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Phase field approach to coupled evolution of martensitic phase transformations (PTs) and

dislocation is developed. A fully geometrically nonlinear formulation is utilized. The finite

element method procedure is developed and applied to study the hysteretic behavior and

propagation of an austenite (A)–martensite (M) interface with incoherency dislocations, the

growth and arrest of martensitic plate for temperature-induced PT, and the evolution of

phase and dislocation structures for stress-induced PT. A similar approach can be developed for

the interaction of dislocations with twins and diffusive PTs described by Cahn-Hilliard theory.
VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4812488]

Various material phenomena related to interaction

between martensitic phase transformations (PTs) and disloca-

tional plastic deformation are of fundamental and technologi-

cal importance. Examples are: heat and thermomechanical

treatment of material to obtain desired structure and proper-

ties; transformation-induced plasticity;1 synthesis of materials

under high pressure and high pressure with large plastic defor-

mations, e.g., during ball milling2 and in rotational diamond

anvil cell;3,4 and PTs during friction, indentation, surface

treatment, and projectile penetration. With the development of

nanoscience and technology, PT and plasticity are studied in

nanoparticles, films, wires, and for smart nanosystems. The

interaction between PT and dislocations drastically changes

PT thermodynamics, kinetics, and microstructure and is the

most basic problem in the study of M nucleation and growth

kinetics, PT hysteresis, and irreversibility, i.e., region of meta-

stability of phases.4,5 In particular, M nucleation occurs at var-

ious dislocation configurations. An A–M interface loses its

coherency through the nucleation of dislocations. Interaction

between PT and plasticity is also a key point in developing

materials with high strength and ductility,6 in particular, utiliz-

ing transformation toughening.

Phase field approach (PFA) is broadly used for simula-

tions of PTs7–9 and dislocation evolution.10,11 There are a

few simplified PFA approaches to study the interaction

between PT and dislocations. There are a number of analyti-

cal treatments of M nucleation on dislocations based on PFA

to PT,12 followed by numerical13 simulations. Dislocations

are introduced through their stationary stress field or are

located at the moving phase interface only14 and therefore

do not require additional PFA equations. In Ref. 11, we

solved some problems on interactions between PT and

evolving dislocations using a simplified version of PFA.

Thus, there currently is no PFA to interaction between PT

and evolving dislocations.

Here, a coupled PFA to martensitic PT and dislocation

evolution is developed as a combination of the most

advanced PFA for PT9 and dislocations11 with nontrivial

coupling terms. It is based on large strain formulation and

utilizes other advantages of Refs. 9 and 11: advanced

thermodynamic potential that describes some conceptual fea-

tures of the effect of the stress tensor, reproducing, in partic-

ular, the stress-independent transformation strain tensor and

Burgers vector and desired local stress-strain curve. Also,

the desired, mesh-independent, dislocation height is intro-

duced for any slip orientation, leading to a well-posed for-

mulation. Coupling between PT and dislocations includes

nonlinear kinematics and corresponding mechanical driving

forces, inheritance of dislocation during PT, and the depend-

ence of all material parameters for dislocations on the order

parameter g that describes PT, which results also in the extra

driving force for PT due to the change in dislocation energy

during the PT. Finite element method (FEM) procedure is

developed and applied to the following problems: (a)

Hysteretic behavior and propagation of an A–M interface

with evolving incoherency dislocations for temperature-
induced PT (i.e., without external stresses). Scale-dependent
athermal hysteresis is determined, and the mechanism of the

interface motion through dislocation obstacles is revealed.

These results can be utilized for controlling the region of

metastability of phases. (b) Evolution of phase and disloca-

tion structures for stress-induced PT. Dislocations are pushed
by the moving interface for small angles between the slip

direction and the interface normal and penetrate through the

interface and are inherited by the product phase for large

angles. (c) M plate growth with the generation of disloca-

tions at its tip. At higher temperature, dislocations arrest the

plate, exhibiting athermal friction. When this friction can be

overcome at lower temperature, the width of the M plate is

larger than in the case without dislocations due to stress

relaxation.

We designate contractions of tensors A and B over one

and two indices as A � B and A : B; the transpose of A is AT ,

I is the unit tensor, and � is a dyadic product.

