of solid–gas transfor-
mation, it expands like a balloon due to loss of mechanical stability. To our knowledge, this
is the only known example of transformation of a subcritical nucleus into a supercritical
one due to mechanical instability. The thermodynamics and the kinetics of evaporation
are considered as well, and similar mechanical instability is found. Also, homogeneously
transformed nucleus, while it starts to shrink, does not completely disappear; it represents
a metastable rather than a critical nucleus. All of these results do not have counterparts in
nucleation in elastic materials.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

General thermodynamic and kinetic approaches for sublimation inside an elastoplastic material developed in Levitas
(2012) are quite sophisticated and predict the potential for nontrivial nucleation scenarios. Here, we consider the simplest
case of appearance of a spherical gas nucleus inside an infinite elastoplastic sphere that allows closed-form solution and
explicitly demonstrates the nontrivial effects. Both scenarios described in Levitas (2012), namely nucleation via
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homogeneous transformation in the nucleus of a fixed mass and nucleation via continuous interface propagation, are studied
in the paper. We will consider small elastic strain but large plastic strains. In fact, for low temperatures and large tensile
stresses, the volume of the void changes by a factor of 1000 due to plastic deformation. Essential simplifications for the
spherical bubble are related to the following points.

1. A large-strain analytical solution of the mechanical problem on a spherical void formation (Hill, 1950) is slightly general-
ized here for the case with internal gas pressure and surface tension.

2. Based on this solution, an explicit expression for the mechanical work during nucleation via homogeneous transforma-
tion can be obtained even without knowledge of the equation of state of transformed material in the intermediate state
between solid and gas.

3. There is no necessity to minimize an activation energy with respect to position and shape of the nucleus.

A priori, one would expect that the appearance of a nucleus by an interface propagation from zero or infinitesimal size up
to the radius above which it grows by spontaneous sublimation, is the most natural definition of the critical nucleus because
the statistical theory of appearance of a critical nucleus (Zeldovitch, 1943; Landau and Lifshitz, 1980) considers atom-by-
atom nucleus growth. However, at large tensile pressures, when the critical nucleus consists of only a few molecules, nucle-
ation via homogeneous transformation from solid to gas is more appropriate. We have defined a nucleus with the smallest
radius of rmin in the reference (undeformed) configuration that consists of only a few molecules, for which one still distin-
guishes solid and gaseous phases. Then, due to path-dependence, nucleation via interface propagation includes homoge-
neous appearance of a nucleus of the smallest radius, followed by its growth up to critical size. Alternatively, we consider
nucleation via homogeneous transformation in the nucleus of a fixed mass. For both paths, the explicit expressions for
the thermodynamic driving forces, activation energies, and the kinetic relationships between tensile sublimation pressure
and temperature are derived. For small stresses, a sphere deforms elastically and the solution of the elastic problem is uti-
lized. For elastic deformations, the results for both transformation paths coincide, and simple analytical expression is ob-
tained for the kinetic relationships between tensile sublimation pressure and temperature. Pressure-dependence of the
sublimation temperature is weak for the elastic regime. For large stresses, nucleus size in the reference (undeformed) con-
figuration is assumed to be equal to the minimum radius rmin because the radius obtained by maximization of the activation
energy is smaller than rmin. Pressure-dependence of the sublimation temperature is very strong for this regime because nu-
cleus volume grows drastically. We are not aware of research on nucleation that introduces rmin and treats the case with the
minimum radius separately. For the intermediate stresses, the radius of the critical nucleus is determined from the condition
of maximization of the activation energy; this is a transitional regime from the weak to strong pressure-dependence of the
kinetic sublimation temperature.

Maximum pressure sensitivity corresponds to the radius of the critical nucleus in the reference configuration equal to
rmin. For the last two cases, all equations are essentially simplified if the ratio of the volumes of a gas bubble and the corre-
sponding solid nucleus are much greater than one. The following results are obtained for the energetic crystal HMX. For all
cases that involve plastic deformation, the kinetic sublimation temperature–sublimation stress curve is lower for nucleation
via homogeneous transformation, which means that it is more probable than the nucleation via interface propagation. For
large stresses, the difference between these curves is significant. However, such a homogeneously transformed nucleus can-
not grow, which means that it is still a subcritical nucleus. It is necessary to slightly increase temperature or tensile pressure
(to a value well below that for nucleation via interface propagation) to cause growth. What is more important is that below
some critical temperature hin, while the nucleus cannot grow because of sublimation, it expands like a balloon due to loss of
mechanical stability. That means that during fluctuational gas bubble expansion, the reduction in gas pressure is smaller
than the reduction in resistance to expansion due to plastic flow and surface tension. To our knowledge, this is the only
known example of transformation of a subcritical nucleus into a supercritical one due to mechanical instability. Also, using
rough estimates we found that a homogeneously transformed nucleus, while it starts to shrink, does not completely disap-
pear; it represents a metastable nucleus rather than the critical void. Thus, sublimation can be a mechanism of nucleation of
a supercritical and metastable voids, alternative to fracture (atomic bond breaking). All these results do not have counter-
parts in nucleation in elastic materials or cavitation in liquid.

Thermodynamics and kinetics of evaporation is considered as well using classical nucleation theory supplemented by
restriction of the smallest radius of nucleus. For large gas expansion (i.e. for large tensile stresses), the kinetic sublimation
curve inside elastoplastic materials can be obtained from the kinetic evaporation curve when the external stress r is substi-
tuted with r � rc, where rc is the cavitation pressure for an elastoplastic solid defined below. We found that mechanical
instability exists for evaporation as well, i.e. this is property of a gas bubble rather than an elastoplastic solid.

The paper is organized as follows. In Section 2 thermodynamics and kinetics of nucleation of a spherical gas bubble via
homogeneous transformation inside nucleus of fixed mass is developed. In Section 3 finite strain analytical solution for
deformation of an elastoplastic sphere with spherical cavity under external and internal pressure is presented and analyzed.
Mechanical work is evaluated analytically. In Section 4 free energies and equations of state for gas and solid are given.
Complete system of equations for nucleation via homogeneous transformation is summarized in Section 5. It includes four
cases: (a) intermediate stresses; (b) large stresses and small radius of the critical nucleus ron = rmin; (c) small external stresses
and sublimation in an elastic material, and (d) large plastic expansion an� 1. In Section 6 thermodynamics and kinetics of
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nucleation via continuous interface propagation are developed. Complete system of equations for nucleation via interface
propagation is summarized in Section 7 for the same four cases as for homogeneous transformation process. In Section 8
condition for the mechanical instability of the nucleus is derived. Algorithms for finding the critical nucleus for both nucle-
ation scenarios and for all ranges of stresses and plastic expansions are presented in Section 9. In Section 10 numerical re-
sults for energetic crystal HMX are presented and analyzed. Calculations for sublimation from the plane external surface are
in good agreement with published experimental data. Both scenarios are treated in detail, including finding mechanical
instability conditions; the choice of the final critical nucleus is analyzed. In Section 11 appearance of the critical nucleus dur-
ing the evaporation of liquid is considered. Section 12 contains concluding remarks. In Boxes 1–3, all equations are summa-
rized for two sublimation scenarios and for evaporation. Some preliminary results for appearance of a spherical gas bubble
were reported in a short letter (Levitas and Altukhova, 2008). In comparison with Levitas and Altukhova (2008), current pa-
per contains detailed derivation of all equations (in most cases in more general form), formulations of algorithms, consider-
ation of many more possible scenarios, and much more detailed study of sublimation.

2. Nucleation of a spherical gas bubble via homogeneous transformation inside nucleus of fixed mass

Let a small spherical region with a radius r0n in undeformed reference configuration undergo transformation into gas,
which occurs as a homogeneous process of changing of all properties of solid to the properties of gas. Mass of the transform-
ing region mn = qsV0n, where qs is the density of solid in unloaded state and V0n ¼ 4=3pr3

0n is the volume of a nucleus in unde-
formed configuration (Fig. 1).

Since elastic deformations are small, the radius of the region with mass mn under pressure r is approximately equal to r0n.
This process is accompanied by change in pressure within the region from the tensile pressure r > 0 to the compressive gas
pressure pg > 0, plastic expansion of the hole and appearance of the surface energy. In deformed configuration, the radius of
the nucleus changes from r0n to its final value rn due to plastic deformation.

In the general theory (Levitas, 2012), we need to describe the transformation process by prescribing the constitutive prop-
erties of a transforming region in terms of the internal variable n that varies from zero (solid state) to 1 (gas), see Eqs. (79)–
(81) in Levitas (2012). They include equation of state and surface energy. However, as we will show below, for the given sim-
ple problem one does not need such properties in the intermediate states. The thermodynamic driving force for sublimation
(Levitas, 2012) is

XPT ¼ XvVn0 � CR; ð1Þ

where

Xv ¼W � qsðwg � wsÞ ð2Þ

is the volumetric driving force for sublimation per unit undeformed volume, R ¼ 4pr2
n is the nucleus surface in the deformed

state, C is the surface energy per unit current area, W is the mechanical work of the pressure in solid at the solid–gas inter-
face on the void expansion per unit undeformed volume, the mass density of solid qsis considered as a constant, and w is the
Helmholtz free energy per unit mass. Designating an = Vn/V0n > 1, we obtain

rn ¼
3

4p
Vn

� �1=3

¼ 3
4p

V0nan

� �1=3

; R ¼ 4p 3
4p

V0nan

� �2=3

: ð3Þ

Substituting the expression for the surface R from Eq. (3) into Eq. (1), one obtains the driving force for phase transformation
in terms of Vn0

XPT ¼ XvVn0 � ð4pÞ1=332=3CV2=3
n0 a2=3

n : ð4Þ

The volume of the critical nucleus can be found by minimizing XPT with respect to Vn0, which leads to

