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General phase-field theory for multivariant martensitic phase transformations and explicit
models are formulated at large strains. Each order parameter is unambiguously related to
the transformation strain of the corresponding variant. Thermodynamic potential includes
energy related to the gradient of the order parameters that mimics the interface energy.
Application of the global form of the second law of thermodynamics resulted in the deter-
mination of the driving force for change of the order parameters and the boundary condi-
tions for the order parameters. Kinetic relationships between the rate of change of the
order parameters and the conjugate driving force lead to the Ginzburg–Landau equations.
For homogeneous fields, conditions for instabilities of the equilibrium states (which repre-
sent criteria for the phase transformation between austenite and martensitic variants and
between martensitic variants) are found for the prescribed Piola–Kirchoff stress tensor. It
was proved that these criteria are invariant with respect to change in the prescribed stres-
ses. The expression for the rigid-body rotation tensor is derived for the prescribed Piola–
Kirchoff stress. The explicit expressions for the Helmholtz free energy and for transforma-
tion strain in terms of order parameters are derived for the most general case of large elas-
tic and transformational strains, rotations, as well as nonlinear, anisotropic, and different
elastic properties of phases. For negligible elastic strains, explicit expression for the Gibbs
potential is formulated. Results are obtained for fifth- and sixth-degree potentials in Carte-
sian order parameters and for similar potentials in hyperspherical order parameters. Geo-
metric interpretation of transformation conditions in the stress space and similarity with
plasticity theory are discussed. All material parameters are obtained for cubic to tetragonal
transformation in NiAl. Phase transformations in NiAl, boron nitride, and graphite to dia-
mond under uniaxial loading are described explicitly, and the importance of geometrically
nonlinear terms is demonstrated. A similar approach can be applied for twinning, disloca-
tions, reconstructive transformations, and fracture.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Ginzburg–Landau or phase-field theories of phase transformations are routinely used for the analysis and simulation of a
wide class of stress- and temperature-induced martensitic and reconstructive phase transformations (PTs) (Jin et al., 2001;
Chen, 2002; Lookman et al., 2008; Levitas V.I. and Lee, 2007; Levitas et al., 2004; Saxena et al., 1997; Wang and Khachatur-
yan, 1997; Artemev et al., 2001; Rasmussen et al., 2001; Falk, 1983; Falk and Konopka, 1990; Barsch and Krumhansl, 1984;
Jacobs et al., 2003; Vedantam and Abeyaratne, 2005; Levitas and Preston, 2002a; Levitas and Preston, 2002b; Levitas et al.,
asticity
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2003). With their help, it is possible to evaluate interface energies and the energies and structure of critical nuclei, to model
heterogeneous nucleation at various defects, and to simulate complex microstructure evolution during transformation (Jin
et al., 2001; Chen, 2002; Lookman et al., 2008; Levitas V.I. and Lee, 2007; Levitas et al., 2004; Saxena et al., 1997; Wang and
Khachaturyan, 1997; Artemev et al., 2001; Rasmussen et al., 2001; Falk, 1983; Falk and Konopka, 1990; Barsch and Krumh-
ansl, 1984; Jacobs et al., 2003; Vedantam and Abeyaratne, 2005; Levitas and Preston, 2002a; Levitas and Preston, 2002b; Lev-
itas et al., 2003; Reid et al., 1998). The theory is based on the concept of the order parameters that describe crystal lattice
instabilities during transformation in a continuous way. In this paper, we will focus on theories in which order parameters
describe deformation of the crystal lattice from the austenite (A) into lattice of martensitic variants Mi rather than shuffles–
i.e., atomic displacements inside the crystal cell. Shuffles are assumed to be excluded by energy minimization or neglected.
Some of the theories (Lookman et al., 2008; Saxena et al., 1997; Rasmussen et al., 2001; Falk, 1983; Reid et al., 1998; Falk and
Konopka, 1990; Barsch and Krumhansl, 1984; Jacobs et al., 2003; Vedantam and Abeyaratne, 2005) relate the order param-
eter to the total strain, while others are based on transformation-strain-related order parameters (Jin et al., 2001; Levitas V.I.
and Lee, 2007; Chen, 2002; Wang and Khachaturyan, 1997; Artemev et al., 2001; Levitas and Preston, 2002a; Levitas and
Preston, 2002b; Levitas et al., 2003), where transformation strain is the total strain at zero stresses. In the later theory,
the order parameters represent an internal variable, while in the former works they are an external one. We have to mention
that not all internal variables can be considered as order parameters but only those that describe material instability. The
thermodynamic potential depends on stress (or strain) tensor, temperature, and the set of the order parameters. In addition
to the local part, it includes contributions related to the gradient of the order parameter, which mimics interface energy.
With a given potential, evolution of the order parameters and multivariant martensitic microstructure is described by the
set of so-called Ginzburg–Landau equations, which represent linear relationships between the rate of change of the order
parameters and generalized thermodynamic forces conjugate to them. Thus, the main problem is to formulate the proper
Landau potential. The main features of the potentials in the above works are that in some temperature and stress ranges they
possess minima in the space of the order parameters corresponding to austenite and martensitic variants, separated by en-
ergy barrier. As a result, the solution of the Ginzburg–Landau equations exhibited regions with austenite and martensitic
variants separated by diffuse (i.e., finite-width) interfaces. However, as we demonstrated in Levitas and Preston (2002a,b)
and Levitas et al., 2003, these potentials did not describe some conceptually important details of the mechanics of martens-
itic phase transformations and did not have enough degrees of freedom to include all material properties of austenitic and
martensitic phases. In Levitas and Preston (2002a,b) and Levitas et al. (2003), we formulated requirements for the Gibbs po-
tential and found new potentials that allowed us to describe typical features of stress–strain curves that are conceptually
consistent with known experimental data. Thus,

(a) The transformation strain tensor that followed from the potential was constant (i.e., stress and temperature indepen-
dent), which is consistent with crystallographic theory (Wayman, 1964; Bhattacharya, 2003). Stress hysteresis could
be controlled, and could be chosen in particular, constant or weakly temperature-dependent.

(b) Transformation started at nonzero elastic moduli.
(c) All material properties of austenite and martensite were included in the potential.

These results were obtained for transformation-strain-related order parameters, and we do not know how to do the same for
total-strain-related order parameters. These potentials were employed to find analytical solutions for the one-dimensional,
time-independent Ginzburg–Landau equations, including those for diffuse A-M and M-M interfaces, austenitic A, and mar-
tensitic M critical nuclei, both in infinite and finite samples (Falk, 1983; Levitas et al., 2003). Stability and physical interpre-
tations of these solutions were analyzed in Levitas et al. (2006a). Size and surface effects and a mechanism of barrierless
nucleation have been studied in Levitas et al. (2006b). An athermal threshold to the interface propagation was introduced
in Levitas V.I. and Lee (2007) and Levitas et al. (2010). A finite-element approach and solutions based on the above theory
can be found in Levitas V.I. and Lee (2007) and Levitas et al. (2010) for quasi-static formulation and in Idesman et al. (2008)
and Cho et al. (2012) for dynamic 3-D problems. This theory was also generalized for microscale treatment (Levitas et al.,
2004; Idesman et al., 2005; Levitas V.I. and Ozsoy, 2009a; Levitas V.I. and Ozsoy, 2009b), which is applicable for a sample
size greater than 100 to 1000 nm and without upper limits.

Still, the major drawback of this and other theories is related to geometrically linear approximation–i.e., for small (less
than 0.1) strain and rotation. At the same time, under various conditions, transformation and elastic strains, as well as rota-
tions exceed significantly 0.1. Thus, finite rotation may occur under some conditions (loading) even at small strains. The vol-
umetric transformation strain for the PT in silicon, germanium, cesium, and plutonium equals or exceeds 0.2 (Tonkov, 1992;
Adler et al., 1992). The largest known volumetric transformation strain, equal to 0.54, is for high-pressure phase transforma-
tions from rhombohedral and hexagonal graphite to cubic or hexagonal diamond and similar transformations in boron ni-
tride (Britun and Kurdyumov, 2000). The deviatoric component of transformation strains is large as well: invariant plane
shear strain reaches 0.2 for phase transformations in steels and some shape-memory alloys (Wayman, 1964; Bhattacharya,
2003) and 0.342 for d� a transformation in plutonium (Adler et al., 1992). The principal components of transformation
deformation gradient, fa; a; cg, for phase transformation from phase I to II in Si, Ge, and GaSb, as well as for a� b phase trans-
formation in Sn, are in the range a ¼ 1:254� 1:281 and c ¼ 0:490� 0:498 (Malyushitskaya, 1999). For the layer-puckering
mechanism (Britun and Kurdyumov, 2000) for phase transformation from cubic diamond and boron nitride to rhombohedral
graphite and BN a ¼ 0:98; c ¼ 1:596. Large elastic strains can be caused by high pressure. For nanotechnology applications,
Please cite this article in press as: Levitas, V.I. Phase-field theory for martensitic phase transformations at large strains. Int. J. Plasticity
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large elastic strains can be caused by local stress concentrators and lattice misfit in nanoscale, defect-free volumes (for
example, in nanofilms and nanowires), when plastic relaxation is prevented.