Model. Let the motion of an elastoplastic material with

PT be described by equation r ¼ rðr0; tÞ, where r and r0 are

the positions of a material point at time t (deformed configu-

ration V) and t0 (undeformed configuration V0, which is in A

state). All equations are considered in V0. Multiplicative

decomposition of the deformation gradient into elastic,
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transformational, and plastic parts is used: F ¼ @r=@r0

¼ Fe � Ft � Fp. Transformation Ft and plastic Fp deformation

gradients are described as9,11

Ft ¼ Iþ etðag2ð1� gÞ2 þ ð4g3 � 3g4ÞÞ; (1)

_Fp � F�1
p ¼

Xp

a¼1

Xma

x¼1

1

Ha
bax � na _/ð�naxÞ: (2)

The order parameter g for PT varies from 0 (in A) to 1 (in

M); the order parameter nax for dislocations in the ath plane

with the unit normal na along the xth slip direction with the

Burgers vector bax varies from 0 to n when n dislocations

appear; IntðnaxÞ ¼ n and �nax :¼ nax � IntðnaxÞ 2 ½0; 1� are

the integer and fractional parts of nax. In Eqs. (1) and (2),

et ¼ Ftð1Þ � I is the transformation strain, a is the parame-

ter, /ð�nÞ ¼ �n
2ð3� 2�nÞ, and Ha is the dislocation height. For

compactness, we consider a single M variant only; general-

ization for multiple M variants can be done as in Ref. 9. The

Helmholtz free energy per unit undeformed volume is

accepted as the sum of elastic, thermal, crystalline, and gra-

dient energies related to PT and dislocations

w ¼ we þ f þ wrg þ wn þ wrn ; (3)

wn ¼
Xp

a¼1

Xma

x¼1

AaðgÞ�n
2

axð1� �naxÞ2; (4)

wrg ¼ 0:5bgj$gj2; wrn ¼ 0:5bnðgÞ

�
Xp

a¼1

Xma

x¼1

f$�n
2

axþ ½Mð1� �naxÞ2 � 1�ð$�nax � naÞ2g;

(5)

f ¼ A0ðh� heÞ/ðgÞ=3þ A0ðhe � hcÞg2ð1� gÞ2: (6)

Here, h, he, and hc are the temperature, the A-M equilibrium

temperature, and the critical temperature for the loss of A

stability, respectively; bn and bg are the gradient energy coef-

ficients; and A0 and M are the parameters. The coefficient Aa,

which determines the nucleation barrier for dislocations, is a

periodic step-wise function of the coordinate along na.11 The

thermodynamic procedure similar to that in Refs. 8, 9, and 11

results in the elasticity rule for the nonsymmetric Piola-

Kirchhoff stress tensor (force per unit area in V0) P � FT
p � FT

t

¼ @w
@Fe

and expressions for the dissipation rate due to PTs Dg

¼ Xg _g � 0 and dislocations Dn ¼ Xax
_nax � 0. Then, the

simplest linear relationships between thermodynamic forces

and rates lead to the Ginzburg-Landau equations

1

Lg

@g
@t
¼ Xg ¼ PT � Fe :

@Ft

@g
� Fp þ $ � @w

@$gi

� �
� @w
@g

; (7)

1

LnðgÞ
@nax

@t
¼ Xax ¼ PT � Fe : Ft �

@Fp

@nax

þ $ � @w
@$nax

� �
� @w
@nax

; (8)

where Ln and Lg are the kinetic coefficients. All parameters

in the equations for dislocations depend on g according to

the rule B ¼ BA þ ðBM � BAÞ/ðgÞ, where BA and BM are the

values of a parameter in A and M. This leads to contributions

of the dislocation-related terms in Ginzburg-Landau Eq. (7)

for PT. In addition, both processes are coupled through the

mechanical driving force (stress power) in Eqs. (7) and (8)

and the evolving stress field.

Slip systems of A (bax
A , nax

A ) and M (bax
M , nax

M ) are differ-

ent and one needs to include both of them at each point (see

Fig. S1 in Ref. 16 for details). Since all equations are defined

in V0, one has to pull back bax
M and nax

M into the undeformed

A state: bax
MA ¼ F�1

t � bax
M and nax

MA ¼ nax
M � Ft=jnax

M � Ftj.
When a diffuse A–M interface passes through dislocations in

A, they are inherited by M and their Burgers vector, and nor-

mal to slip plane transforms into bax
AM ¼ Ft � bax

A and

nax
AM ¼ nax

A � F�1
t =jnax

M � F�1
t j. However, since all equations

are referred to V0, pulling bax
AM and nax

AM back into V0 trans-

forms them back into (bax
A , nax

A ), i.e., no transformation is nec-

essary. When a diffuse interface passes through dislocations in

M, they are inherited by A and (bax
M , nax

M ) transform into (bax
MA,

nax
MA), which one already has, i.e., no transformation is needed.