V0nc ¼
32pa2

nC
3

3X3
v

; Vnc ¼
32pa3

nC
3

3X3
v

: ð5Þ

nV0nV

(a) (b)
Fig. 1. Scheme of nucleation of a small spherical region V0n (a) via homogeneous transformation into a gas Vn (b).
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This is equivalent to the maximization of the Gibbs energy with respect to Vn0, see Levitas (2012). Note that Xv is the vol-
umetric part of the thermodynamic driving force per unit undeformed volume, i.e. in reference configuration. If we intro-
duce the volumetric thermodynamic driving force per unit deformed volume (i.e. in actual configuration), Xv :¼ Xv=a, then
the second Eq. (5) looks like in the classical nucleation theory (see, e.g. Landau and Lifshitz (1980); Porter and Easterling
(1992)):

Vnc ¼
32pC3

3X3
v

: ð6Þ

The radii of the critical nucleus in reference and actual configurations are

r0nc ¼
3V0nc

4p

� �1=3

¼ 2Ca2=3
n

Xv
; rnc ¼ r0nca1=3

n ¼ 2Can

Xv
: ð7Þ

Eq. (7) leads to the interesting expression for the surface tension for the critical nucleus

2C
rnc
¼ Xv

an
¼ Xv : ð8Þ

After substitution of the expression for Vn0 from Eq. (5) into Eq. (4) and taking into account the definition of an activation
energy, one obtains

Q ¼ �XPT ¼
16pa2

nC
3

3X2
v

: ð9Þ

The kinetic nucleation criterion will be accepted in the form (Levitas, 2012; Porter and Easterling, 1992)

Q ¼ 80kh; ð10Þ

where h is the temperature and k = 1.381 � 10�23J/K is the Boltzmann constant. We took the factor of 80, which is the upper
value used in literature (Levitas, 2012; Porter and Easterling, 1992). In this way we take into account the minor pre-existing
nucleation cites, like point defects.

3. Finite strain analytical solution for deformation of an elastoplastic sphere with spherical cavity under external and
internal pressure

Consider an infinite sphere made of an elastoplastic material under prescribed tensile pressure r at its surface with the
spherical hole with the radius r0n. Tensile stress rn > 0 is applied to the solid at the surface of the hole, and it reduces from rn0

to the current value of rnwhile hole expands up to the radius r (Fig. 2).
The stress rn resists to the hole expansion. Since there are only two parameters with dimension of length, solution should

depend on r/r0n or more convenient on a = V/V0n, where V is the volume of the hole. In connection to sublimation problem, V
varies between V0n and the final volume of a nucleus Vn and a varies from 1 to an.

Solution of the large-strain elastoplastic problem for the volume change of the cavity was obtained in form

V0n

V
¼ 1

a
¼ 1� rn

K
� 3ð1� mÞ

E
rye�1þ 3

2ry
ðr�rnÞ; ð11Þ

where m is the Poisson’s ratio, K and E are the bulk and Young’s moduli, respectively, and ry is the yield strength. This
solution is based on von Mises plasticity condition, r/ � rr = ry, where r/ and rr are the circumferential (hoop) and radial
stresses, respectively. When rn = 0, solution Eq. (11) coincides with the solution in Hill (1950). Similar problem was re-

0V
0n n

(a)

V

(b)
Fig. 2. Deformation of the elastoplastic material with spherical hole under external and internal tensile pressure; reference configuration (a) and actual
configuration (b).
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cently treated by Fischer and Antretter (2009) but for small strains. The equilibrium condition at the interface is Levitas
(2012) (Fig. 3)

rn ¼ �pðnÞ þ 2CðnÞ=r; ð12Þ

where 0 6 n 6 1 is the internal variable, p(n) > 0 is the pressure which varies from r for n = 0 to the value pressure in the gas
pg when n = 1 and C(n) is the surface energy which varies from zero for n = 0 to the value C for the solid–gas interface when
n = 1. For simplicity, we assume the equality of surface energy and stresses (tension), see Fischer et al. (2008). The sign minus
in Eq. (12) is because we consider compressive gas pressure as positive, pg > 0.

For a final nucleus, n = 1 and

rn ¼ �pg þ 2C=rn: ð13Þ

We need resolve Eq. (11) with respect to rn in order to calculate mechanical work W:

rn ¼ K 1� 1
a

� �
þ 2

3
ryProductLog

9 exp½�1þ 3ðK�aKþarÞ
2ary

�Kð�1þ mÞ
2E

" #
;

where special function Product Log[z] gives the principal solution for y in z = y ey (Wolfram Research, 2005).
This expression, however, does not allow analytical evaluation of W. Then we neglect elastic strain rn/K in Eq. (11) and

obtain from it

rn ¼ r� 2
3
ry 1þ ln

la
ry

1� 1
a

� �� �� �
; ð14Þ

where l is the shear modulus, a ¼ 2ð1þmÞ
3ð1�mÞ and relationship E = 2l(1 + m) was used. Putting in Eq. (14) rn = 0 and a ?1, one

obtains

r ¼ rc :¼ 2
3
ry 1þ ln

la
ry

� �� �
; ð15Þ

where rc is often called the ‘‘cavitation pressure’’, which is possible maximum value of tensile pressure that solid can sustain
if surface energy is neglected. For typical values E/ry = 1000 and m = 0.3, one obtains rc ’ 4.5ry. Then

rn ¼ r� rc �
2
3
ry ln 1� 1

a

� �
: ð16Þ

To evaluate mechanical work W per unit nucleus volume in the solid state in Eq. (2), we integrate (see Eq. (31) in Levitas
(2012))

W ¼
Z an

a1

rnda ¼ ðr� rcÞðan � a1Þ �
2
3
ry ln

ðan � 1Þðan�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðanÞan

 !
: ð17Þ

Indeed, according to Eq. (31) in Levitas (2012), mechanical work is produced by the stress in solid at the interface with gas,
i.e. by stress rn rather than gas pressure pg. Based on geometry change, a1 = 1. However, since we neglected elastic strain, this
leads to singularity in rn and W. To avoid the singularity, we determine a1 from the condition that before sublimation, when
Vn ? 0 and V0n ? 0, in Eq. (14) rn = r, i.e.

a1 ¼
1

1� ry

ela

: ð18Þ

There is an important consequence of the Eq. (17). The only term, where the constitutive equations for intermediate states
for pressure p(n) and surface energy C(n) enter the general theory, is the mechanical work W. However, for a spherical

gp nσ

2
r
Γ

Fig. 3. The scheme illustrating the equilibrium condition at the interface and the choice of signs in Eq. (12).
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problem, since solution for rn Eq. (14) is independent of n and so does Eq. (17) for mechanical work W, one does not need
constitutive equations for an intermediate state.

For large an, when the expansion ln 1� 1
a

� �
’ � 1

a is true, one obtains

rn ¼ r� rc þ
2ry

3a
ð19Þ

and

W ¼
Z an

a1

rnda ¼ ðr� rcÞðan � a1Þ þ
2
3
ry ln

an

a1
: ð20Þ

For even larger an� 1, the last term in Eq. (16) disappears and rn is getting independent of an:

rn ¼ r� rc: ð21Þ

For this case

W ¼ ðr� rcÞðan � 1Þ ’ ðr� rcÞan: ð22Þ

4. Free energies and equations of state for gas and solid

To complete the equations, we consider equation of state for an ideal gas

pg ¼
mnRh
MV

¼ qsV0nRh
MV

¼ Lh
a

; L ¼ qsR
M

ð23Þ

and for solid

ps ¼ Kðe0 � 1Þ; ð24Þ

where M is the molecular mass, R = 8.3145 J/K mole is the universal gas constant, and e0 is the elastic volumetric strain in
solids. Corresponding Helmholtz free energies per unit mass are

wg ¼ wh
g �

Rh
M

ln
p0

pg

 !
� Rh

M
ln

h
h0

� �
; ð25Þ

ws ¼ wh
s þ

r2

2Kqs
; ð26Þ

where p0 is the reference pressure and wh is the thermal part of free energy per unit mass. We took into account that pressure
in solid before sublimation is equal to r. We assume that the jump in the thermal part of free energy

Dwh ¼ wh
g � wh

s ¼ Dwh
0 � Dsðh� h0Þ; ð27Þ

where h0 is the reference temperature, Dwh
0 is the jump in the thermal part of free energy at reference temperature, and Dsis

the jump in entropy.

5. Complete system of equations for nucleation via homogeneous transformation

5.1. General case

Substituting Eqs. (16), (23) and (8) in Eq. (13), one obtains

r� rc �
2
3
ry ln 1� 1

an

� �
¼ 1

an
ðXv � LhÞ: ð28Þ

Substitution of Eqs. (17), (25), (26), (27) and (8) in Eq. (2) results in

Xv ¼ ðr� rcÞðan � a1Þ �
2
3
ry ln

ðan � 1Þðan�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðanÞan

 !
� qsðDwh

0 � Dsðh� h0ÞÞ þ Lh ln
anp0

Lh0

� �
þ r2

2K
: ð29Þ

Then substituting Xv from Eq. (29) into Eq. (28) gives us a highly nonlinear algebraic equation for an. After solving this equa-
tion numerically, one can obtain function an(h,r). Inserting this function into Eq. (29), one can obtain Xv(h,r). Substituting
an(h,r) and Xv(h,r) into kinetic criterion Eqs. (9) and (10)

Q ¼ 16panðh;rÞ2C3

3Xvðh;rÞ2
¼ 80kh; ð30Þ
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one can solve it for h(r), which is the desired kinetic relationship between sublimation pressure r and temperature h. In
practise, one fixes arbitrary h and finds corresponding r or vice versa. After this, the radii of critical nucleus in the reference
and actual configurations can be found from Eq. (7).

5.2. Large plastic expansion an� 1

In this case rn = r � rc and W = (r � rc)(an � 1) ’ (r � rc)an (see Eqs. (21) and (22)), which leads to a significant sim-
plifications of Eqs. (28) and (29):

ðr� rcÞan ¼ Xv � Lh; ð31Þ

Xv ¼ ðr� rcÞðan � 1Þ � qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

anp0

Lh0

� �
þ r2

2K
: ð32Þ

Substitution of Eq. (32) into Eq. (31) results in equation

r� rc þ qs Dwh
0 � Dsðh� h0Þ

� �
� r2

2K
þ Lh ¼ Lh ln

anp0

Lh0

� �
; ð33Þ

with the following solution for an

an ¼
Lh0

p0
exp qs Dwh

0 � Dsðh� h0Þ
� �

þ r� rc �
r2

2K

� �
=ðLhÞ þ 1

� �
: ð34Þ

Eqs. (30) and (7) should be used to determine kinetic relationship h(r) and then the radii of critical nucleus in the reference
and actual configurations.