The necessity of fully geometrically and physically nonlinear theories for phase transformation was realized a long time
ago, and various theories not related to phase field have been developed (Bhattacharya, 2003; Pitteri and Zanzotto, 2002;
Aubry et al., 2003; Ball and James, 1992; Grinfeld, 1991). Thus, crystallographic (i.e., geometric) (Wayman, 1964; Bhattach-
arya, 2003) theory of martensitic phase transformations takes into account large transformation strains and rotations (but
neglects elastic strain), which plays an important part in the determination of austenite-twinned martensite interface ori-
entation and structure. Mathematical theories of martensite (Bhattacharya, 2003; Pitteri and Zanzotto, 2002; Aubry et al.,
2003; Ball and James, 1992) are fully geometrically nonlinear–i.e., they consider in principle finite elastic strains as well–
while in all specific problems elastic deformations are neglected, as in crystallographic theory. With elastic deformations,
specific algorithms and problems are presented in Aubry et al. (2003). Continuum thermodynamic theory of phase transfor-
mations in elastic materials that also includes a description of interfacial instabilities is presented in Grinfeld (1991). Ther-
modynamic theory for large, elastic, transformational, and plastic deformations and rotations is developed in Levitas (1998)
and is used for various analytical (Levitas, 1998,,b, 2008, 2002) and numerical (Levitas et al., 2002; Levitas and Zarechnyy,
2010; Levitas et al., 1999; Idesman et al., 1999) solutions. Thermodynamic large-strain theories for shape-memory alloys
are widespread in the literature (Auricchio, 2001; Christ and Reese, 2008).

The main difficulty with the formulation of a large-strain version of the Landau theory is related to the fact that thermo-
dynamic potential should describe not austenite and martensitic variants only but also each intermediate state between
them. Theories (Barsch and Krumhansl, 1984; Jacobs et al., 2003; Vedantam and Abeyaratne, 2005; Clapp et al., 1994) claim
to be finite strain ones because they use a nonlinear relation between displacements and Lagrangian strain tensor and ther-
modynamic potential in terms of Lagrangian strain tensor instead of small-strain tensor. However, even at small strain, as we
discussed in Levitas and Preston (2002a), thermodynamic potentials in terms of total strain cannot describe the typical
important features of stress-induced martensitic phase transformations. Another problem is that interpretation of compo-
nents of the Lagrangian strain tensor at small and finite strains is different. The third invariant of the Lagrangian strain de-
scribes the volume change (in contrast to the first invariant for small strains). The example of cubic to tetragonal
transformation with zero first invariant of the strain tensor considered in Barsch and Krumhansl (1984) corresponds to zero
volume change for small-strain approximation only. At finite strain, the third invariant has to be equal to one, which is a
strongly nonlinear constraint.

Under the circumstances, the only constructive way to develop noncontradictory large-strain Landau theory is to gener-
alize small-strain theory in Levitas and Preston (2002a,b) and Levitas et al. (2003). A general thermomechanical lattice insta-
bility criterion with respect to change in order parameters was derived in our short letter (Levitas and Preston, 2005) using
the second law of thermodynamics. This criterion takes into account finite elastic and transformation strains, as well as lat-
tice rotations. Instability can be studied under prescribed stress (or strain) measure, and the results in Levitas and Preston
(2005) are obtained for prescribed nonsymmetric Piola–Kirchoff (nominal) stress tensor P (the force per unit area in the
undeformed state). However, the problem in generalization of the Gibbs potential from Levitas and Preston (2002a,b) and
Levitas et al. (2003) for large strain is that even for elastic materials without phase transformations, the Gibbs potential
in terms of P cannot be obtained even for the simplest realistic elasticity law. Also, instead of additive decomposition of
the total strain into elastic and transformational parts at small strains one has to use nonlinear, multiplicative decomposition
at large strains. That is why the stress-work term in the Gibbs potential depends nonlinearly on elastic and transformation
strains and rotations, which sophisticates significantly derivation and analysis of the potential. That is why in Levitas and
Preston (2005) the Gibbs potential and phase-transformation criteria (lattice instability conditions) were derived for a pre-
scribed P, and neglected elastic strains but finite-transformation strains and rotations. The same has been done for twinning
and dislocation nucleation. The theory in Levitas and Preston (2005) also does not include change in elastic properties of
phases during transformation, which is of great importance, for example, for phase transformation in graphite, boron nitride,
and shape-memory alloys. Also, this theory was never applied for numerical simulations of phase transformations and
microstructure evolution.

The key point of the current work that allowed us to develop the Landau potential for multivariant phase transformation
for the most general case of large elastic and transformational strains and lattice rotations, as well as for nonlinear and dif-
ferent elastic properties of phases, is that we switch from the Gibbs potential in terms of stresses to the Helmholtz free en-
ergy in terms of elastic strain. In this case, all geometric nonlinearities are uncoupled. Indeed, since the Helmholtz free
energy does not contain transformation strain and rotations, it can be easily generalized for the geometrically nonlinear case
by substituting small elastic-strain tensor with Lagrangian elastic strain tensor. Expression for small transformation strain
versus order parameters can be directly used for the large-strain case. Multiplicative decomposition of the deformation gra-
dient into rotation, elastic, and transformation contributions represents a separate equation independent of the Helmholtz
energy and expression for transformation strain, while in Levitas and Preston (2005) it is directly incorporated into Gibbs
potential. Our analysis demonstrated that with such substitution one can satisfy the same requirements for the Landau the-
ory as for small strains.

The paper is organized as follows. In Section 2, general kinematic, thermodynamic, and kinetic relationships for the
phase-field approach at large strains are presented. They include finite-strain kinematics of multivariant martensitic trans-
formations, application of the global form of the second law of thermodynamics for finite volume, determination of the driv-
ing force for change of the order parameters, formulation of kinetic relationships between rate of change of the order
Please cite this article in press as: Levitas, V.I. Phase-field theory for martensitic phase transformations at large strains. Int. J. Plasticity
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parameters and the conjugate driving force (i.e., the Ginzburg–Landau equations), and formulation of the boundary condi-
tions for the order parameters. Then, for homogeneous states, phase equilibrium conditions are found. They are expressed
with the help of both Helmholtz and Gibbs potentials. In Section 3, conditions for instabilities of the equilibrium states (i.e.,
conditions for the phase transformation between austenite and martensitic variants and between martensitic variants) are
formulated. They have been formulated in terms of both Helmholtz and Gibbs energies, first for the prescribed nominal
stress. Then it is proved that the same relationships are valid for an arbitrary prescribed stress. The elasticity rule and prob-
lems with its inversion are discussed, and explicit expression for the rigid-body rotation tensor and algebraic equation with
respect to elastic stretch are derived.

In Section 4, the above equations are simplified for small-strain approximation. Then the requirements of the Gibbs po-
tential formulated in Levitas and Preston (2002a,b), and Levitas et al. (2003), are presented, and explicit expression for the
Gibbs potential for multivariant, martensitic transformations is obtained for the case of linear elasticity with equal proper-
ties of phases (Levitas and Preston, 2002a; Levitas and Preston, 2002b; Levitas et al., 2003). The Helmholtz free energy cor-
responding to the Gibbs potential is found and generalized to the case with arbitrary nonlinear and anisotropic elastic
properties, which are different for different phases. In Section 5, the obtained equations are generalized for large strains.
It is demonstrated that the obtained equations satisfy the same requirements as for small strains, which completes the solu-
tion of the problem. Results are obtained for fifth- and sixth-degree potentials in Cartesian order parameters and for similar
potentials in hyperspherical order parameters. In order to reduce the number of order parameters for some phase transfor-
mations, the potentials are continued for the negative values of order parameters. Examples are given for cubic-orthorhom-
bic and cubic-monoclinic transformations. Geometric interpretation of transformation conditions in the stress space and
similarity with plasticity theory are presented in Section 6. Section 7 contains examples of phase transformations in NiAl,
boron nitride, and graphite to diamond, and concluding remarks are given in Section 8. Some preliminary results (without
justification and derivation) for 2–3–4 potential and for simplified case have been presented as one page summary in the
short letter (Levitas et al., 2009).

We designate vectors and tensors with boldface symbols and designate contractions of tensors A ¼ fAijg and B ¼ fBjig
over one and two indices as A � B ¼ fAijBjkg and A : B ¼ AijBji. The transpose of A is AT , and I is the unit tensor; symbol 8means
‘‘for all’’, :¼ means equal by definition; r is the gradient operator with respect to an undeformed state.
2. General kinematic, thermodynamic, and kinetic relationships for the phase-field approach at large strains

We will use some preliminary information on thermomechanics of phase transformations under large strain from Levitas
(1998). General information on large-strain mechanics can be found, for example, in Levitas (1996) and Lurie (1990).

2.1. Kinematics. Definition of order parameters

The motion of the elastic material with phase transformations will be described by a vector function r ¼ rðr0; tÞ, where r0

and r are the positions of points in reference (undeformed) X0 and the actual (deformed) X configurations, respectively; t is
the time. Assume that material in the reference configuration is in the austenitic state. The deformation gradient is defined as
F ¼ rr. The multiplicative decomposition of the deformation gradient,
Please
(2013
F ¼ Fe � F t; ð1Þ
into elastic and transformational parts will be used (Levitas, 1998). After local release of stresses, elastic deformation disap-
pears (i.e., Fe ¼ I) and unloaded configuration, characterized by F t , is designated as Xt . Let us describe the meaning of the
transformational-deformation gradient F t . For each martensitic variant Mi, the transformation-deformation gradient F ti

transforms the crystal lattice of a austenite (A) into a lattice of martensitic variant Mi; i ¼ 1;2; . . . ;n, similar to the case in
the crystallographic theory (Wayman, 1964). We postulate that the thermodynamic equilibrium values of the order param-
eter gi for each Mi vary from 0 (corresponding to A and F t ¼ I) to 1 (corresponding to Mi). This is not a trivial statement be-
cause thermodynamic equilibrium values of the order parameters should satisfy thermodynamic equilibrium conditions,
which depend on temperature h and stress tensor–i.e., they are not necessarily constant. In fact, in all previous theories
(Lookman et al., 2008; Saxena et al., 1997; Rasmussen et al., 2001; Falk, 1983; Reid et al., 1998; Falk and Konopka, 1990;
Barsch and Krumhansl, 1984; Jacobs et al., 2003; Vedantam and Abeyaratne, 2005; Jin et al., 2001; Levitas V.I., 2007; Wang
and Khachaturyan, 1997; Artemev et al., 2001) order parameters for martensitic variants were not constant due to their
dependence on stresses and temperature. This led to variable transformation strain, which contradicts the crystallographic
theory of martensite (Wayman, 1964). We will elaborate on this point in Section 2.4.