Thus, one has to define at each material point slip systems of

A (bax
A , nax

A ), and after pulling back into V0, slip systems of M

(bax
MA, nax

MA) (see Fig. S1(c) in Ref. 16), neither of which (as

well as dislocation height Ha) depends on g. If inherited dislo-

cations do not belong to the favorable slip system of the given

phase, their yield strength is much higher or their motion may

be arrested completely (Ln¼ 0). In the particular case when

slip systems (bax
A , nax

A ) and (bax
AM, nax

AM) coincide (i.e., they

transform together with the crystal lattice during the PT), only

one of them should be taken into account (see Fig. S2 in

Ref. 16). This case will be considered in examples.

The equilibrium equation $ � P ¼ 0 completes our sys-

tem. Cubic-tetragonal PT was considered. Isotropic quadratic

elastic potential we in terms of Lagrangian elastic strain Ee

¼ ðFT
e � Fe � IÞ=2 with shear modulus l ¼ 71:5 GPa and

bulk modulus K ¼ 112:6 GPa (the same for both phases) was

used for below. The following parameters for PT and all slip

systems have been used in all problems:9,11 Ln ¼ 104ðPa � sÞ�1
,

M ¼ 0:1, H ¼ 0:7 nm, jbj ¼ 0:35 nm, bg ¼ 2:59� 10�10 N,

Lg ¼ 2600 ðPa � sÞ�1
, a¼ 3, he ¼ 215 K, and hc ¼ �183 K.

Numerical solutions. FEM approach and the code

COMSOL with the embedded remeshing procedure have been

utilized. Plane strain problems and straight edge dislocations

are considered below. All size and time parameters are nor-

malized by 1nm and 1ps, respectively. Boundary conditions

are rg � k ¼ rn � k ¼ 0, where k is the normal to an exter-

nal boundary in V0. The upper side of a rectangle is fixed in

the y direction and the lower side in both directions; lateral

sides are stress-free; in problems (a) and (c3, shear stress is

zero at the upper side. All results are shown in the deformed

configuration.

Propagation of a semicoherent A–M interface: A rectan-

gle with the size of 8� 24 is considered. First, a stationary

solution for the horizontal diffuse A–M interface was

obtained in the middle of the sample without dislocations

(Fig. 1). Transformation (misfit) strain of d ¼ 0:1 in the x
direction is applied only. We use bn ¼ 8:76� 10�11 N, Aa

¼ 1:43GPa for A, Aa ¼ 4:29GPa for M, and c¼ jbj=H¼ 0:5.

A dislocation band with the initial condition n ¼ 0:01 is

located at the initial phase interface. Incoherency dislocations

251904-2 V. I. Levitas and M. Javanbakht Appl. Phys. Lett. 102, 251904 (2013)



nucleate at the free surface and propagate along the interface.

In the stationary state (Fig. 1), spacing between dislocations

is 3.5, in perfect correspondence with jbj=d. Both stationary

solutions for the A–M interface and dislocations are taken as

initial conditions for a coupled problem. To avoid the effect

of the free surface on the A–M interface, we excluded PT

from the two regions of the size of 8� 4 at both ends of the

sample (Fig. 1). Evolution of the PT for Dg ¼ 9:17ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bg=ðA0ðhe � hcÞÞ

q
¼ 1:7 and the dimensionless tempera-

ture ~h ¼ ðhe � hÞ=ðhe � hcÞ ¼ 0:18 for semicoherent A–M

interface is shown in Fig. 1(a). Dependence of the critical

temperature ~hc to cause interface motion until complete PT

in a sample vs. Dg is presented in Fig. 1(b). Without dislo-

cations, the coherent A–M interface is stable only at the

specific temperature ~hc ’ 0, which is almost independent

of Dg. A semicoherent A–M interface does not move in the

range ~h
A

c <
~h < ~h

M

c , exhibiting an athermal friction.