5.3. Small radius of the critical nucleus ron = rmin

If for the general case the calculated radius of the critical nucleus ron is smaller than the accepted minimum radius rmin, for
which one still distinguishes solid and gaseous phases, we should put ron = rmin and reconsider equations. Using correspond-
ing minimal volume Vmin in Eq. (4), the activation energy and kinetic sublimation criterion take the form

Q ¼ �XPT ¼ ð4pÞ1=332=3CV2=3
mina2=3

n � XvVmin ¼ 80kh: ð35Þ

Equilibrium Eq. (13) at the interface simplifies as well

r� rc �
2
3
ry ln 1� 1

an

� �
¼ 2C

rmina1=3
n

� Lh
an

ð36Þ

After substitution of an from Eq. (36) in Eq. (29) for Xv, and then Xv into kinetic criterion Eq. (35), the required kinetic rela-
tionship h(r) can be obtained.

If for ron = rmin and large an we simplify ln 1� 1
an

� 	
’ � 1

an
, then equilibrium Eq. (36) at the interface simplifies to

r� rc þ
2
3

ry

an
¼ 2C

rmina1=3
n

� Lh
an
; ð37Þ

an gives the following solution for an

an ¼
ð6Cþ A2Þ2 � 6CA2

9rðr� rcÞA2

 !3

; ð38Þ

where A2 ¼ 3 8C3 þ 3
2 �3r3

minðr� rcÞ2ð3Lhþ 2ryÞ þ A1

� 	h i1=3
and

A1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3

minðr� ryÞ2ð3Lhþ 2ryÞ �32C3 þ 9r3
minðr� rcÞ2ð3Lhþ 2ryÞ

� 	r
.

This expression for an should be substituted in Eq. (32) for Xv and then substitution of Xv into kinetic criterion Eq. (35) will
result in the kinetic relationship h (r).

It follows from Eq. (37), that for h = const increase in the tensile stress r leads to reduction of expansion an, which from the
mechanical point of view looks counterintuitive. It should be noted that Eq. (37) has to be considered together with kinetic
criterion Eq. (35); then increase in r reduces sublimation temperature h, so the conclusion about decrease in the expansion
an is not straightforward. Numerical calculations (see Fig. 10), however, indeed demonstrate that for ron = rmin, the expansion
an reduces with increasing tensile stress r along the kinetic sublimation curve. Since decrease in an for ron = rmin with growing
r means decrease in the critical nucleus volume with increasing driving force, this is in accordance with the classical kinetic
theory.

18 V.I. Levitas, N. Altukhova / International Journal of Plasticity 34 (2012) 12–40
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5.4. Small external stresses: sublimation in an elastic material an ’ 1

For high temperatures and relatively small pressures, solution of the exact system of equations demonstrates very small
change in volume and an ’ 1. The value an = 1 should be plugged in the general expressions for gas pressure, radius of the
critical nucleus and expressions for free energy of the gas. For such an, elastic rather than large-plastic-strain solution should
be used but it will give us even smaller strains. In this case W should be calculated for elastic small-strain solution and Eq.
(29) for Xv transforms to

Xv ¼ �qsDwE ¼ �qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

p0

Lh0

� �
þ 3r2ð1� 2mÞ

2E
: ð39Þ

The last term represents change in elastic energy for void appearance in elastic material and it is taken from Levitas (2000),
that is why we use the subscript E. Substituting Xv into activation energy Eq. (9) and kinetic criterion Eq. (10),

Q ¼ �XPT ¼
16pa2

nC
3

3ðqsDwEÞ
2 ¼ 80kh; ð40Þ

one obtains an explicit expression for kinetic sublimation criterion

3ð1� 2mÞ
2E

r2 ¼ pC3

15kh

 !1=2

þ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
: ð41Þ

Note that since we neglected deviation of anfrom 1 in ln anp0
Lh0

� 	
in Eq. (39), we have to check that the error in Xv is negligible in

comparison with elastic energy 3ð1�mÞ
4E r2. Otherwise, we have to use ln anp0

Lh0

� 	
’ ln anp0

Lh0

� 	
þ an � 1 and find an from equilibrium

condition with rn from elastic solution. Final kinetic h � r relationship is getting complicated in this case.
To find tensile pressure range for which elastic approximation is valid, we find intersection of kinetic curves based on Eqs.

(30) and (41). Corresponding values will be designated as ae, he, and re. Function h(r) in this pressure range is weakly depen-
dent of r and connection of these curves is smooth (see Fig. 11). Also, one can put r = 0 in Eq. (41) to obtain an estimate for
sublimation temperature in this pressure range.

6. Nucleation via continuous interface propagation

As the first step, a nucleus of a smallest radius in the reference configuration rmin appears via homogeneous transfor-
mation process (Fig. 4). Then this nucleus grows by the interface propagation until it reaches the critical size r0nc. Critical
size is determined by the condition XR = 0, where XR is the thermodynamic driving force for an interface propagation. For
a subcritical nucleus, r0 < r0nc and XR < 0, i.e. the growth of a nucleus occurs due to thermal fluctuations, because it is
thermodynamically impossible. For the supercritical nucleus r0 > r0nc, the negative contribution due to surface energy re-
duces and XR > 0, i.e. nucleus can thermodynamically grow. Such a definition coincides with the classical definition of the
critical nucleus for phase transformation in liquid, gas and elastic solid. For a spherical nucleus, there is no need to use
kinetic equation for subcritical nucleus (like Eq. (94) in Levitas (2012)), because the shape evolution of the nucleus is
known.

6.1. Appearance of a nucleus of a smallest radius via homogeneous transformation process

This process was considered in Section 5.3. First, the expansion am (subscript m is for minimum, to distinguish from the
nucleus of the final size, designated with the subscript n) is to be found from the equilibrium condition at the interface (Eq.
(28))

0Σ

σ

0cΣ

minr

Σ

σ

cΣ

(a) (b) 
Fig. 4. Scheme of the appearance of gas nucleus via interface propagation in the reference (a) and deformed (b) configurations. Nucleus with the smallest
radius rmin in the reference configuration appears via homogeneous transformation and grows to its critical size by continuous interface propagation.
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r� rc �
2
3
ry ln 1� 1

am

� �
¼ 2C

rmina1=3
m

� Lh
am

ð42Þ

and expression for Xv (Eq. (29))

Xv ¼ ðr� rcÞðam � a1Þ �
2
3
ry ln

ðam � 1Þðam�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðamÞam

 !
� qs Dwh

0 � Dsðh� h0Þ
� �

þ Lh ln
amp0

Lh0

� �
þ r2

2K
: ð43Þ

This am is used to evaluate the activation energy (Eq. (35))

Q0 ¼ �XPT ¼ ð4pÞ1=332=3CV2=3
mina2=3

m � XvVmin: ð44Þ

6.2. Thermodynamic driving force for interface propagation

We can use any of three Eqs. (89)–(91) from Levitas (2012)

XR ¼ �
pg

qg
þ rn

qs

 !
� DwP; ð45Þ

XR ¼ �pg
1
qg
� 1

qs

 !
� DwP �

2C
qsr

; ð46Þ

XR ¼ rn
1
qg
� 1

qs

 !
� DwP �

2C
qgr

; ð47Þ

where the subscript ‘‘P’’ is for nucleation via interface propagation, in contrast to Dw, which is for nucleation via homoge-
neous transformation. Note that in these equations r is an arbitrary radius of a gas bubble in the actual configuration, rmina1/3

6 r 6 rnc, rather than the critical radius rnc. The critical radius is determined from the condition

XR ¼ 0: ð48Þ

6.3. Activation energy and kinetic criterion

Activation energy is determined by Eq. (95) from Levitas (2012)

Q ¼ Q 0 �
Z mc

mm

XRdm ¼ 80kh; ð49Þ

where m is the mass of a nucleus of the radius r in the actual configuration (or the radius r0 in the reference configuration)
that varies from the mass of nucleus of the minimal size mm to the mass of the critical nucleus mc. Since mass m ¼ 4=3qspr3

0,
then dm ¼ 4qspr2

0dr0. One can use m = 4/3qgpr3 but then qg depends on r, which is less convenient. As soon as dependence
XR(r0) is found, integral in Eq. (49) can be evaluated numerically.

6.4. Pressure in solid at the moving solid–gas interface

Consider an infinite sphere made of an elastoplastic material under prescribed tensile pressure r at its surface with the
spherical hole with the radius r0 in reference configuration. The difference between the problem formulation here and in
Section 3 is that the radius of the hole varies not only in the actual configuration but also in the reference configuration.
In general, it is quite a sophisticated problem, but due to simple geometry and the monotonous loading process in the
remaining solid hollow sphere, its solution can be reduced to Eq. (16) with a proper definition of a.

Consider a hole of radius r in the actual configuration and a corresponding hole of radius r0 in the reference configuration
for two cases. In the first one, this hole appeared as a result of the homogeneous sublimation process, and in the second one it
appeared due to continuous interface growth. Since r and a = (r/r0)3 for both cases the same, it follows from the equilibrium
Eq. (13) at the interface that

rn ¼ �Lh=aþ 2C=r ð50Þ

is the same for both cases as well. Solution Eq. (16) is based on the assumption that under fixed r expansion a depends on
the final value of rn and is independent of its history because the history of variation of rn is unknown. Keeping the same
assumption here, we conclude that for each r0 Eq. (16) is valid – i.e.,

rn ¼ r� rc �
2
3
ry ln 1� 1

a

� �
: ð51Þ
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The only difference is that a is calculated with respect to a different r0 for each interface position, because r0 in the reference
configuration grows. Note that change in r0 in the reference configuration is due to sublimation, while change in radius r in
the current configuration with respect to r0 is due to plastic expansion.