Each F ti is considered to be an irrotational deformation of the crystal lattice, and consequently constant. For example, F ti

reduces to the symmetric Bain strain Uti for PT between two lattices. For larger scale, where a mixture two twin-related Bain
strain variants is considered as one phase, the nonsymmetric transformation deformation gradient for an invariant-plane-
strain (IPS) variant is F ti ¼ I þ enini þ cmini. It represents a simple shear c in direction mi in the habit plane with normal
ni and a strain e normal to the habit plane, both defined in undeformed state. For twinning, F ti ¼ I þ cmini is a simple shear.
In general, irrotational deformation means that F ti (and consequently Fe) is invariant with respect to rigid-body rotations in
the unloaded configuration Xt .
cite this article in press as: Levitas, V.I. Phase-field theory for martensitic phase transformations at large strains. Int. J. Plasticity
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For A! Mi transformation, the order parameter gi is unambiguously related to the transformation strain through some
monotonous function to be determined (see, for example, Eqs. (96) and (99)). Order parameter gi varies between 0 for A (the
transformation deformation gradient is I) and 1 for Mi (the transformation deformation gradient is F ti). For multivariant
transformations, the transformational deformation gradient F t is some combination of all F ti and gi to be determined. Since
F ti are constants, F t ¼ F tðgiÞ. We will designate the set of the arbitrary order parameters as ~g ¼ ðg1; . . . ;gi; . . . ;gnÞ, with
ĝ0 ¼ ð0; . . . ; 0Þ for A and ĝi ¼ ð0; . . . ;gi ¼ 1; . . . ;0Þ for Mi, and with �gi ¼ ð0; . . . ;gi; . . . ;0Þ for one nonzero parameter only.

It is convenient to introduce e :¼ F � I; ee :¼ Fe � I, and et :¼ F t � I. Since F t is irrotational, et is the transformation strain
tensor. Since e and ee include corresponding rotations, they do not have a specific sense, but they transform to total and elas-
tic strain tensors for small strain and rotations regime and are convenient for performing such a limit transition; see Eqs.
(88), (88), (91) below.

2.2. Thermodynamic equations utilizing the Helmholtz potential

Let us consider a volume V0 of material with a boundary S0 and unit external normal n in reference configuration. On one
part of surface S0v , the particle velocity vector v is prescribed, and on the other part S0p the traction vector p ¼ P � n is given,
where P is the first nonsymmetric Piola–Kirchoff (nominal) stress tensor–i.e., the force per unit area in the undeformed state;
mixed boundary conditions at the same surface are also possible.

To simplify derivations, we will use the expression for the second law of thermodynamics for an isothermal case for the
volume V0:
Please
(2013
�D ¼
Z

S0

v � P � ndS0 �
d
dt

Z
V0

wþ 0:5q0v � vð ÞdV0 �
Z

V0

q0f � vdV0 P 0; ð2Þ
where �D is the global (i.e., for the entire volume) dissipation rate, q0 is the mass density in the reference state, w is the spe-
cific (per unit undeformed volume) Helmholtz free energy, and f is the body force per unit mass. Utilizing the Gauss theorem
to transform the surface integral into an integral of the volume and employing the momentum balance, Eq. (2) simplifies to
�D ¼
Z

V0

P : _FT � _w
� �

dV0 P 0: ð3Þ
Let us elaborate Eq. (3). Let w ¼ �wðFe;gi; h;$giÞ–i.e., the transformation deformation gradient does not contribute to the free
energy; here, h is the temperature. For compactness and when it is not important, temperature will be omitted from the
arguments. Under rigid-body rotation F� ¼ Q � F , where Q is the arbitrary proper orthogonal tensor, one has F�e ¼ Q � Fe

and w ¼ �wðQ � Fe;gi; h;$giÞ. Utilizing the polar decomposition Fe ¼ R � Ue, where R designates the rigid-body rotation of
the crystal lattice and Ue is the symmetric elastic stretch tensor, and using Q ¼ RT , one obtains
w ¼ �wðUe;gi; h;$giÞ ¼ wðEe;gi; h;$giÞ, where Ee ¼ ðUe � Ue � IÞ=2 ¼ ðFT

e � Fe � IÞ=2 is the Lagrangian strain measure. It follows
from Eq. (1) that
_FT ¼ _FT
t � F

T
e þ FT

t � _FT
e : ð4Þ
While evaluating derivative _w, the following transformation will be used:
Z
V0

@w
@$gi

� _$gidV0 ¼
Z

V0

@w
@$gi

� $ _gidV0 ¼
Z

V0

$ � @w
@$gi

_gi

� �
� $ � @w

@$gi

� �
_gi

� �
dV0

¼
Z

S0

n � @w
@$gi

_gidS0 �
Z

V0

$ � @w
@$gi

� �
_gidV0; ð5Þ
where the permutability of time and space differentiation in the reference configuration and the Gauss theorem were ap-
plied. Then the dissipation rate is
�D ¼
Z

V0

P � FT
t �

@w
@Fe

� �
: _FT

e þ FT
e � P :

@FT
t

@gi
þ $ � @w

@$gi

� �
� @w
@gi

 !
_gi

" #
dV0 �

Z
S0

n � @w
@$gi

_gidS0 P 0: ð6Þ
Assuming that the dissipation rate is independent of _FT
e and surface dissipation is absent, one obtains the constitutive rela-

tionship for stresses
P � FT
t ¼

@w
@Fe

ð7Þ
and boundary conditions for evolution of the order parameters
n � @w
@$gi

¼ 0 or giðtÞ ¼ consti: ð8Þ
Note that the boundary condition Eq. (8)1 corresponds to the surface energy that does not change during the phase trans-
formation. In the opposite case, right-hand side of Eq. (8)1 contains the term proportional to the derivative of the surface
cite this article in press as: Levitas, V.I. Phase-field theory for martensitic phase transformations at large strains. Int. J. Plasticity
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energy with respect to order parameters (Levitas and Javanbakht, 2010, 2011; Levitas and Samani, 2011,). Then, the dissipa-
tion inequality is
Please
(2013
�D ¼
Z

V0

FT
e � P :

@FT
t

@gi
þ $ � @w

@$gi

� �
� @w
@gi

 !
_gidV0 P 0 ð9Þ
and we assume that it can be localized (e.g., in the case of local relationship between Xi and _gj):
D ¼ Xi _gi P 0; Xi :¼ PT � Fe :
@Ft

@gi
þ $ � @w

@$gi

� �
� @w
@gi

; ð10Þ
where D is the local dissipation rate, Xi is the thermodynamic force conjugate to _gi or the driving force for change in gi. Note
that derivative @w

@gi
in Eq. (8) is evaluated at fixed Ee and $gi.

2.3. Kinetic equations

As is customary in irreversible thermodynamics, one has to assume a general, nonlinear kinetic equation _gi ¼ f ðXjÞ con-
necting the ith flux with the jth force–i.e., including cross effects. In the linear approximation _gi ¼ LijXj, where Lij are positive
definite kinetic coefficients, for which Lij ¼ Lji according to the Onsager reciprocal relationships; summation is assumed over
the repeated indices. Usually, w ¼ wl þ wr, with wl and wr for the local and gradient-related contributions to the free energy,
respectively. Gradient energy is localized at the diffuse interface between phases, thus representing the interface energy.

If wr ¼ 0:5$gi � bij � $gj, where bij are positive definite gradient-energy second-rank tensors, then, the kinetic equation
_gj ¼ LjiXi has the form
_gj ¼ Lji PT � Fe :
@F t

@gj
� @w
@gi
þ $ � bik � $gkð Þ

 !
: ð11Þ
Boundary conditions Eq. (8)1 reduce to
n � bij � $gj ¼ 0: ð12Þ
When tensors bik are independent of gi and coordinates, Eq. (11) reduces to
_gj ¼ Lji PT � Fe :
@F t

@gj
� @w

l

@gi
þ bik : $$gk

 !
: ð13Þ
Note that the tensorial character of bik is introduced for the description of anisotropy of the interface energy, even for a single
martensitic variant. For isotropic interface energies, bik ¼ bikI, one has wr ¼ 0:5bij$gi � $gj and Eqs. (13) and (12) reduce to
_gj ¼ Lji PT � Fe :
@F t

@gj
� @w

l

@gi
þ bik$

2gk

 !
; ð14Þ

bijn � $gj ¼ 0; ð15Þ
where $2 is the Laplacian operator. The matrix character of bjk (or bjk) is introduced to take into account the interaction be-
tween different martensitic variants. If all martensitic variants are equivalent, then bkk ¼ b > 0 (or bkk ¼ b) characterizes the
austenite–martensite interfaces and bkj ¼ bb (or bkj ¼ b1) 8k – j characterize the Mk �Mj interfaces. The same is valid for the
kinetic coefficients Lji : Lii ¼ L > 0 characterizes the mobility of the A�Mi interfaces and Lji ¼ pL 8i – j characterize the
mobility of the Mi �Mj interfaces. In an anisotropic case we have
wr ¼ 0:5 $gj � b � $gj þ
Xn

k¼1

Xn

j¼1;j–k

$gi � b1 � $gj

 !
ð16Þ
and
_gj ¼ Lji PT � Fe :
@F t

@gj
� @w

l

@gi
þ b : $$gi þ b1 :

Xn

k¼1;k–i

$$gk

 !
; ð17Þ
or, in more detail,
_gj ¼ L PT � Fe :
@F t

@gj
� @w

l

@gj
þ b : $$gj þ b1 :

Xn

k¼1;k–j

$$gk

 !