Interface starts motion (at ~h > ~h
M

c toward A and at ~h < ~h
A

c

toward M) by penetration between two dislocations that

increase spacing between them. After an interface reaches

a horizontal sample’s surface, it spreads laterally. In some

cases, such a penetration occurs in two places simultane-

ously. Thus, an incoherent interface transforms to a coher-

ent one and leaves dislocations behind. Surprising size

dependence of an athermal friction, with maximum at

Dg ¼ 4:2 is revealed. The unexpected point is that the mac-

roscopic parameter ~hc strongly depends on the ratio Dg of

two nanometer size parameters, which are usually consid-

ered to be zero. These results can be utilized for controlling

the region of metastability of phases and can be transferred

into a larger scale sharp incoherent interface model.17

Interaction of A–M interface with evolving dislocations

for stress-induced PT: We consider a rectangular sample of

the size of 36� 15 that contains a rectangular region of the

size of 30� 5:6 at the center in which all equations are solved

and outside of which dislocations are not included; also, out-

side of the region of the size of 30� 9 at the center, PT is not

included either, and only the elastic problem is solved. A par-

allel horizontal dislocation system is considered with initial

n ¼ 0:01. A horizontal displacement u ¼ 1:4þ t is applied at

the upper side from t¼ 0 to 1.4 and then u ¼ 2:8 from t ¼ 1:4
to 1.7. Material parameters are: bn ¼ 1:09� 10�10 N, Aa

¼ 0:894 GPa, c ¼ 0:25, A0 ¼ 4:4 MPa K�1, ey
t ¼ 0:1, ex

t

¼ �0:05. For PT in shape memory alloys, M has significantly

lower yield strength than A; we will study the limit case when

dislocation evolution is completely arrested in A by using

Ln ¼ L g. The initial condition for PT corresponds to the sharp

vertical A–M interface at the sample’s center (Fig. 2). Stresses

relax by the nucleation and propagation of dislocations in M

and the reorientation of the interface (Fig. 2). The interface

pushes dislocations into the M region and they almost do not

penetrate into A. At t ¼ 1:1, both M and A nucleate at the

upper right and left corners, respectively. While the A region

grows, its interface is getting almost parallel to the slip direc-

tion and up to three dislocations are inherited and arrested in

A at the upper left corner. In the middle of a sample, the M

embryo (g ’ 0:2) appears, in which the dislocations nucleate,

since Ln > 0 in the embryo. After parametric study and course

graining, these results can lead to the constitutive equations

for inheritance of the plastic strain and dislocation density for

sharp interface models.17

Growth and arrest of a martensitic plate: A rectangular

sample of the size of 67� 20 is considered. As an initial

condition, a martensitic rectangular nucleus of the size of

5� 3 is located at the lower left corner of the sample. Four

dislocation systems inclined at 660� (Fig. 3) are included.

Material parameters are: bn ¼ 7:5� 10�11N, Aa ¼ 0:75 GPa

for A, Aa ¼ 2:25 GPa for M, c ¼ 0:5, A0 ¼ 6 MPa K�1,

ey
t ¼ 0:137, ex

t ¼ cyx ¼ 0, and cxy ¼ 0:259.

Without dislocations, the martensitic nucleus disappears

at ~h < 0:39. For ~h � 0:39, the M propagates through the

entire length of the sample and creates a martensitic plate of

the equilibrium width, which increases with increasing ~h

FIG. 2. Coupled evolution of phase

(right) and dislocation (left) systems in

a central 30� 5:6 part of a rectangular

36� 15 sample under simple shear for
~h ¼ 1:17.

FIG. 1. (a) Coupled evolution of the PT order parameter g and dislocations

for a semicoherent A–M interface at time instants shown in the corner. Thin

band above the sample shows evolution of dislocations in the slip band

along the initial A–M interface. (b) Dependence of the critical dimensionless

temperature ~hc (athermal friction) causing interface motion until complete

PT on the interface width Dg.
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(Fig. 3(a)). For the coupled problem, dislocations nucleate at