6.5. Elastic energy of solids

While the Helmholtz free energy of gas and Dwh remain the same as in Eqs. (25) and (27), the elastic part of the free en-
ergy of solid changes because of different stress states at the moving interface. Elastic energy

qswe ¼
r2

0

2K
þ r2

i

6l ; ð52Þ

where r0 is the mean stress (hydrostatic pressure) and ri is the stress intensity. For the point of the interface, there are two
equal hoop stresses r/ and the radial stress rn. According to the von Mises plasticity condition, ri = r/ � rn = ry. Then
r/ = rn + ry, the mean stress r0 = (2r/ + rn)/3 = (3rn + 2ry)/3, and

qswe ¼
ð3rn þ 2ryÞ2

18K
þ

r2
y

6l
: ð53Þ

Thus,

qsDwP ¼ qsDwh � Lh ln
ap0

Lh0

� �
� ð3rn þ 2ryÞ2

18K
�

r2
y

6l
: ð54Þ

7. Complete system of equations for nucleation via interface propagation

7.1. General case

Combining Eqs. (13), (19), (28) and (51), we express the equilibrium equation for an interface in two forms

r� rc �
2
3
ry ln 1� 1

a

� �
¼ 2C

r0a1=3 �
Lh
a

ð55Þ

and

r� rc �
2
3
ry ln 1� 1

a

� �
¼ 2C

r
� Lh

a
; ð56Þ

one, in terms of r0, and another in terms of r. Similarly, we express Eq. (47) for the driving force for an interface propagation:

XR ¼ rn
a� 1
qs
� DwP �

2Ca
qsr

ð57Þ

and

XR ¼ rn
a� 1
qs
� DwP �

2Ca2=3

qsr0
: ð58Þ

To find the radius of the critical nucleus, we first express 2C
r from the condition XR = 0 in Eq. (57) and substitute it in Eq. (56).

We derive that for the critical nucleus

rn ¼ �qsDwP � Lh; ð59Þ

or, in detail,

r� rc �
2
3
ry ln 1� 1

a

� �
¼ �qsDwh þ Lh ln

ap0

Lh0

� �
� 1

� �
þ ½r� rc � 2=3ryðlnð1� 1=aÞ � 1Þ�2

2K
þ

r2
y

6l
: ð60Þ

One can solve algebraic Eq. (60) for a. Then from the condition XR = 0, one finds from Eq. (57) the radius of the critical nucleus
in the actual configuration

rc ¼
2Ca

rnða� 1Þ � qsDwP
; ð61Þ

where a is determined from Eq. (60).
Since in Eq. (49) for the activation energy we integrate over volume in the reference configuration, XR should be ex-

pressed in terms of r0. Resolving Eq. (55) for a and substituting it into Eq. (58), we obtain the desired expression for
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XR(r0) for the prescribed r and h. After numerical integration, Eq. (49) will give the desired kinetic relationship between sub-
limation temperature h and tensile stress r.

7.2. Large plastic expansion an� 1

Eq. (60) significantly simplifies for an� 1

r� rc ¼ �qsDwh þ Lh ln
ap0

Lh0

� �
� 1

� �
þ ½r� rc þ 2=3ry�2

2K
þ

r2
y

6l
ð62Þ

and can be solved explicitly:

a ¼ Lh0

p0
exp r� rc þ qsDwh � ½r� rc þ 2=3ry�2

2K
�

r2
y

6l

 !" ,
Lhþ 1

#
: ð63Þ

Eq. (61) for the radius of the critical nucleus simplifies as well:

rc ¼
2Ca

ðr� rcÞa� qsDwP
ð64Þ

and with Eq. (63) for a gives the explicit expression for rc.
Eq. (63) transforms to the cubic equation for x = a1/3

r� rc ¼
2C

r0a1=3 �
Lh
a

ð65Þ

and allows the following solution:

x ¼ ð2Cþ A3Þ2 � 2CA3

3r0ðr� rcÞA3
; ð66Þ

where A3 ¼ 2�1=3 4C3 � 27r3
0Lhðr� rcÞ2 þ 3

ffiffiffi
3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3
0Lh �32C3 þ 27r3

0Lhðr� rcÞ2
� 	

ðr� rcÞ2
r� �1=3

. This solution can be substi-

tuted into Eq. (57) for integration and determination of the kinetic relationship between sublimation temperature h and ten-
sile stress r.

7.3. Small external stresses: Sublimation in an elastic material a ’ 1

In this case, Xv = �qsDwE. Eq. (61) for the radius of the critical nucleus transforms to

rc ¼ �
2C

qsDwE
; ð67Þ

with

qsDwE ¼ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
� 3r2ð1� mÞ

4E
ð68Þ

from Eq. (39). The expression Eq. (57) for the driving force for an interface propagation is

XR ¼ �DwE �
2C
qsr

: ð69Þ

Then Z mc

mm

XRdm ¼ 4qsp
Z rc

rm

XRr2dr ¼ �4=3qspDwE r3
c � r3

m

� �
� 4pC r2

c � r2
m

� �
: ð70Þ

Substituting Eq. (67) for the critical radius into Eq. (70) and then Eq. (70) into Eq. (49), we obtain

Q ¼ Q 0 þ
16pC3

3ðDwEÞ
2 � 4=3qspDwEr3

m � 4pCr2
m: ð71Þ

Since according to Eq. (44)

Q0 ¼ 4pCr2
m þ 4=3qspDwEr3

m; ð72Þ
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then

Q ¼ 16pC3

3ðqsDwEÞ
2 ¼ 80kh; ð73Þ

i.e., similar to the classical nucleation theory. Eq. (73) coincides with Eq. (40) for the homogeneous transformation process.
As expected, activation energy for sublimation in elastic material is path-independent. The explicit kinetic sublimation cri-
terion is also the same as in Eq. (41)

3ð1� mÞ
4E

r2 ¼ pC3

15kh

 !1=2

þ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
: ð74Þ

If in all of the above kinetic sublimation criteria we put C = 0, we obtain what one can call thermodynamic equilibrium con-
dition for appearance of a nucleus of relatively large size, when surface energy is irrelevant.

We also introduce the thermodynamic equilibrium sublimation temperature ht for appearance of a nucleus of relatively
large size without stresses. It can be found from Eq. (74) for C = r = 0:

qs Dwh
0 � Dsðht � h0Þ

� �
¼ Lht ln

p0

Lh0

� �
; ð75Þ

i.e.,

ht ¼
Dwh

0 � Dsh0

Dsþ L
qs

ln p0
Lh0

� 	 : ð76Þ

8. Mechanical instability of the nucleus

After solving the problem of finding the critical nucleus, one needs to check the stability of the mechanical equilibrium
with respect to the spontaneous increase of its radius without phase transformation and under the same prescribed tensile
pressure r and temperature h. Thus, if at fixed radius of the critical nucleus r0nc

pgðan þ dÞ > rnðan þ dÞ þ 2C

r0ncðan þ dÞ1=3 for d > 0; ð77Þ

then mechanical instability occurs for given an (see geometric interpretation in Figs. 12 and 13). This means that a sponta-
neous increase in the bubble radius will lead to its unlimited expansion because gas pressure exceeds the resistance to plas-
tic flow and surface tension. Substituting Eqs. (14) and (23) in Eq. (77), we obtain

Lh
an þ d

> r� rc �
2
3
ry ln 1� 1

an þ d

� �
þ 2C

r0ncðan þ dÞ1=3 for d > 0: ð78Þ

Expanding this expression into a series, taking into account that at d = 0, the equilibrium equation

Lh
an
¼ r� rc �

2
3
ry ln 1� 1

an

� �
þ 2C

r0ncðanÞ1=3 ð79Þ

is valid, and keeping the linear terms only, Eq. (78) can be presented in the form

Lh
an
<

2
3
ry

1
an � 1

þ 2C

3r0ncðanÞ1=3 : ð80Þ

For an� 1 inequality Eq. (80) can be solved for an:

an >
ð3Lh� 2ryÞr0nc

2C

� �3=2

: ð81Þ

It is difficult to analyze Eq. (81) because h, r0nc, and an are interrelated. It is only clear that mechanical instability may start
above some critical value an. Determination of the instability point and its consequences for determination of the critical
nucleus are discussed in Section 10.
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9. Algorithm for finding the critical nucleus

9.1. Nucleation via homogenous transformation

Box 1. Equations for nucleation of a spherical gas bubble via homogeneous transformation inside nucleus of a fixed mass

A. Finding nucleation condition
I. Intermediate stresses r

1. The mechanical equilibrium condition at the interface
1.1. General condition

pg ¼ �rn þ 2C=rnc ð82Þ

1.2. Ideal gas rule

pg ¼ Lh=a ð83Þ

1.3. Stress in solid

rn ¼ r� rc �
2
3
ry ln 1� 1

a

� �
ð84Þ

1.4. Surface tension

2C
rnc
¼ Xv

an
ð85Þ

1.5. Final mechanical equilibrium equation at the interface

r� rc �
2
3
ry ln 1� 1

an

� �
¼ 1

an
ðXv � LhÞ ð86Þ

2. Volumetric driving force for sublimation

Xv ¼W � qsDw with ð87Þ

2.1. Mechanical work

W ¼ ðr� rcÞðan � a1Þ �
2
3
ry ln

ðan � 1Þðan�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðanÞan

 !
ð88Þ

2.2. Change in free energy

qsDw ¼ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

anp0

Lh0

� �
� r2

2K
ð89Þ

3. Nucleus critical volume and radii in the reference and actual configurations

Vn0c ¼
32pa2C3

3X3
v

; r0nc ¼
3V0nc

4p

� �1=3

¼ 2Ca2=3
n

Xv
; rnc ¼ r0nca1=3

n ¼ 2Can

Xv
: ð90Þ

4. Activation energy and kinetic nucleation criterion

Q ¼ 16pa2C3

9X2
v

¼ 80kh: ð91Þ
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Main equations for this case are summarized in Box 1. To find the kinetic tensile stress r–temperature h relationships for
sublimation, the following steps are taken.

1. For prescribed h and a number of values of r, the volume expansion an can be found numerically from the equilibrium
condition at the interface Eq. (86) after substituting the volumetric driving force Xv (see Eqs. (87)–(89)), which are equiv-
alent to Eq. (93).