þ pL
Xn

i¼1;i–j

PT � Fe :
@F t

@gj
� @w

l

@gi
þ b : $$gi þ b1 :

Xn

k¼1;k–i

$$gk

 !
: ð18Þ
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The boundary conditions Eq. (12) simplify to
Please
(2013
n � b � $gi þ n � b1 �
Xn

j¼1;j–i

$gj ¼ 0: ð19Þ
For isotropic interface energies one has wr ¼ b
2

Pn
i¼1j$gij

2 þ b
Pn

i¼1

Pn
j¼1;i–j$gi � $gj

� �
(Levitas and Javanbakht, 2010; Levitas

and Javanbakht M., 2011). To find the limitation on the parameter b, we consider just two martensitic variants. Then
wr ¼ b
2
ðj$g1j

2 þ j$g2j
2 þ 2b$g1 � $g2Þ ¼

b
2
ðj$g1 þ $g2j

2 þ 2ðb� 1Þ$g1 � $g2ÞP 0 ð20Þ
Obviously that at the Mi �Mj interface one has $gi � $gj 6 0, because for the transition from gj ¼ 1 and gi ¼ 0 to gj ¼ 0 and
gj ¼ 0 across an interface, gi increases and gj reduces. Because we can select $gi arbitrarily to ensure that wr P 0 for all argu-
ments, we put $gi ¼ �$gj. Then, we obtain wr ¼ bð1� bÞj$gij

2 and the condition wr P 0 implies b 6 1. Note that for b ¼ 1, a
sharp-interface field with $gi ¼ �$gj is gi ¼ HðnÞ, which possesses zero energy w. In this equation, H is the Heavyside step
function and the local coordinate n is directed along the normal to an interface; at the interface, n ¼ 0. Indeed, the gradient
energy wr ¼ 0 because of b ¼ 1, and all other energy terms are zero, due to zero interface width and their finite values at any
point. Thus, in the region of stability or metastability of each of two martensitic variants and for b ¼ 1, the sharp Mi �Mj

interface represents the minimum interface energy solution. Numerical results in Levitas and Javanbakht M. (2011) confirm
that with b! 1 the width and energy of the Mi �Mj interface tend to zero.

Eqs. (18) and (19) take the following form
_gj ¼ L PT � Fe :
@F t

@gj
� @w

l

@gj
þ b$2gj þ bb

Xn

k¼1;k–j

$2gk

 !
þ pL

Xn

i¼1;i–j

PT � Fe :
@F t

@gj
� @w

l

@gi
þ b$2gi þ bb

Xn

k¼1;k–i

$2gk

 !
; ð21Þ

n � $gi þ bn �
Xn

j¼1;j–i

$gj ¼ 0: ð22Þ
If the parameters that determine the mobility and energy of all interfaces are the same, i.e., b1 ¼ b; p ¼ 1, then Eqs. (18) and
(19) transform to
_gj ¼ L
Xn

i¼1

PT � Fe :
@F t

@gj
� @w

l

@gi
þ b :

Xn

k¼1

$$gk

 !
; ð23Þ

n � b �
Xn

j¼1

$gj ¼ 0: ð24Þ
Note that this does not mean that the energies and the mobilities of the A�Mi and Mi �Mj interfaces are the same, because
they are described in a different way (e.g., the A�Mi interface is described by variation of a single order parameter, but the
Mi �Mj interface is described by variation of two order parameters). If, in addition, the energies of all interfaces are isotropic,
then
_gj ¼ L
Xn

i¼1

Pt � Fe :
@F t

@gj
� @w

l

@gi
þ b
Xn

k¼1

$2gk

 !
; ð25Þ

n �
Xn

j¼1

$gj ¼ 0: ð26Þ
When any interaction between all martensitic variants is neglected, i.e., b ¼ p ¼ 0, the summation disappears from the above
equations and one obtains
_gj ¼ L PT � Fe :
@F t

@gj
� @w

l

@gj
þ b : $$gj

 !
; ð27Þ

n � b � $gj ¼ 0; ð28Þ
for the anisotropic interface energies, and
_gj ¼ L PT � Fe :
@F t

@gj
� @w

l

@gj
þ b$2gj

 !
; ð29Þ

n � $gj ¼ 0: ð30Þ
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for isotropic interface energies. Such a simple approximation is used in the majority of work on the phase-field simulations.
As a reminder, Eqs. 12, 15, 19, 22, 24, 26, 28, 30 are particular cases of the general Eq. (8) for the corresponding gradient
energies.

Note that in the above treatment, the kinetic coefficients Lji were scalars, i.e., anisotropy of the interface mobility could
only be related to the anisotropy of the interface energy. Also, the anisotropy of the interface energy has been described by a
second-rank tensor. Here we outline an alternative description of anisotropy.

When the solution of the Ginzburg–Landau equation describes a finite-width interface, one can define an unit normal to
the interface as kj ¼

$gj

j$gj j
for any order parameter that varies from 0 to 1 across the chosen interface. Then we can consider
Please
(2013
L ¼ LðkiÞ; wr ¼ bðkiÞ
2

Xn

i¼1

j$gij
2 þ bðkjÞ

Xn

i¼1

Xn

j¼1;i–j

$gi � $gj

 !
; ð31Þ
i.e., all scalar coefficients are functions of an orientation of the interfaces. This possibility will be elaborated elsewhere.

2.4. Thermodynamic equilibrium. Conditions for the order parameters

The thermodynamic equilibrium configurations–i.e., the stationary solutions of Eq. (11)–are determined by condition
Xi ¼ 0 for i ¼ 1;2; . . . ;n. While studying the thermodynamic equilibrium and its stability, we will focus on the homogeneous
states; then the gradient energy disappears. Now, we impose the following.

Condition I: For the homogeneous states, the sets of constant order parameters for the austenite ~g ¼ ĝ0 and for each mar-
tensitic variant ~g ¼ ĝi should satisfy the thermodynamic equilibrium conditions
Xi ¼ PT � Fe :
@F tðĝjÞ
@gi

�
@wlðEe; h; ĝjÞ

@gi

�����
Ee

¼ 0; i ¼ 1;2; . . . ;n; j ¼ 0;1;2; . . . ;n ð32Þ
for any stress P, temperature h, and corresponding elastic deformation gradient Fe. Then the transformation deformation gra-
dient for each martensitic variant, F t ¼ F tðĝjÞ, is independent of stress P, temperature h, and corresponding elastic deforma-
tion gradient Fe–i.e., it is constant, in accordance with the crystallographic theory of martensite (Wayman, 1964;
Bhattacharya, 2003).

Due to the independence of F t and wl, Eq. (32) splits in two sets of equations:
@FtðĝjÞ
@gi

¼ 0;
@wlðEe; h; ĝjÞ

@gi

�����
Ee

¼ 0; i ¼ 1;2; . . . ;n; j ¼ 0;1;2; . . . ;n: ð33Þ
These constraints will play a crucial role in finding equations for F t and wl.

2.5. Thermodynamic and kinetic equations utilizing the Gibbs potential

Introducing the Gibbs potential
GðP;gi; hÞ ¼ w� P : FT ; ð34Þ
expressing w in terms of G and substituting it in Eq. (3), one obtains
�D ¼ �
Z

V0

_P : FT þ _G
� �

dV0 P 0: ð35Þ
Using the same approach as above with w, one obtains the expression for the dissipation rate
�D ¼
Z

V0

� F þ @G
@P

� �
: _PT þ $ � @G

@$gi

� �
� @G
@gi

� �
_gi

� �
dV0 �

Z
S0

n � @G
@$gi

_gidS0 P 0; ð36Þ
the constitutive equation
F ¼ � @G
@P

ð37Þ
and boundary conditions for evolution of the order parameters
n � @G
@$gi

¼ 0: ð38Þ
The residual dissipation inequality is
�D ¼
Z

V0

$ � @G
@$gi

� �
� @G
@gi

� �
_gidV0 P 0 ð39Þ
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and the local dissipation rate and the driving force for change in gi are
Please
(2013
D ¼ Xi _gi P 0; Xi :¼ $ � @G
@$gi

� �
� @G
@gi

: ð40Þ
Similar to Eq. (32), the equation for thermodynamic equilibrium
Xi ¼
@GðP; h; ĝjÞ

@gi
¼ 0; i ¼ 1;2; . . . ; n; j ¼ 0;1;2; . . . ;n ð41Þ
must be satisfied for homogeneous austenite ~g ¼ ĝ0 and for each martensitic variant ~g ¼ ĝi for any stress P and temperature
h. As it will be seen below, stationary values of the Gibbs energy in Eq. (41) correspond to the minimum for the stable (meta-
stable) phases and to the saddle point or maximum for unstable states.