the tip of the plate and propagate within the sample. At some

stage, dislocation of the opposite sign nucleates and remains

within the M plate for slip plane 1 and 2. For ~h ¼ 0:39, the

M plate is arrested by two dislocations in the middle of a

sample. In the region of compressive stresses near disloca-

tions, significant thinning of the plate is observed. This nano-

structure remains stable up to ~h ¼ 0:49, after which growth

continues until the right end of the sample with observable

thickening. In the slip plane 3, dislocation appears near the

M tip, then, with propagation of M plate, it disappears and

then dislocations of the opposite sign appear one after

another. Since nucleation near the free surface is easier, two

pairs of two dislocations of the opposite sign appear. Some

of dislocations are inherited by M. Two regions of residual A

remain in the regions of compressive stresses near disloca-

tions. Thus, the generation of dislocations produces athermal

friction and arrests the plate at small driving force. For the

case in study, athermal friction is D~h ¼ 0:1 (corresponding

to undercooling of Dh ¼ 40 K or energy barrier of 80 MPa),

which is smaller than for dislocations within interface in

Fig. 1. When athermal friction can be overcome at lower

temperature, the width of the M plate is larger than in the

case without dislocations due to stress relaxation. The

obtained results explain the arrest of M by plastic accommo-

dation and possible morphological transition from plate to

lath martensite. This transition is technologically important

and may be used to control nanostructure and properties by

controlling the yield strength,5,6,15 e.g., by alloying.

To summarize, a PFA to coupled martensitic PT and

dislocation evolution is developed and a number of model

problems for temperature and stress-induced PTs interacting

with dislocation evolution are solved. Various experimental

phenomena are reproduced and some effects are revealed.

These results can be used for the development of the larger-

scale models. A similar approach can be developed for the

interaction of complete and partial dislocations with twins and

diffusive PTs, as well as electromagnetic and reconstructive

PTs. Dislocation reactions, especially of inherited disloca-

tions, can be included as well.
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Figure 1: (color online). Schematics for Burgers vectors and normals to slip planes in austenite
and martensite in different configurations and their transformations during phase transforma-
tions. (a) Two dimensional fcc lattice of austenite with two slip systems (bbbαωA , nnnαωA ) along the
faces in the initial configuration V0. (b) Two dimensional bcc lattice of martensite with two
slip systems (bbbαωM , nnnαωM ) along the diagonals in the transformed configuration VM obtained from
V0 after applying transformation deformation gradient FFF t. Slip systems of austenite inherited
by martensite (bbbαωAM = FFF t · bbbαωA , nnnαωAM = nnnαωA · FFF

−1
t /|nnnαωM · FFF

−1
t |) are shown as well. (c) Slip

systems of martensite inherited by austenite (bbbαωMA = FFF−1
t · bbb

αω
M , nnnαωMA = nnnαωM · FFF t/|nnnαωM · FFF t|)

during reverse phase transformation are shown in the reference configuration. Even if material
is in the martensitic state, since all calculations are performed in the undeformed state, all slip
systems in the configuration VM should be pulled back to V0 with the reverse transformation
deformation gradient FFF−1

t . Since under such operations slip systems of martensite (bbbαωM , nnnαωM )
transform to (bbbαωMA, nnnαωMA) and slip system of austenite in martensite (bbbαωAM , nnnαωAM) transform to
slip system of austenite in austenite (bbbαωA , nnnαωA ), Fig. S1 c contains all slip systems necessary
for solution of the problem, namely (bbbαωA , nnnαωA ) and (bbbαωMA, nnnαωMA).
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Figure 2: (color online). Schematics for Burgers vectors and normals to slip planes in austenite
and martensite in the deformed V0 and transformed VM configurations and their transforma-
tions during phase transformations for the case when slip system of martensite (bbbαωM , nnnαωM ) coin-
cide with the transformed slip systems austenite (bbbαωAM = FFF t ·bbbαωA , nnnαωAM = nnnαωA ·FFF

−1
t /|nnnαωM ·FFF

−1
t |),

i.e., bbbαωM = FFF t ·bbbαωA and nnnαωM = nnnαωA ·FFF
−1
t /|nnnαωM ·FFF

−1
t |. (a) Two dimensional bcc lattice of austenite

with two slip systems (bbbαωA , nnnαωA ) along the diagonals in the initial configuration V0. (b) Two
dimensional bct lattice of martensite with two slip systems (bbbαωM , nnnαωM ) along the diagonals in
the transformed configuration VM , which coincide with slip systems of austenite inherited by
martensite (bbbαωAM , nnnαωAM). (c) Slip systems of martensite inherited by austenite (bbbαωMA, nnnαωMA) dur-
ing reverse phase transformation in the reference configuration V0. They coincide with the slip
systems of austenite in austenite in V0, i.e., (bbbαωA , nnnαωA ). Thus, the only slip systems necessary
for solution of the problem are slip systems of austenite in austenite in V0, i.e., (bbbαωA , nnnαωA ).