2. Inserting these values an(h,r) into Eq. (93), one can obtain Xv(h,r).
3. Substituting an(h,r) and Xv(h,r) into kinetic criterion Eq. (91)

Q ¼ 16panðh;rÞ2C3

3Xvðh;rÞ2
¼ 80kh; ð100Þ

II. Large stresses r and minimal radius of the critical nucleus r0n = rmin

1. The mechanical equilibrium condition at the interface

r� rc �
2
3
ry ln 1� 1

an

� �
¼ 2C

rmina1=3
n

� Lh
an
: ð92Þ

2. Volumetric driving force for sublimation

Xv ¼ ðr� rcÞðan � a1Þ �
2
3
ry ln

ðan � 1Þðan�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðanÞan

 !
� qs Dwh

0 � Dsðh� h0Þ
� �

þ Lh ln
anp0

Lh0

� �
þ r2

2K
: ð93Þ

3. Activation energy and kinetic nucleation criterion

Q ¼ �XPT ¼ ð4pÞ1=332=3CV2=3
mina2=3

n � XvVmin ¼ 80kh: ð94Þ

III.Small stresses r and an < ae: sublimation in an elastic material, an ’ 1

1. Volumetric driving force for sublimation

Xv ¼ �qsDwE ¼ �qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

p0

Lh0

� �
þ 3r2ð1� mÞ

4E
: ð95Þ

2. Radius of the critical nucleus

rc ¼ �
2C

qsDwE
: ð96Þ

3. Kinetic nucleation criterion

3ð1� mÞ
4E

r2 ¼ pC3

15kh

 !1=2

þ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
: ð97Þ

B. Growth conditions

1. By mechanical instability

pgðan þ dÞ > rnðan þ dÞ þ 2C

r0ncðan þ dÞ1=3 for d > 0: ð98Þ

2. By further sublimation

Xf
R > 0 and Xr

R < 0 ) growth: ð99Þ
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we can solve it numerically for r for each prescribed h, which is the desired kinetic relationship between tensile sublimation
pressure r and temperature h.
4. The radii of the critical nucleus in the reference and actual configurations can be found from Eq. (7) for obtained stress r

and corresponding an(h,r) and Xv(h,r).
If obtained radius r0n > rmin and an > ae, then go to step 7. If r0n < rmin, then go to step 5. If an < ae, then go to step 6.

5. If obtained radius r0n < rmin, then we put r0n = rmin and switch to equations from Section II of Box 1.
5a. The parameter an(h,r) can be found by solving Eq. (92).
5b. Inserting these values an(h,r) into Eq. (93), we can obtain Xv(h,r).
5c. Substitution of the obtained values of an(h,r) and Xv(h,r) into kinetic criterion Eq. (94), and its numerical solution

for r for each prescribed h will lead to the desired kinetic relationship between tensile sublimation pressure r and
temperature h.

6. If obtained an < ae, then one has to work with equations from Section III of Box 1.
6a. Kinetic nucleation criterion Eq. (97) can be found immediately.
6b. Nucleus volume

Vn0c ¼
32pC3

3 �qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln p0

Lh0

� 	
þ 3r2ð1�mÞ

4E

h i3 ð101Þ

can be found after substitution of Eq. (95) into Eq. (96). Since ae is unknown a priori, one has to find the intersection of the
kinetic h–r curves based on Eqs. (100) and (97).
7. Using Eq. (102) and substituting in it the found parameters for critical nucleus h, r, an, and rcn, check whether the

thermodynamic driving force for the interface propagation is

qsXR ¼ rnða� 1Þ � qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

ap0

Lh0

� �
þ ð3rn þ 2ryÞ2

18K
þ

r2
y

6l
� 2Ca2=3

r0
> 0: ð102Þ

If XR < 0, then the nucleus can appear but cannot grow – i.e., it is not a critical nucleus. It should be also checked whether it
will not transformed back.
8. If inequality in Eq. (98) (or in Eq. (80)) is met, then the nucleus is mechanically unstable and it can expand like a balloon

and exceed the critical size, after which it can grow due to sublimation as well.

9.2. Nucleation via interface propagation

Box 2. Equations for a spherical gas bubble nucleation via interface propagation

I. Appearance of a nucleus of minimum possible radius ron = rmin

1.1. The mechanical equilibrium condition at the interface

r� rc �
2
3
ry ln 1� 1

am

� �
¼ 2C

rmina1=3
m

� Lh
am

ð103Þ

1.2. Volumetric driving force for sublimation

Xv ¼ ðr� rcÞðam � a1Þ �
2
3
ry ln

ðam � 1Þðam�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðamÞam

 !
� qs Dwh

0 � Dsðh� h0Þ
� �

þ Lh ln
amp0

Lh0

� �
þ r2

2K
ð104Þ

1.3. Activation energy

Q 0 ¼ ð4pÞ1=332=3CV2=3
mina2=3

m � XvVmin ð105Þ

II. Interface propagation: intermediate and large stresses r
1. Mechanical equilibrium condition at the interface

1.1. General condition

pg ¼ �rn þ 2C=r ð106Þ

1.2. Ideal gas rule

pg ¼ Lh=a ð107Þ

1.3. Stress in solid

rn ¼ r� rc �
2
3
ry ln 1� 1

a

� �
: ð108Þ
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The main equations for nucleation via interface propagation are summarized in Box 2. To find the kinetic tensile stress r–
temperature h relationships for sublimation, the following steps are taken for prescribed h and a number of values of r.

1. Finding a nucleus of the minimum possible radius r0 = rmin.
1a. The volumetric expansion am(h,r) can be found from the mechanical equilibrium condition at the interface Eq.

(103).
1b. After substitution of Xv from Eq. (104) into Eq. (105), one calculates the activation energy

Q 0 ¼ ð4pÞ1=332=3CV2=3
mina2=3

m � ðr� rcÞðam � a1Þ �
2
3
ry ln

ðam � 1Þðam�1Þ

ða1 � 1Þða1�1Þ
ða1Þa1

ðamÞam

 ! !
Vmin

� qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

amp0

Lh0

� �
þ r2

2K

� �
Vmin; ð118Þ

with an(h,r) from Eq. (103).

1.4. Final mechanical equilibrium equation at the interface

rn ¼ r� rc �
2
3
ry ln 1� 1

a

� �
¼ 2C

r
� Lh

a
: ð109Þ

2. Driving force for interface propagation

XR ¼ rn
a� 1
qs
� DwP �

2Ca
qsr

: ð110Þ

3. Condition at the interface of the critical nucleus

XR ¼ 0! rn ¼ �qsDwP � Lh: ð111Þ

4. Radiuses of the critical nucleus in the current and reference configurations

rc ¼
2Can

rnðan � 1Þ � qsDwP
; r0c ¼ rca�1=3

n : ð112Þ

5. Change in Helmholtz free energies

qsDwP ¼ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

ap0

Lh0

� �
� ð3rn þ 2ryÞ2

18K
�

r2
y

6l
: ð113Þ

6. Activation energy and kinetic sublimation criterion

Q ¼ Q 0 � 4qsp
Z r0c

rm

XRr2
0dr0 ¼ 80kh: ð114Þ

III. Small stresses r and an < ae: sublimation in an elastic material, an ’ 1.
1. Volumetric driving force for sublimation

Xv ¼ �qsDwE ¼ �qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

p0

Lh0

� �
þ 3r2ð1� mÞ

4E
: ð115Þ

2. Radius of the critical nucleus

rc ¼ �
2C

qsDwE
; r0c ¼ rca�1=3

n : ð116Þ

3. Kinetic nucleation criterion

3ð1� mÞ
4E

r2 ¼ pC3

15kh

 !1=2

þ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
: ð117Þ
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2. Finding the radius of the critical nucleus.
2a. The volumetric expansion an(h,r) can be found from Eq. (111) after substitution of Eq. (108) for rn and Eq. (113) for

qsDwP

rn :¼ r� rc �
2
3
ry ln 1� 1

an

� �
¼ �qsDwh þ Lh ln

anp0

Lh0

� �
� 1

� �
þ ½r� rc � 2=3ryðlnð1� 1=anÞ � 1Þ�2

2K
þ

r2
y

6l
: ð119Þ

2b. Radius of the critical nucleus in the deformed configuration can be found from Eq. (112) after substitution of qsDwP

from Eq. (113):

rc ¼
2Can

rnðan � 1Þ � qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln anp0

Lh0

� 	
þ ð3rnþ2ryÞ2

18K � r2
y

6l

: ð120Þ

Note that the values an(h,r) and corresponding rn should be taken from Eq. (119). Then the radius of the critical nucleus in
the reference configuration is determined by Eq. (116).

2c. If rmin P r0c, then the desired relationship between sublimation tensile pressure and temperature can be found from
the kinetic criterion

Q0 ¼ 80kh: ð121Þ
Otherwise, one has to go to step 3.
3. Determination of the kinetic nucleation criterion

3.1. From the mechanical equilibrium condition at the interface Eq. (109) we find function a(h,rn,r0) for each radius in
the reference configuration r0 in the range rmin 6 r0 6 r0c. The radius r0 is an integration variable in the expression
for the activation energy Eq. (114).

3.2. Expression a(h,rn,r0) and corresponding rn from Eq. (109) should be substituted into the expression for the ther-
modynamic driving force for an interface propagation:

qsXR ¼ rnða� 1Þ � qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

ap0

Lh0

� �
þ ð3rn þ 2ryÞ2

18K
þ

r2
y

6l
� 2Ca2=3

r0
: ð122Þ

3.3. Substituting XR(h,rn,r0) into the expression for the activation energy and kinetic sublimation criterion Eq. (114) and
performing numerical integration, we obtain the desired relationship between sublimation tensile pressure and
temperature.

If obtained an > ae, go to step 5.
4. If obtained an < ae, then one has to work with the equations from Section III of Box 2. These equations and the correspond-

ing algorithm are identical to the case of nucleation via homogeneous transformation.
4a. Kinetic nucleation criterion Eq. (117) can be found immediately.
4b. Nucleus volume can be found from Eq. (101).