Kinetics. Let the linear kinetic equation _gj ¼ LjiXi be used. For G ¼ Gl þ Gr, where Gl and Gr are the local and gradient-re-
lated contributions to the free energy, respectively, usually Gr ¼ wr ¼ 0:5$gi � bij � $gj. Then, the kinetic equation _gj ¼ LjiXi

has the form
_gj ¼ Lji �
@G
@gi
þ $ � bik � $gkð Þ

� �
; ð42Þ
The boundary conditions Eq. (38) reduce to
n � bij � $gj ¼ 0: ð43Þ
Eq. (42) coincides with Eq. (11) after substitution
r :
@et

@gi
þ r :

@eh

@gi
� @w
@gi
¼ � @G

@gi
: ð44Þ
The boundary conditions Eq. (43) coincide with Eq. (12). Thus, all simplified versions Eqs. (13)–(30) can be expressed in
terms of the Gibbs potential with substitution of Eq. (44) in the Ginzburg–Landau equation, while the expression for the
boundary conditions remain the same. In particular, Eq. (21) transforms to
_gj ¼ L � @Gl

@gj
þ b$2gj þ bb

Xn

k¼1;k–j

$2gk

 !
þ pL

Xn

i¼1;i–j

� @Gl

@gi
þ b$2gi þ bb

Xn

k¼1;k–i

$2gk

 !
; ð45Þ
and the simplest Ginzburg–Landau equation Eq. (29) reads as
_gj ¼ L � @Gl

@gj
þ b$2gj

 !
: ð46Þ
3. Instability of the thermodynamic equilibrium

In phase-field theory, phase transformation criteria are derived as conditions for instability of the homogeneous equilib-
rium state of crystal lattice under spontaneous variation of the order parameters. Studies on crystal lattice instabilities at
finite strain have been devoted to the determination of the ideal strength of crystals, as well as to melting and solid state
amorphization (Hill, 1975; Hill and Milstein, 1977; Milstein and Hill, 1979; Milstein et al., 1995; Wang et al., 1993; Wang
et al., 1995; Kaxiras and Boyer, 1994; Alippi et al., 1997). A general continuum approach to material stability at large elastic
strains was developed by applying the Lagrange–Dirichlet criterion for conservative loading (Hill, 1975; Hill and Milstein,
1977; Milstein and Hill, 1979). It was extended to nonconservative loading in Wang et al. (1993) and Wang et al. (1995).
The intrinsic stability for which the applied stress ‘‘follows’’ the material during deformation was studied only. However,
in real experiments, finite rotations of the specimen take place (Hill, 1975; Hill and Milstein, 1977), and intrinsic stability
is of no use. Stability under fixed loads with allowance for finite rotations was studied in Hill (1975). Rotations were assumed
to be varied arbitrarily, which imposed a strong limitation on material stability. It will be seen in Section 3.4 that rotation
tensor for a prescribed nominal stress is unambiguously defined by the transformation and elastic deformation gradients (or
just by elastic deformation gradients in elasticity theory)–i.e., it cannot vary arbitrarily. In this paper, instability conditions
under spontaneous variation of order parameters will be derived with the help of the second law of thermodynamics. Insta-
bility conditions first will be derived for the prescribed Piola–Kirchoff stress. Then we will show that they do not change if
any other stress measure is prescribed. This strong result is not universal for arbitrary dependence of transformation strain

on the order parameters because it is obtained for dependence that satisfied condition @Ft ðĝjÞ
@gi
¼ 0 (see Eq. (33)). However, this

condition is crucial for the correct description of martensitic phase transitions.
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3.1. Instability of the thermodynamic equilibrium in terms of Helmholtz energy for prescribed Piola–Kirchoff stress

The homogeneous stress and strain states will be considered here. Stability (or instability) of equilibrium state can only be
analyzed for prescribed boundary conditions for some stress measure. We will start with prescribed nominal forces–i.e., for
prescribed first nonsymmetric Piola–Kirchoff stress P. Such boundary conditions, for example, are utilized in the loading de-
vice used in Abeyaratne et al. (1996). We will use the following:

Definition. If a spontaneous deviation of the order parameters D~g from the thermodynamic equilibrium values
ĝj ðj ¼ 0;1; . . . ;nÞ is thermodynamically admissible under prescribed boundary conditions– that is, D P 0– then the equilib-
rium is unstable.

This statement corresponds to the application of the postulate of realizability (Levitas, 1995a; Levitas, 1995b; Levitas,
1998), for which the formulation is: as soon as any instability can occur, it will occur at the first chance. Note that this con-
dition is not related to the principle of extremum of dissipation rate (see, e.g., Ziegler (1983), Levitas, 1995a, Levitas (1995b)
and Levitas, 1998). Note that after the loss of stability of equilibrium of the phase ĝj, the system transforms to the different
phase ĝi, i.e., the neighboring equilibrium state does not exist and finite change in the order parameters occurs.

Thus, one has the following condition:
Please
(2013
Xi P; Fe þ DFe; ĝj þ D~g
� �

_gi P 0! equilibrium of phase ĝj is unstable; ð47Þ
for stress P ¼ const and elastic deformation gradient Fe that varies due to spontaneous variation in ~g. Developing the Taylor
series of Xi around equilibrium values ĝj and taking into account that Xi P; Fe; ĝj

� �
¼ 0, one obtains from Eq. (47):
@Xi P; Fe; ĝj

� �
@gk

������
P

_gi _gk ¼
@Xi P; Fe; ĝj

� �
@FT

e

:
@Fe

@gk
þ
@Xi P; Fe; ĝj

� �
@gk

0@ 1A _gi _gk P 0: ð48Þ
Thus, the instability occurs when @Xi=@gkjP first ceases to be negative definite. Let us find a more explicit expression for @Xi
@gk

���
P

by direct differentiating of the expression for Xi from Eq. (32):
@Xi

@gk

����
P
¼ PT � @Fe

@gk
:
@F t

@gi
þ PT � Fe :

@2Ft

@gi@gk
�
@2wl Ee; ĝj

� �
@gi@gk

������
Fe

�
@2wl Ee; ĝj

� �
@gi@Fe

:
@FT

e

@gk

������
P

: ð49Þ
Now, let us transform the last term in Eq. (49) using constitutive Eq. (7):
@2wl

@gi@Fe
:
@FT

e

@gk
¼ @P � FT

t

@gi
:
@FT

e

@gk
¼ P � @FT

t

@gi
:
@FT

e

@gk
¼ PT � @Fe

@gk
:
@Ft

@gi
: ð50Þ
The last transformation can be easily checked in component form. Thus, the first and the fourth terms eliminate each other
and Eq. (49) simplifies to
@Xi P; Fe; ĝj

� �
@gk

������
P

¼ PT � Fe :
@2F tðĝjÞ
@gi@gk

�
@2wl Ee; ĝj

� �
@gi@gk

������
Ee

: ð51Þ
Even if the first and the fourth terms would not eliminate each other, both of them are proportional to @Ft
@gi

, which is zero for
~gj ¼ ĝj.

It is natural to assume that if the instability condition Eq. (48) is met for one specific i only, the transformation from the
phase ĝj will occur toward this ĝi phase. In thermodynamic approach for a sharp interface, transformation conditions from
the martensitic variant Mj (or austenite A) to the variant Mi (or austenite A) are independent of any other variant Mk (or aus-
tenite A). It is reasonable to assume the same in our phase field approach. That is why in the specific theory below, we will
consider the potentials for which

Condition II:
@Xi P; Fe; ĝj

� �
@gk

������
P

¼ 0 8k – i ð52Þ
is met, and consequently
@2F tðĝjÞ
@gi@gk

¼ 0 and
@2wl Ee; ĝj

� �
@gi@gk

������
Fe

¼ 0 8k – i ð53Þ
–i.e., all mixed second derivatives of F t and wl vanish for any equilibrium phase ĝj. In this case, the instability condition Eq.
(48) reduces to
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Please
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@Xi P; Fe; ĝj

� �
@gi

������
P

¼ PT � Fe :
@2F tðĝjÞ
@g2

i

�
@2wl Ee; ĝj

� �
@g2

i

������
Ee

P 0: ð54Þ
Condition II significantly simplifies instability conditions and allows one to analyze them and apply to the choice of the spe-

cific expression for functions wl Ee; h; ~gj

� �
and F tð ~gjÞ. Also, it leads to a much simpler expression for these functions, for which

one can determine all material parameters and have much more confidence that some artificial minima are absent. Thus, the
transformation conditions between austenite A and the martensitic variant Mi read as
A! Mi :
@Xi P; Fe; ĝ0ð Þ

@gi

����
P
¼ PT � Fe :

@2F tðĝ0Þ
@g2

i

� @
2wl Ee; ĝ0ð Þ
@g2

i

�����
Ee

P 0;

Mi ! A :
@Xi P; Fe; ĝið Þ

@gi

����
P
¼ PT � Fe :

@2FtðĝiÞ
@g2

i

� @
2wl Ee; ĝið Þ
@g2

i

�����
Ee

P 0: ð55Þ
Similarly, conditions of transformation between martensitic variants are
Mj ! Mi :
@Xi P; Fe; ĝj

� �
@gi

������
P

¼ PT � Fe :
@2F tðĝjÞ
@g2

i

�
@2wl Ee; ĝj

� �
@g2

i

������
Ee

P 0;

Mi ! Mj :
@Xj P; Fe; ĝið Þ

@gj

�����
P

¼ PT � Fe :
@2F tðĝiÞ
@g2

j

� @
2wl Ee; ĝið Þ
@g2

j

�����
Ee

P 0: ð56Þ
While visually Eq. (56) look symmetric with respect to exchange of subscripts i$ j, they are completely symmetric (i.e.,
critical stress in one of them can be obtained by a change in sign in another one) for the simplest case of small
strain and equal elastic properties of martensitic variants only, see Eq. (110) below. First, the second term in Eq.
(56), related to change in elastic properties during transformations, introduces asymmetry even at small strains; see
Eq. (107) below. Second, since Fe in the first term in Eq. (56) depends on P and does not change the sign when P
changes the sign, this serves as another source of asymmetry. Even at small elastic strains, when Fe ’ R, this conclusion
does not change.
3.2. Instability of the thermodynamic equilibrium in terms of Gibbs energy for prescribed Piola–Kirchoff stress

The instability conditions Eqs. (47) and (48) for prescribed stress P ¼ const in terms of Gl look as follows: if for any D~g
Xi P; ĝj þ D~g
� �

_gi P 0! equilibrium of phase ĝj is unstable ð57Þ
and this condition results in
@Xi P; ĝj

� �
@gk

������
P

_gi _gk ¼ �
@2Gl P; ĝj

� �
@gi@gk

������
P

_gi _gk P 0: ð58Þ
Thus, material instability leading to phase transformation corresponds to the first nonconvexity of Gl in the space of order
parameters under fixed stress P. Stable phase corresponds to convex Gl and consequently to the minimum of the Gibbs en-
ergy, separated by a finite barrier from other local minima (phases). The first nonconvexity means that the minimum trans-
forms to maximum or saddle point of the Gibbs energy and energy barrier disappears.