5. In contrast to the nucleation via homogeneous transformation, there is no necessity to check condition XR > 0 for r slightly
greater than rc because based on the procedure of finding the critical nucleus it is always the case, and the nucleus can
grow. If the inequality in Eq. (98) (or in Eq. (80)) is met, then the nucleus is mechanically unstable and it can both expand
like a balloon and/or grow due to sublimation.

10. Numerical results for energetic crystal HMX

Calculations were produced for the material parameters listed in Table 1, which are close to the data for the high–tem-
perature d phase of the organic nitramine octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine (HMX) energetic crystal, if known.

The molar entropy change for sublimation of HMX is DS = Sg � Ss, where Sg, Ss is an entropy of gas, and solid states are
given by equations

Sg ¼ R a1 ln hþ a2hþ
a3

2
h2 þ a4

3
h3 þ a5

4
h4 þ a7

� 	
; ð123Þ

Ss ¼ R b1 ln hþ b2hþ
b3

2
h2 þ b4

3
h3 þ b5

4
h4 þ b7

� �
: ð124Þ

Here, ai are the ideal gas coefficients for HMX, and bi are the d-HMX coefficients given in Tables 2 and 3 (Lyman et al.,
2002). Since the change in entropy weakly depends on temperature in the range of interest, for convenience we will use
constant value DS = 257.972 J/K mole, which results in Ds = DS/M = 1.031 J/K kg, shown in Table 1.

Table 1
Materials properties used in calculation.

h0 p0 Ds Dwh
0

qs M K rm
y rr

y m hm rm

K bar J/kg J/g g/cm3 g/mole GPa MPa MPa – K nm

298.15 1 1.031 379.515 1.71 250.151 15 2.6 37 0.3 550 0.3
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To take into account the temperature-dependence of the mechanical properties in an approximate way, we will proceed
as follows. Temperature dependence of ry is scaled by the temperature dependence of l – i.e., l/ry, as well as Poisson’s ratio,

and consequently a are weakly temperature dependent. Below, we will use simple approximation ry ¼ rr
y þ rm

y � rr
y

� 	
ðh� hrÞ=ðhm � hrÞ for h < hm and ry ¼ �ry for h > hm, where hm and hr are the melting and room temperatures and rm

y and rr
y

are the yield strengths at these temperatures. At very fast heating and/or loading, when material still remains solid above
the melting temperature during time exceeding the gas bubble nucleation time, we will use �ry ¼ rm

y ; at slow heating
�ry ¼ 0. In the latter case, one has to take into account pressure dependence of the melting temperature, hm(r). In the former
case, taking into account indeterminacy in melting temperature at very high heating rates and in the value �ry, pressure
dependence of the melting temperature can be neglected. We will focus on fast heating and use �ry ¼ rm

y . For simplicity
and to obtain generic equations, we neglect strain-rate dependence of the yield strength. It is unknown in most cases under
such extreme regimes and its inclusion unreasonably complicates the solution of the problem.

Solution depends on the following dimensionless parameters. For the intermediate stresses, they are

r
rr

y
;

h
h0

;
hm

h0
;

rm
y

rr
y

;
l
rr

y
;

p0

rr
y

; m;
qsDsh0

rr
y

;
qsDwh0

rr
y

;
Lh0

rr
y
¼ qsRh0

Mrr
y

; ð125Þ

C

rr
y

� 	2
kh0

� �1=3 : ð126Þ

The last term in Eq. (125) characterizes the dimensionless gas pressure when volume during sublimation does not change.

Eq. (126) is the ratio of two parameters with dimension of the length: C=rr
y and kh=rr

y

� 	1=3
.

For small stresses, the yield strength is not a parameter and the list of dimensionless parameters is as follows:

r
E

;
h
h0

;
p0

E
; m;

qsDsh0

E
;

qsDwh0

E
;

Lh0

E
¼ qsRh0

ME
;

C

ðE2kh0Þ1=3 : ð127Þ

For large stresses, parameters in Eq. (125) are valid, but the additional length rmin appears. Thus, instead of Eq. (126) we ob-
tain two dimensionless lengths:

C
rminrr

y
;

kh0

r3
minrr

y

: ð128Þ

10.1. Sublimation from the plane external surface

To check the validity of the thermodynamic data that we use, we consider the simplest case of sublimation from the plane
external surface under constant gas pressure pg. We can neglect elastic energy and use the thermodynamic driving force for
interface propagation from Eq. (46) for an infinite radius of a sphere:

XR ¼ �pg
1
a
� 1

� �
� qs Dwh

0 � Dsðh� h0Þ
� �

þ Lh ln
p0

pg

 !
þ Lh ln

h
h0

� �
: ð129Þ

Table 3
8-HMX coefficients in Eq. (106).

b1 1.82078760E�05
b2 1.40744490E�01
b3 �1.52499203E�04
b4 1.82841750E�07
b5 �1.25215957E�10
b7 1. 98461992E+00

Table 2
HMX ideal gas coefficients in Eq. (105).

a1 7.97867853E+00
a2 7.10845227E�02
a3 7.78579787E�05
a4 �1.61080531E�07
a5 7.08780862E�11
a7 7.29783372E�01
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Surface energy disappeared from the expression for XR. Since gas pressure is low, the first term representing mechanical
work can be neglected. Because interface exists initially, there is no necessity in the critical nucleus, and we can find the con-
dition for solid–gas thermodynamic equilibrium from equation XR = 0; i.e.,

Lh ln
p0

pg

 !
¼ Dwh

0 � Dsðh� h0Þ: ð130Þ

,Kθ

,eqp Pa

Fig. 5. Dependence of the equilibrium sublimation pressure on temperature for the plane surface for energetic crystal HMX. Curve corresponds to Eq. (130)
and dots are experimental points collected in Lyman et al. (2002).
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Fig. 6. Relationships between sublimation temperature and tensile pressure for nucleation via homogenous transformation for various surface energies
(shown near curves). Below temperature hm, radius of nucleus rsc = rmin. Below temperature hin, the nucleus is mechanically unstable and expands
spontaneously. Above temperature he, deformation of the nucleus is elastic. Dashed lines are for nucleation via interface propagation.
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The relationship between equilibrium sublimation pressure and temperature determined from Eq. (130) is presented in
Fig. 5; it perfectly coincides with experimental curve presented in Lyman et al. (2002).
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Fig. 7. Relationships between sublimation temperature and tensile pressure for nucleation via homogenous transformation for various surface energies
(shown near curves) with temperature dependent ry.
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Fig. 8. Relationships between sublimation temperature and tensile pressure for nucleation via homogenous transformation for various surface energies
(shown near curves). Dashed lines correspond to ry = 0, i.e. to cavitation in liquid.
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10.2. Nucleation of a gas bubble via homogeneous transformation

10.2.1. Kinetic condition for sublimation
The kinetic relationships between sublimation temperature h and tensile pressure r for nucleation via homogeneous

transformation are shown in Figs. 6–9 for various surface energies.
Sublimation temperature is normalized by the thermodynamic equilibrium sublimation temperature ht = 784.12 K (see

Eq. (76)) and sublimation pressure is normalized by the cavitation pressure rc = 15.77 MPa (see Eq. (15)), calculated based
on the minimal yield strength rm

y . We focus on the surface energy C smaller than typical equilibrium values for a solid–gas
interface of 1 J/m2. Under tensile stress, a solid is always thermodynamically unstable with respect to gas. It is known from
the phase-field theory of phase transformation that surface energy decreases with the growing driving force for transforma-
tion and approaches zero when the parent phase completely loses its thermodynamic stability (see Chu et al. (2000) and
Levitas et al. (2003)).

Based on the shape, there are three main regions on the curves in Fig. 6. At high temperature (h > he, region I) and low
pressure, sublimation temperature is practically independent of r because the change in volume is very small and stress
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Fig. 9. Relationships between sublimation temperature and tensile pressure for nucleation via interface propagation (dashed blue line) and for nucleation
via homogeneous transformation (solid black line) for C = 0.01 (a), C = 0.05 (b) and C = 0.12 (c). For nucleation via homogeneous transformation and above
temperature hin, nucleus cannot grow after appearance. Parameters have to be increased to value corresponding to dotted line for spontaneous nucleus
growth. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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r does not contribute to the driving force. This region is described by an analytical Eq. (117) for elastic straining, which is the
same for the nucleation via interface propagation. The temperature above which this equation is applicable is designated in
Fig. 6 as he.

At higher stresses r and lower temperature (hm 6 h 6 he, region II), sublimation temperature strongly decreases with the
increase of r, until the magnitude of dh

dr reaches maximum. The main reason for the strong effect of r is that for C = 0 the
external pressure r cannot exceed the cavitation pressure rc, which characterizes the maximum possible plastic resistance
of the solid sphere. That is why the smaller the surface energy C is, the stronger the effect of the tensile pressure on the sub-
limation temperatures. Points hm in the plots designate temperatures below which the radius of the critical nucleus in the
reference configuration r0n = rmin. It follows from Fig. 6 that this point corresponds to d2h

dr2 ¼ 0 – i.e., the magnitude of the rate
of change of sublimation temperature dh

dr reaches maximum. This maximum is related to the dependence of the volumetric
expansion an on stress r (Fig. 10), which shows three branches.

The expansion an is very close to 1 in the elastic region for r < re, then it grows very fast with increasing r and reaches its
maximum for the stress r corresponding to rmin. Then an sharply decreases but less sharply than it increases for r0n > rmin.
These three branches in the an(r) curve are reflected in the h–r sublimation curve: the effect of pressure is negligible for
h > he, then it drastically increases, dh

dr

�� ��, and reaches maximum for r0n = rmin; then it decreases (h < hm region III). Such a
similarity in dependencies is understandable, because the larger an is, the larger is the contribution of the stress r to the
thermodynamic driving force. Also, a large value for an results in a large rnc even for the smallest r0n = rmin and for the
relatively large C increase in tensile pressure necessary for nucleation. The maximum change in volume an has the order
of magnitude 100 (for C = 0.05) to 1000 (for C = 0.18). Note that for all three branches of the variation of an(r), the radius
of the critical nucleus in the actual configuration rnc decreases with increasing external stress (Fig. 11).