In the specific theory based on Condition II and corresponding to Eqs. (53)–(56), the counterpart of Eq. (53) is
@Xi P; ĝj

� �
@gk

������
P

¼ 0 8k – i)
@2Gl P; ĝj

� �
@gi@gk

������
P

_gi _gk ¼ 0 8k – i ð59Þ
–i.e., all mixed second derivatives of the Gibbs potential Gl vanish for any equilibrium phase ĝj. For this case, the instability
condition Eq. (58) simplifies to
�
@Xi P; ĝj

� �
@gi

������
P

¼
@2Gl P; ĝj

� �
@g2

i

������
P

6 0: ð60Þ
Then, the transformation conditions between austenite A and martensitic variant Mi are
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Please
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A! Mi : �@Xi P; ĝ0ð Þ
@gi

����
P
¼ @

2Gl P; ĝ0ð Þ
@g2

i

�����
P

6 0;

Mi ! A : �@Xi P; ĝið Þ
@gi

����
P
¼ @

2Gl P; ĝið Þ
@g2

i

�����
P

6 0: ð61Þ
Similarly, conditions of transformation between martensitic variants appear as
Mj ! Mi : �
@Xi P; ĝj

� �
@gi

������
P

¼
@2Gl P; ĝj

� �
@g2

i

������
P

6 0;

Mi ! Mj : �@Xj P; ĝið Þ
@gj

�����
P

¼ @
2Gl P; ĝið Þ
@g2

j

�����
P

6 0: ð62Þ
When F is prescribed, there is no instability with respect to homogeneous perturbation of gi even for nonconvex Gl. However,
the system is unstable with respect to nonhomogeneous perturbation of gi and, consequently, deformation. For example, for
a simple shear of the specimen, phase transformation may occur in a small region of the specimen consistent with boundary
conditions.

3.3. Elasticity rule and problem with its inversion

Let us derive alternative expressions for the elasticity rule Eq. (7). Since @w
@Fe
¼ Fe � @w@Ee

, where Ee is the Lagrangian strain
measure, and, because of the known relationship between the Piola–Kirchoff P and Cauchy r stress tensors,
r ¼ q
q0

P � FT ¼ q
q0

P � FT
t � F

T
e ; ð63Þ
where q and q0 are the mass density in the actual and reference configurations, respectively. The elasticity rule Eq. (7) can be
expressed in the form
P ¼ Fe �
@we

@Ee
� FT�1

t ; r ¼ q
q0

Fe �
@we

@Ee
� FT

e ;

r̂ :¼ q0

q
F�1

e � r � F
T�1
e ¼ F�1

e � P � F
T
t ¼ F�1

e � Pe ¼
@we

@Ee
; ð64Þ
where r̂ is the symmetric second Piola–Kirchoff stress tensor with respect to the unloaded configuration and Pe :¼ P � FT
t is

the counterpart of the first Piola–Kirchoff stress tensor with respect to the unloaded configuration.
Let us consider the simplest case: we ¼ 1

2 Ee : C : Ee, where C is the fourth-rank tensor of elastic moduli. Then
r̂ ¼ C : Ee; Pe ¼ Fe � C : Ee ¼
1
2

Fe � C : FT
e � Fe � I

� �
: ð65Þ
It is clear from Eq. (65) that even for this simplest case function Fe ¼ f Peð Þ cannot be found explicitly and may be non-un-
ique–i.e., have several branches. This illustrates the well-known (see, e.g., Lurie (1990)) practical problem in obtaining an
expression for the Gibbs potential Gl as a function of P.

For the general, nonlinear elasticity rule and unequal elastic moduli of phases,
wlðEe; h;giÞ ¼ weðEe; h; C
kðgiÞÞ þ wh h;gið Þ; ð66Þ
with elastic energy
weðEe; h;C
kðgiÞÞ ¼

1
2

Ee : CðgiÞ : Ee þ
1
3
ðEe : C3ðgiÞ : EeÞ : Ee þ

1
4

Ee : ðEe : C4ðgiÞ : EeÞ : Ee þ � � � : ð67Þ
Here, wh is the thermal part of the free energy, CkðgiÞ are the elastic moduli of the rank k, with Ck
0 ¼ Ckðĝ0Þ for austenite and

Ck
i ¼ CkðĝiÞ for ith martensitic variant. Elasticity law Eq. (64) reads
r̂ ¼ @w
e

@Ee
¼ CðgiÞ : Ee þ Ee : C3ðgiÞ : Ee þ ðEe : C4ðgiÞ : EeÞ : Ee þ � � � : ð68Þ
3.4. Determination of rigid-body rotation and elastic stretch tensors

To apply transformation conditions Eqs. (55) and (56) for prescribed nominal stress P, one has to be able to determine
corresponding Fe, at least numerically. The transformation deformation gradient is a function of gi only and is assumed to
be known. Intuitively, when phase transformation occurs at P ¼ const and the transformation deformation gradient F t is ap-
plied, it is clear that the entire deformation gradient is determined (Fig. 1), which means that Fe, elastic stretch Ue, and
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Fig. 1. Deformation and rotation of a sample after phase transformation under fixed components of nominal stress tensor P: (a) before phase
transformation; (b) after phase transformation.
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rigid-body rotation R are determined as well. Let us determine an explicit expression for R and Ue. Substituting
FT ¼ FT

t � Ue � RT in Eq. (63), one obtains
Please
(2013
r ¼ q
q0

P � FT
t � Ue � RT ¼ q

q0
N � RT with N :¼ P � FT

t � Ue: ð69Þ
Resolving this equation for tensor N,
N ¼ q0

q
r � R ð70Þ
and taking into account the uniqueness of the decomposition of any nonsingular, second-rank tensor into symmetric and
orthogonal parts, we conclude that Eq. (70) represents the polar decomposition of N into symmetric q0

q r and orthogonal

R contributions. Then N � NT ¼ q0
q

� �2
r � r, where from q0

q r ¼ N � NT
� �1=2

. Substituting this expression in Eq. (70), one obtains

the desired linear equation with respect to the rotation tensor:
N � NT
� �1=2

� R ¼ N ð71Þ
in terms of P, F, and Ue. The solution to this equation can be obtained explicitly:
R ¼ N � NT
� ��1=2

� N; ð72Þ
provided that the inverse tensor in Eq. (72) exists. If tensors P and, consequently, N are singular (for example, for one- or
two-dimensional loading) and an inverse tensor in Eq. (72) does not exist, the rotation R still can be found by direct solution
of linear algebraic Eq. (72); see examples in Section 7. If for some degenerate cases the solution for R is not unique, the actual
value of R can be found by maximization of the driving force for instability–i.e., the left-hand side of Eqs. (55) and (56). This
statement follows from the application of the postulate of realizability (Levitas, 1995a; Levitas, 1995b; Levitas, 1998 and
above).

An important conclusion is that while we are studying the instability with the help of Eqs. (55) and (56), the transforma-
tion-induced rigid-body rotation cannot be treated as non-constrained, because it is determined from Eq. (71). This is also true
for pure elastic instabilities at F t ¼ I; however, in Hill (1975), rotations were varied arbitrarily, which is contradictory.

Now, we will use Eq. (72) to find the equation for the elastic stretch Ue. Substituting in the elasticity law Eq. (7k)
P � FT
t ¼ R � Ue �

@wl

@Ee
ð73Þ
the rotation tensor from Eq. (72), one obtains a nonlinear equation for Ue:
P � FT
t ¼ N � NT

� ��1=2
� N � Ue �

@wl

@Ee
with N :¼ P � FT

t � Ue: ð74Þ
Substituting the solution of this equation into Eq. (71), one obtains the expression for rotation tensor R in terms of P and F t .
For small elastic deviatoric strain, but finite elastic volumetric strain,
Ue ¼ I þ 1
3
ee

0I þ ee; ee � I; ð75Þ
one has N :¼ P � F t 1þ 1
3 e

e
0

	 

and
R ¼ P � F t � Ft � PT
� ��1=2

� P � F tð Þ ð76Þ
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–i.e., R is independent of elastic strains. The rotation R is also independent of magnitude of stress tensor, i.e., it is the same for
stress kP for any nonzero k.