However, while a nucleus can appear from the kinetic point of view at parameters corresponding to the h–r curve, the
driving force for the interface propagation XR < 0 along this curve. This means that growth is impossible – i.e., it is a subcrit-
ical nucleus in the traditional sense. After nucleation, it is necessary to slightly increase h or r to initiate growth of this
nucleus (see dotted line in Fig. 9), which may happen due to thermal fluctuations. Thus, this nucleus is ‘‘almost critical’’.

10.2.2. Mechanical instability of a nucleus
To better understand the mechanical instability of the nucleus, we will consider variation of gas pressure pg and resis-

tance to the hole expansion (i.e., 2C
r � rn

�
versus a for two cases. The first one, which we used to determine the relationship
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Fig. 10. Dependence of volumetric expansion an on rn for nucleation via homogeneous transformation and C = 0.18 J/m2.
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Fig. 11. Radiuses of the critical nucleus in the reference and deformed configuration versus tensile pressure for nucleation via homogeneous transformation
and C = 0.18 J/m2.
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an(r,h) based on the equilibrium Eq. (28) with the expression for the driving force in Eq. (29), is determined for the variable
size of the critical nucleus r0n and presented in Fig. 12a and Fig. 13a. For the second case, gas pressure pg and resistance to the
hole expansion 2C

r � rn are determined versus an for the found critical radius in the reference configuration r0n, which is suit-
able for the analysis of the mechanical instability without further sublimation (Fig. 12b and Fig. 13b).

Numerical analysis shows that for prescribed stress r and temperature h that satisfy the nucleation criterion (i.e., belong
to h � r plots in Figs. 6 and 7), and corresponding r0nc, Eq. (79) (or Eq. (78)) that determines the critical instability condition
has two roots (Fig. 12b and Fig. 13b).

For small r, the smaller root coincides with the single root of the equilibrium Eqs. (28) and (29) when r and h are fixed
and r0nc varies (Fig. 12a and Fig. 13a) – i.e., for the case when we try to find an for a critical nucleus. One has to focus on the
coinciding root only. For small rand a, the curve rnðaÞ þ 2C

r0ncðaÞ1=3 is above the curve pg(a) for agreater than the root an of Eqs.

(28) and (29) (at least in some range of a > an, (see Fig. 12b) – i.e., mechanical equilibrium is stable.
With increasing r, the two roots of Eq. (79) move toward each other, then coincide, after which they exchange places.

That means that the larger root coincides with the single root of the equilibrium Eqs. (28) and (29) when r0nc varies
(Fig. 12a and Fig. 13a), and that the larger root has to be considered only. For this root, the curve rnðaÞ þ 2C

r0ncðaÞ1=3 is below

the curve pg(a) for agreater than the root an of Eqs. (28) and (29) (Fig. 13b), and mechanical equilibrium is unstable – i.e.,
a small fluctuational increase in a will lead to unlimited hole expansion. Thus, the equality of the two roots is an alternative
condition to determine the critical value of r corresponding to the stability limit. Geometrically, the equality of the two roots
in Fig. 12b and Fig. 13b also means the touching of both curves rnðaÞ þ 2C

r0ncðaÞ1=3 and pg(a), which in fact corresponds to the

equality in Eq. (80). For larger r, the smaller root becomes smaller than 1 and then disappears. For a� 1, Eq. (81) shows
one root only (while this is not a proof that the second root disappears, because it just may not satisfy condition a� 1, it
indeed disappears).

For all examples, we obtained that, with increasing r, first the mechanical instability condition is met and then the con-
dition ron = rmin is fulfilled (Fig. 6). When condition ron = rmin is met, equilibrium condition Eq. (28), which we use to find the
critical nucleus, coincides with Eq. (79), which we use to study stability. They have one root and the system is mechanically
unstable (Fig. 13). Note that because during the nucleation via homogeneous transformation the nucleus radius ron in the
reference configuration is fixed, Fig. 12b and Fig. 13b (rather than Fig. 12a and Fig. 13a) seem to be appropriate figures to
analyze pressure variation during the homogeneous sublimation process. Then, for the case in Fig. 13b, a question may arise:
how can the expansion an be reached if for all a < an pressure in the gas is smaller than resistance to expansion due to rnand
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Fig. 12. Variation of gas pressure pg and resistance to the hole expansion 2C
r � rn versus a: (a) for the case, which was considered to determine the

relationship an(r,h) based on the equilibrium Eq. (28) with the expression for the driving force in Eq. (29), i.e. for the variable size of the critical nucleus r0n;
(b) for the fixed critical radius in the reference configuration r0n, in order to analyze the mechanical instability. Since the curve rnðaÞ þ 2C

r0nc ðaÞ1=3 is above the
curve pg(a) for a > an (at least in some range of a > an), mechanical equilibrium is stable.
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surface tension? The answer is that for the transformation process, Eq. (12) should be used, in which pressure in the trans-
forming region is not determined by the equation of state of a gas but varies from the initial tensile pressure in solid to the
pressure in gas, and the surface energy varies from zero to its final value. That means that Fig. 12b and Fig. 13b cannot be
used for analysis of the pressure variation during the sublimation process. The final point an only, in which the equation of
state in the transforming region is a gas equation of state, and surface energy reaches its final value, corresponds to the
theory.

10.3. Nucleation of a gas bubble via interface propagation and the final choice of the critical nucleus

The relationships h � r between tensile sublimation pressure and temperature for nucleation via interface propagation
are shown in Figs. 6 and 9. for various surface energies. The following scenarios are considered.

1. For temperature above he (for those C for which he exists), kinetic curves for nucleation via interface propagation via
homogeneous transformation coincide, i.e. this nucleus is indeed the critical one. Without change in external stresses,
the nucleus can appear and immediately grow.

2. In the temperature range he > h > hin, the nucleus can appear via homogeneous transformation, but because for this
nucleus XR < 0, it cannot grow. If this nucleus does not disappear due to the reverse transformation (see below), then
it represents a metastable rather than the critical gas bubble. If stress or temperature slightly increase fluctuationally
or deterministically up the values corresponding to the dashed lines in Fig. 9, then the nucleus becomes critical and
can grow.

3. For temperatures h < hin, the equilibrium of the gas nucleus that appeared via homogeneous transformation is mechan-
ically unstable. That means that for any fluctuational expansion, the gas pressure is larger than the value that plastic
sphere can withstand. Thus, while this nucleus cannot grow due to the sublimation (since XR < 0) – i.e., it is a subcritical
nucleus in the traditional sense – it expands like a balloon. After the radius of the nucleus in the actual configuration
exceeds the critical radius �rc determined from the condition XR = 0, sublimation can occur instead of or along with
mechanical expansion. To our best knowledge, this is the only known example of the mechanism of transformation of
the subcritical nucleus into the supercritical nucleus.

Note that �rc is not equal to the critical radius at the h � r curve for the interface propagation for the same temperature h
because the stresses and radius of the nucleus in the reference configuration are different. Also, there is no sense in
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Fig. 13. Variation of gas pressure pg and resistance to the hole expansion 2C
r � rn versus a: (a) for the case, which was considered to determine the

relationship an(r,h) based on the equilibrium Eq. (28) with the expression for the driving force in Eq. (29), i.e. for the variable size of the critical nucleus r0n;
(b) for the fixed critical radius in the reference configuration r0n, in order to analyze the mechanical instability. Since the curve pg(a) is above the curve
rnðaÞ þ 2C

r0nc ðaÞ1=3 for a > an, mechanical equilibrium is unstable.
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continuing the curves h–r for nucleation via interface propagation much below the temperatures corresponding to mechan-
ical instability hin because it deviates significantly from the curve for homogeneous transformation at which nucleation and
growth are possible.

We would like to mention that while the process that corresponds to the smaller sublimation pressure for the same tem-
perature or smaller sublimation temperature for the same pressure are more probable, processes corresponding to the high-
er curve are not excluded. The higher pressure (or temperature) process can occur in experiments, (a) if the characteristic
time of pressure (or temperature) growth is significantly shorter than the characteristic time of the lower-pressure (low-
er-temperature) process, (b) if the corresponding kinetic criterion for the higher-pressure (or higher-temperature) process
is satisfied, and (c) if the process corresponding to the upper curve is faster than that to the lower curve.

10.4. Reverse transformation and residual void

Detailed treatment of the problems of reverse transformation and retaining a residual void after external stress is com-
pletely released and temperature reduces to some steady temperature (for example room temperature) will be performed
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Fig. 14. The radius of the hole that will not close under action of surface tension (dashed line) and the radius of the critical nucleus in the actual
configuration versus r: (a) for C = 0.01 J/m2, for stresses r/rc > 0.254 the void will not collapse; (b) for C = 0.05J/m2, for stresses r/rc > 2.9 the void will not
collapse, because rh > rc; (c) for C = 0.12J/m2, there is no guarantee that the void will not close.
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elsewhere. This treatment requires solution of the problem of unloading and reverse plastic flow of a sphere with the hole
reduced by both plastic flow and solidification of a gas, after expanding flow. Here, we just discuss possible options and make
a rough estimate.

The main concern here is for a nucleus that appeared via homogeneous nucleation above the temperature corresponding
to mechanical instability hin, when external stress r is kept constant. Just after the appearance of a nucleus via homogeneous
transformation, the driving force for the interface motion for the reverse transformation Xr

R ¼ �XR > 0 because it depends on
the parameters across the interface at the given instant only. Thus, the solidification of gas starts. During solidification, gas
pressure and void radius in the actual configuration reduce, and tensile stresses at the internal surface of a solid
rn = �pg + 2C/r increase. Initially, r > rn, then solid material undergoes elastic unloading, and then, when rn is getting larger
than r and the difference reaches some critical value to satisfy the plasticity criterion, material starts plastic flow in the
opposite direction, trying to close the hole. The driving force for the interface propagation for reverse transformation Xr

R

has the same expression as XR but with a different expression for elastic energy.
Assuming that the entire gas solidifies (i.e., pg = 0), we distribute solidified volume Vsc evenly over the hole surface and

determine the radius of the new hole rh in the actual configuration; rh > 0 because of plastic expansion during nucleation.
It follows from the volume balance that rh = r0nc(an � 1)1/3. Taking the solution for elastic sphere without internal stresses
(Hill, 1950) with the stress at the internal surface rn = 2C/rh, we obtain that the von Mises (and Tresca) plasticity condition
rn � rh = ry at the internal surface is satisfied if 1.5(2C/rh � r) = ry. Thus, the radius of the hole that will definitely not close
is rh = 6C/(3r + 2ry) or larger because the condition for the initiation of the reverse plastic flow is not satisfied. This radius is
plotted in Fig. 14 as dashed lines.

Solid lines in these figures correspond to the radius of the critical nucleus in the actual configuration vs. r. For example,
for C = 0.05 J/m2, rh > rc for stresses r/rc > 2.9, corresponding to the intersection point. This means that for such stress the
void will not collapse if nucleation occurred at these stresses or at higher stresses but then stress dropped to the determined
value. For C = 0.12 J/m2, these two curves do not intersect up to the stresses corresponding to nucleation stress at h = hin. In
this case, we cannot guarantee that the void will not close. Our main result here is that for some surface energies there is a
metastable void that cannot grow of collapse.

Note that if hin is greater than the melting temperature, then even when the nucleus cannot grow due to sublimation its
internal surface can melt. Also, instead of reverse transformation gas–solid, transformation gas–liquid may occur. On the
other hand, let us consider temperature below hin and melting temperature and assume that mechanical instability did
not start before reverse transformation started. For large stresses and an; rh ¼ r0ncðan � 1Þ1=3 ’ r0nca1=3

n ¼ rc (i.e., surface ten-
sion practically does not increase due to gas solidification) when the pressure in the gas is low – i.e., rn does not increase
significantly due to solidification and reverse plastic flow will not start even for large C we have a situation leading to a
metastable void.

11. Appearance of the critical nucleus during the evaporation of liquid under tension

We are not aware of a solution to this problem in the literature, but due to lack of plastic irreversibilities it does not rep-
resent basic problems, since classical nucleation theory is applicable. The nontrivial parts are related to the fact that we pay
special attention to the case in which the radius of the critical nucleus is smaller than rmin and that mechanical instability
takes place for this case as well. There is no difference between nucleation via homogeneous transformation and via the
interface propagation. Formally, all equations can be obtained from equations for nucleation via homogeneous transforma-
tion in an elastoplastic material (Box 1) but substituting rn with r and putting W = r(an � 1). The resulting equations are
given in Box 3.

Box 3. Equations for nucleation of a spherical gas bubble in liquid

I. Intermediate stresses r
1. The mechanical equilibrium condition at the interface

pg ¼ �rþ 2C
rnc

; pg ¼
Lh
a

2C
rnc
¼ Xv

an
) r ¼ 1

an
ðXv � LhÞ: ð131Þ

2. Volumetric driving force for evaporation

Xv ¼ rðan � 1Þ � qsDw with ð132Þ

2.1. Change in free energy

qsDw ¼ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

anp0

Lh0

� �
� r2

2K
: ð133Þ
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Substituting the equation for the volumetric driving force for evaporation Eq. (132) into equilibrium equation at the inter-
face Eq. (131) we obtain

rþ qs Dwh
0 � Dsðh� h0Þ

� �
� r2

2K
¼ Lh ln

anp0

Lh0

� �
� 1

� �
ð144Þ

with the solution

an ¼
Lh0

p0
exp qs Dwh

0 � Dsðh� h0Þ
� �

þ r� r2

2K

� �� �
ðLhÞ þ 1

�
: ð145Þ

Substitution of Eqs. (132) and (145) into the kinetic nucleation criterion Eq. (135) will lead to the desired kinetic h–r rela-
tionships. Eq. (134) determines the volume of the critical nucleus in the reference configuration.

3. Nucleus volume in the reference configuration

Vn0c ¼
32pa2C3

3X3
v

: ð134Þ

4. Activation energy and kinetic nucleation criterion for evaporation

Q ¼ 16pa2C3

9X2
v

¼ 80kh: ð135Þ

II. Large stresses r and minimal radius of the critical nucleus r0n = rmin

1. The mechanical equilibrium condition at the interface

r ¼ 2C

rmina1=3
n

� Lh
an
: ð136Þ

2. Volumetric driving force for sublimation

Xv ¼ rðan � 1Þ � qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

anp0

Lh0

� �
þ r2

2K
: ð137Þ

3. Activation energy and kinetic nucleation criterion

Q ¼ �XPT ¼ ð4pÞ1=332=3CV2=3
mina2=3

n � XvVmin ¼ 80kh: ð138Þ

III. Small stresses r and an ’ 1
1. Volumetric driving force for evaporation

Xv ¼ �qs Dwh
0 � Dsðh� h0Þ

� �
þ Lh ln

p0

Lh0

� �
þ r2

2K
: ð139Þ

2. Radius of the critical nucleus

rc ¼ �
2C

qsDwE
: ð140Þ

3. Kinetic nucleation criterion

r2

2K
¼ pC3

15kh

 !1=2

þ qs Dwh
0 � Dsðh� h0Þ

� �
� Lh ln

p0

Lh0

� �
: ð141Þ

B. Growth conditions
1. By mechanical instability

pgðan þ dÞ > rþ 2C

r0ncðan þ dÞ1=3 for d > 0: ð142Þ

2. By further evaporation

Xf
R > 0) growth ð143Þ
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Equations for the case with large stresses and the minimal radius of the critical nucleus r0n = rmin are presented in Section
II of Box 3. The only difference in comparison with sublimation is the substitution of rinstead of rn. Equations for the case
with small volumetric expansion (an ’ 1) are given in Section III of Box 3. The only difference in comparison with sublima-
tion is the substitution of the elastic energy of a solid with void 3ð1�mÞ

4E r2 with the elastic energy of liquid r2/2K. Similar to our
statement after Eq. (41), the neglected difference an � 1 in the energy of gas should be negligible in comparison with elastic
energy r2/2K. Otherwise, we have to use ln anp0

Lh

� �
’ ln anp0

Lh

� �
þ an � 1 and find an from the equilibrium condition. The final

kinetic h–r relationship is getting complicated in this case.
Conditions for mechanical instability Eqs. (78) and (80) simplify to

Lh
an þ d

> rþ 2C

r0ncðan þ dÞ1=3 for d > 0 ð146Þ

and

an >
3Lhr0nc

2C

� �3=2

: ð147Þ

Results for evaporation are shown in Fig. 8.
Note that instead of using the thermodynamic properties of liquid, we used the same properties of solid. Our goal here is

not to study evaporation but to demonstrate the effect of the strength of solid on sublimation curves, i.e. to compare with
cavitation in liquid. The effect of strength reduces with the growth of the surface tension. Since the condition for evaporation
can be obtained by substituting rnwith r and for an� 1 one has rn = r � rc – i.e., for a large an the kinetic h � r plot for
evaporation is shifted to the left by 1 unit plot for sublimation.

The important result here is that for evaporation the same mechanical instability is observed as for sublimation and at
approximately the same tensile stress. That means that mechanical instability is not related to the plasticity and irreversibil-
ity but rather is a universal property of a gas bubble that can appear at a given temperature from a kinetic point of view. For
sublimation, it is the subcritical bubble in a traditional sense, while for evaporation it is the critical nucleus that can grow
due to both evaporation and mechanical expansion.

12. Concluding remarks

In this paper, nucleation of a gas bubble as a result of sublimation inside an elastoplastic material is treated in detail. A
number of conceptual problems that have been outlined in the general theory (Levitas (2012)) are treated here explicitly.
They include determination of the driving forces and activation energies for two different nucleation scenarios, finding
the explicit kinetic relationship between sublimation temperature and tensile pressure, and demonstration of the path-
dependence of nucleation. Explicit treatment became possible because of the analytical solution for the stress in a solid
at the solid–gas interface vs. the large bubble expansion and explicit expression for the mechanical work. Mechanical insta-
bility of the bubble was revealed, which plays a crucial role in the final determination of the critical nucleus. Thus, while the
nucleus that appears via homogeneous transformation rather than interface propagation is kinetically more probable, it can-
not grow by further sublimation. However, it may expand like a balloon due to mechanical instability above the critical size,
and then sublimation will contribute to its growth as well. We are not aware of any other example of transformation of the
subcritical nucleus into a supercritical one due to mechanical instability. This instability is found for evaporation as well –
i.e., it is more related to the properties of gas than to plastic deformation of the solid. Also, it is demonstrated that due to
path-dependence some nuclei can be metastable rather than sub- or supercritical. That means that they cannot grow and
shrink.

To check the predictions of our theory using molecular dynamic simulations or experimentally, a nanoparticle covered by
a few-nanometer shell with a coherent interface (to suppress surface nucleation) can be quickly heated up to the desired
temperature and subjected to compressive pressure that sharply reduces to zero. The rarefaction wave generates high tensile
pressure in the central region of the particle; corresponding analytical solution is presented in Levitas et al. (2007). The rela-
tionship between sublimation pressure and temperature obtained experimentally or by atomistic simulations can be com-
pared with the prediction of our current theory. The large difference between sublimation pressures for a critical nucleus
calculated based on the thermodynamic driving force for growth XR and on mechanical instability (see Figs. 6 and 9) can
be used to check the theoretical predictions qualitatively, if quantitative comparison is impossible. In experiments, high
compressive pressure and fast pressure release can be provided by an additional external shell with a thermal expansion
coefficient essentially smaller than that of the particle – e.g., by an alumina shell on an aluminum particle. During rapid laser
heating, internal compressive pressure is generated in the particle, which overloads and spallates the external shell, causing
fast pressure release (see details in Levitas et al. (2007)). Such a process has an important implication for the melt dispersion
mechanism developed in Levitas et al. (2007), Levitas (2009) and Levitas et al. (2008).

Note that alternative processes leading to a gas bubble formation should be compared with the suggested scenarios. Thus,
under some conditions sublimation can be two-stage: first, appearance of the melt drop, then its evaporation inside the elas-
toplastic material (Levitas and Altukhova, 2009). Alternatively, void nucleation may occur due to a fracture process rather
than sublimation. Comparison of different scenarios will be a topic of future research.
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