3.5. Instability of the thermodynamic equilibrium for an arbitrary prescribed stress

Let some other stress measure T be prescribed instead of nominal stress P, which is connected to P through a function
P ¼ f ðT ; Fe; F tðgiÞÞ ¼ f 1ðT; Fe;giÞ. Then, instead of Eq. (47), one has the following condition:
Please
(2013
Xi PðT; Fe þ DFe; ĝj þ D~gÞ; Fe þ DFe; ĝj þ D~g
� �

_gi P 0! equilibrium of phase ĝj is unstable; ð77Þ
for stress T ¼ const and elastic deformation gradient Fe that varies due to spontaneous variation in ~g. Developing the Taylor
series of Xi around equilibrium values ĝj and taking into account that Xi PðT ; Fe; ĝjÞ; Fe; ĝj

� �
¼ 0, one obtains instead of

Eq. (48)
@Xi T; Fe; ĝj

� �
@gk

������
T

_gi _gk ¼
@Xi T; Fe; ĝj

� �
@FT

e

:
@FeðĝjÞ
@gk

������
T

þ
@Xi T; Fe; ĝj

� �
@gk

0@ 1A _gi _gk P 0: ð78Þ
Below, we find an explicit expression for @Xi
@gk

���
T

by direct differentiating of the expression for Xi from Eq. (32):
@Xi

@gk

����
T
¼ @PT

@gk

�����
T

� Fe :
@Ft

@gi
þ PT � @Fe

@gk

����
T

:
@F t

@gi
þ PT � Fe :

@2Ft

@gi@gk
�
@2wl Ee; ĝj

� �
@gi@gk

������
Ee

�
@2wl Ee; ĝj

� �
@gi@Fe

:
@FT

e

@gk

�����
T

: ð79Þ
Let us transform the last term in Eq. (79) using constitutive Eq. (7):
@2wl

@gi@Fe
:
@FT

e

@gk

�����
T

¼ @P � FT
t

@gi
:
@FT

e

@gk

�����
T

¼ P � @FT
t

@gi
:
@FT

e

@gk

�����
T

þ @P
@gi

����
T
� FT

t :
@FT

e

@gk

�����
T

¼ PT � @Fe

@gk

����
T

:
@F t

@gi
þ @PT

@gi

�����
T

:
@Fe

@gk

����
T
� F t : ð80Þ
Since all terms proportional to @Ft
@gi

disappear at ~gj ¼ ĝj (see Eq. (33)), one obtains
@Xi P; Fe; ĝj

� �
@gk

������
T

¼ PT � Fe :
@2F tðĝjÞ
@gi@gk

�
@2wl Ee; ĝj

� �
@gi@gk

������
Ee

� @PT

@gi

�����
T

:
@FeðĝjÞ
@gk

����
T
� F t: ð81Þ
Thus, so far the main difference in comparison with Eq. (51) consists of the last term. We will now show that this term is

identically equal to zero because of @Ft ðĝjÞ
@gk
¼ 0. First, we consider that T is a nonsymmetric tensor. Then, elasticity rule Eq.

(64) can be presented in the form of T ¼ qðFe; F tÞ, where q is some function. Differentiating this equation with respect to
gk at T ¼ const, one obtains
0 ¼ @q
@FT

e

:
@FeðĝjÞ
@gk

þ @q
@FT

t

:
@F tðĝjÞ
@gk

: ð82Þ
The second term is equal to zero, and since in general det @q
@FT

e

� �
– 0 (excluding some special stress states for some special

stress measures), a system of nine linear Eqs. (82) has the only solution:
@FeðĝjÞ
@gk

¼ 0: ð83Þ
If T is a symmetric tensor, for example, Cauchy stress r, then Eq. (82) represents six equations only, with nine unknowns. To
exclude arbitrariness of the rigid-body rotation, an additional kinematic constraint should be given, which can be expressed
in the form of three scalar equations jðFe � F tÞ ¼ const. As an example, one can impose in the component form
F21 ¼ fFe � F tg21 ¼ 1; F23 ¼ fFe � F tg23 ¼ 1; F31 ¼ fFe � F tg31 ¼ 1: ð84Þ
Differentiating the equation of kinematic constraint with respect to gk, one obtains
0 ¼ @j
@FT

e

:
@FeðĝjÞ
@gk

þ @j
@FT

t

:
@F tðĝjÞ
@gk

: ð85Þ
Again, the second term is equal to zero. Since in general the determinant of the system of nine linear Eqs. (82) and (85) is not

equal to zero, we again obtain Eq. (83). Note that for neglected elastic strains Eq. (83) reduces to @RðĝjÞ
@gk
¼ 0.

Thus, the last term in Eq. (81) disappears, and we arrive at the instability criterion Eq. (51) for any prescribed stress mea-
sure. Independence of the instability criterion of the boundary conditions is a very unexpected result. It is a direct conse-
quence of Condition I on the independence of the thermodynamic equilibrium value of the order parameters and,
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consequently, transformation strain of the stresses and temperature, which results in @Ft ðĝjÞ
@gk
¼ 0 and Eq. (83). In addition, for

symmetric prescribed stress, the instability criterion should be supplemented by Eq. (85). Note that Condition II (Eq. (52))
was not used.

Also note that if the instability criterion would depend on the prescribed boundary condition, then it could not be inter-
preted as the local phase-transformation criterion in an arbitrary material point during solution of the boundary-value prob-
lem. Indeed, each material point undergoes a sophisticated loading process, and it is impossible to define which stress is
prescribed at each point.

4. Potentials for small strain and rotation approximation

4.1. General relationships

For small strain and rotation approximation, ee � I; ee � I; et � I, and R� I � I, and the multiplicative decomposition Eq.
(1) reduces to additive decomposition:
Please
(2013
e ¼ ee þ et : ð86Þ
All stress measures coincide; in particular, P coincides with the true (Cauchy) stress r. However, transition to Gibbs potential
requires careful transition to small strains. The problem is that due to the known relationship Eq. (63) between the Piola–
Kirchoff P and Cauchy r stress tensors one obtains from Eq. (34) for large strains:
GlðP;gi; hÞ ¼ wl � P : FT ¼ wl � q0

q
r : I: ð87Þ
For small strains, the last term in Eq. (87) transforms to r : I; however, this does not lead to known correct expression for
GlðP;gi; hÞ for small strain and linear elasticity. Indeed, for linear elasticity, wl ¼ 1

2 e : C : e and Gl ¼ wl � r : e ¼ � 1
2 r : k : r,

where k and C ¼ k�1 are the fourth-rank elastic compliance tensor and elastic moduli tensor, respectively. The problem is
that because differentiation in the elasticity rule Eq. (37) is with respect to P, transition to small strain should be performed
in the first Eq. (87) rather than in the second. Let us elaborate this in the following way. Presenting for large strain Eq. (37) in
the form
F ¼ I þ e ¼ � @Gl

@P
; ð88Þ
we express
e ¼ � @Gl

@P
� I ¼ � @ðG

l þ P : IÞ
@P

¼ � @
�G

@P
; ð89Þ
where we introduced the redefined Gibbs potential:
�GðP;gi; hÞ :¼ Gl þ P : I ¼ wl � P : FT � I
� �

: ð90Þ
Then, for small strains and rotations, P ! r; FT � I ! e and Eqs. (90) and (89) transform to
�G ¼ wl � r : e ¼ Gl þ r : I; e ¼ � @
�G

@r
: ð91Þ
Thus, obtained Eqs. (91) reduce to known equations of elasticity theory (Lurie, 1990). Relationship Gl ¼ wl � r : ðI þ eÞ that
follows from Eqs. (91) confirms that transition to a small-strain limit should be performed in the first Eq. (87) rather than in
the second.

For this case, Eqs. (29) and (46) simplify to
1
L

_gi ¼ Xi; Xi ¼ r :
@et

@gi
þ b$2gi �

@wlðee; h;gjÞ
@gi

¼ b$2gi �
@�Gðr; h;gjÞ

@gi
: ð92Þ
Similar to Eqs. (32) and (41), the equations for thermodynamic equilibrium
Xi ¼ r :
@etðĝjÞ
@gi

�
@wlðee; h; ĝjÞ

@gi
¼ �

@�Gðr; h; ĝjÞ
@gi

¼ 0; i ¼ 1;2; . . . ;n; j ¼ 0;1;2; . . . ;n ð93Þ
have to be met for homogeneous austenite ~g ¼ ĝ0 and for each martensitic variant ~g ¼ ĝi for any stress r and temperature h
(Condition I). Conditions Eqs. (48) and (58) for thermodynamic instability of the equilibrium states reduce to
@Xiðee; h;gjÞ
@gk

����
r

_gi _gk P 0 ¼ r; :
@2etðĝjÞ
@gi@gk

�
@2wl ee; ĝj

� �
@gi@gk

������
ee

0@ 1A _gi _gk P 0 ¼ �
@2 �Gðr; h; ĝjÞ
@gi@gk

�����
r

_gi _gk P 0: ð94Þ
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4.2. Conditions for function �Gðr; h;gjÞ (or wlðee; h;gjÞ and etðgjÞ)

Our goal is to develop the simplest polynomial expressions for thermodynamic potential �Gðr; h;gjÞ or wlðee; h;gjÞ and
transformation strain etðgjÞ that satisfy the following conditions:

1. The Eq. (93) for thermodynamic equilibrium (or their large-strain counterparts Eqs. (32) and (41)) have to be satisfied
or homogeneous austenite ~g ¼ ĝ0 and for each martensitic variant ~g ¼ ĝi for any stress r and temperature h (see
Condition I).

2. No other stable solutions of the thermodynamic equilibrium Eq. (93) exist.
3. Thermodynamic potential �Gðr; h; ĝiÞ or wlðee; h; ĝiÞ and transformation strain etðĝiÞ should coincide with those for pure

phase ĝi–i.e., for austenite (for i ¼ 0) and kth martensitic variant (for i ¼ k)– and should include all material properties
of each phase (elastic, thermal, thermal expansion, etc.), which are assumed to be known.

4. Condition II
@Xi P;Fe ;ĝjð Þ

@gk

����
P
¼ 0 8k – i;

� �
is accepted, which leads to simplification of instability conditions Eq. (94) in a

form similar to Eq. (54):
Please
(2013
@Xi r; ee; ĝj

� �
@gi

������
r

¼ r :
@2etðĝjÞ
@g2

i

�
@2wl ee; ĝj

� �
@g2

i

������
ee

P 0: ð95Þ
5. Conditions for variant Mi-variant Mj transformation, obtained for a theory describing just these two variants (which is
similar to a theory for A�Mi transformation), and for a general theory for A and all variants Mi, should coincide. Note
that transformation conditions are obtained based on instability condition Eq. (95).

For small strains, the Gibbs potential �Gðr; h;gjÞ and transformation strain etðgjÞ that satisfy the above conditions were sug-
gested in Levitas and Preston (2002a), Levitas and Preston (2002b) and Levitas et al. (2003). Here, we repeat them for the
simplest case of the linear elasticity rule and equal elastic moduli of the austenite and martensite, after which we transform
the results in terms of potential wlðee; h;gjÞ, which is more useful for generalization for large strains. Then, we derive all equa-
tions for the most general case.

4.3. Austenite A-martensitic variant Mi transformation

For equal elastic moduli of the austenite and martensite and the linear elasticity rule ee ¼ k : r, we assume
et ¼
Xn

i¼1

etiu gið Þ; �G ¼ �1
2
r : k : r� r :

Xn

i¼1

etiu gið Þ þ f h;gið Þ; ð96Þ
where k is the fourth-rank elastic compliance tensor, f is the thermal or chemical (stress-independent) part of the free en-
ergy, and u is the function describing the variation of transformation strain during phase transformation. Function uðgiÞ sat-
isfies conditions uð0Þ ¼ 0 and uð1Þ ¼ 1 (since transformation strains for A and Mi are 0 and eti, respectively). It is also
assumed to be monotonous because we do not see any reason for non-monotonous variation in transformation strain,
and this can lead to minima in G other than ĝi, which contradicts Condition 2. For r ¼ 0; f h; 0ð Þ and f h; 1ð Þ are known thermal
free energies of A and Mi. If we focus on description of phase transformation, we can put f h; 0ð Þ ¼ 0 and f h; 1ð Þ ¼ DGhðhÞ,
where DGhðhÞ is the change in the thermal part of free energy during transformation. It follows from the condition 1 that
@�G r; h;0ð Þ
@gi

¼ �r : eti
@uð0Þ
@gi

þ @f h;0ð Þ
@gi

¼ 0;) @uð0Þ
@gi

¼ 0;
@f h;0ð Þ
@gi

¼ 0; ð97Þ

@�G r; h;1ð Þ
@gi

¼ �r : eti
@uð1Þ
@gi

þ @f h;1ð Þ
@gi

¼ 0;) @uð1Þ
@g

¼ 0;
@f h;1ð Þ
@gi

¼ 0: ð98Þ
For 2–3–4 polynomials, functions uðgÞ and f ðgÞ that satisfy the above conditions are
uða;giÞ :¼ ag2
i þ 4� 2að Þg3

i þ ða� 3Þg4
i ; 0 < a < 6;

f ðh;giÞ ¼ Ag2
i ð1� giÞ

2 þ DGhg3
i ð4� 3giÞ; ð99Þ
with material parameters a and A. The term with A is the double-well potential and A characterizes the energy barrier be-
tween two stable phases (minima). Then, using Eq. (91), the Helmholtz free energy can be presented as
wlðee; h;giÞ ¼
1
2
ee : C : ee þ f h;gið Þ; ð100Þ
with the same f. For the nonlinear elasticity rule and the unequal elastic moduli of A and Mi, the same conditions can be sat-
isfied using
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Please
(2013
wlðee; h;giÞ ¼ weðee; h;C
kðgiÞÞ þ f h;gið Þ; ð101Þ
with
weðee; h;C
kðgiÞÞ ¼

1
2
ee : CðgiÞ : ee þ

1
3
ðee : C3ðgiÞ : eeÞ : ee þ

1
4
ee : ðee : C4ðgiÞ : eeÞ : ee þ . . . ; ð102Þ

CðgiÞ ¼ C0 þ
Xn

i¼1

ðC i � C0Þuðac2;giÞ;

C3ðgiÞ ¼ C3
0 þ

Xn

i¼1

ðC3
i � C3

0Þuðac3;giÞ;

C4ðgiÞ ¼ C4
0 þ

Xn

i¼1

ðC4
i � C4

0Þuðac4;giÞ; ð103Þ
where C3
0; C

4
0; C

3
i , and C4

i are the elastic moduli of the third and fourth order of A and Mi;uðack;giÞ is the same function as in
Eq. (99) but with different constants ack. The elasticity law Eq. (68) reads
r ¼ @w
l

@ee
¼ CðgiÞ : ee þ ee : C3ðgiÞ : ee þ ðee : C4ðgiÞ : eeÞ : ee þ � � � : ð104Þ
If thermal strain eh is added to Eq. (86), then
ehðgiÞ ¼ eh0 þ
Xn

i¼1

ðehi � eh0Þuðah;giÞ: ð105Þ
With the help of instability condition Eq. (95), we obtain transformation conditions between austenite and martensite:
A! Mi : r : eti
d2uða; 0Þ

dg2
i

� @
2wl ee; h;0ð Þ

@g2
i

P 0) ar : eti P

Aþ ac2

2
ee : ðC i � C0Þ : ee þ

ac3

3
ðee : ðC3

i � C3
0Þ : eeÞ : ee þ

ac4

4
ee : ðee : ðC4

i � C4
0Þ : eeÞ : ee þ � � � ;

Mi ! A : r : eti
d2uða;1Þ

dg2
i

� @
2wl ee; h;1ð Þ

@g2
i

P 0) ð6� aÞr : eti 6

6DGh � Aþ 6� ac2

2
ee : ðC i � C0Þ : ee þ

6� ac3

3
ðee : ðC3

i � C3
0Þ : eeÞ : eeþ

6� ac4

4
ee : ðee : ðC4

i � C4
0Þ : eeÞ : ee þ � � � ; ð106Þ
with stress r determined by Eq. (104). Eq. (106) can be presented in a compact form:
A! Mi : ar : eti P Aþ weðee; h; ackðCk
i � Ck

0ÞÞ;
Mi ! A : ð6� aÞr : eti 6 6DGh � Aþ weðee; h; ð6� ackÞðCk

i � Ck
0ÞÞ; ð107Þ
where weðee; h; ackðCk
i � Ck

0ÞÞ and weðee; h; ð6� ackÞðCk
i � Ck

0ÞÞ are obtained from the expression for elastic energy weðee; h;C
kðgiÞÞ

by substituting elastic moduli of the rank k, CkðgiÞ, with ackðCk
i � Ck

0Þ and ð6� ackÞðCk
i � Ck

0Þ, respectively. Note that elastic en-

ergy is a linear function of elastic moduli CkðgiÞ. Thus, if ack ¼ ac are the same for all ranks k, then

weðee; h; ackðCk
i � Ck

0ÞÞ ¼ acw
eðee; h; ðCk

i � Ck
0ÞÞ and weðee; h; ð6� acÞðCk

i � Ck
0ÞÞ ¼ ð6� acÞweðee; h;C

k
i � Ck

0Þ. For equal elastic moduli

of A and Mi of all ranks–i.e., Ck
i ¼ Ck

0– one has weðee; h;0Þ ¼ 0 in Eq. (107).

4.4. Transformation between martensitic variants

The difference between transformation between martensitic variants, Mj ! Mi, and the transformation A! Mi consists of
nonzero transformation strain, etj, for the parent phase and that DGh ¼ 0. That is why in this subsection we describe trans-
formation Mj ! Mi between any two martensitic variants by the single order parameter g, which is equal to zero for Mj and 1
for Mi. Then, slightly modifying Eqs. (96) and (99), one obtains
etðgÞ ¼ etj þ ðeti � etjÞuð�a;gÞ; �G ¼ �1
2
r : k : r� r : etðgÞ þ �Ag2 1� gð Þ2; ð108Þ
where �a and �A are the material parameters, similar to a and A for A! Mi transformation. Conditions for Mj $ Mi can be ob-
tained from Eq. (95), which simplify to
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Please
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Mj ! Mi :
@2 �Gðr; h; 0Þ

@g2

�����
r

6 0) r : ðeti � etjÞP
�A
�a

;

Mi ! Mj :
@2 �Gðr; h;1Þ

@g2

�����
r

6 0) r : ðeti � etjÞ 6 �
�A

6� �a
: ð109Þ
From the condition that the magnitudes of the stresses for the Mj ! Mi and Mi ! Mj transformations are the same, it follows
from Eq. (109) that �a ¼ 3. Then Eqs. (108) and (109) simplify to
etðgÞ ¼ etj þ ðeti � etjÞ/ðgÞ; /ðgÞ :¼ uð3;gÞ ¼ g2ð3� 2gÞ;

Mj ! Mi ) r : ðeti � etjÞP
�A
3

;

Mi ! Mj ) r : ðeti � etjÞ 6 �
�A
3
: ð110Þ
The Helmholtz energy corresponding to Eq. (108) is
wlðee; h;gÞ ¼
1
2
ee : C : ee þ �Ag2 1� gð Þ2: ð111Þ
For the nonlinear elasticity rule and unequal elastic moduli of Mj and Mi, one has
wlðee; h;gÞ ¼ weðee; h; CðgÞÞ þ �Ag2 1� gð Þ2; ð112Þ
with
weðee; h;C
kðgÞÞ ¼ 1

2
ee : CðgÞ : ee þ

1
3
ðee : C3ðgÞ : eeÞ : ee þ

1
4
ee : ðee : C4ðgÞ : eeÞ : ee þ � � � ; ð113Þ

CkðgiÞ ¼ Ck
j þ ðC

k
i � Ck

j Þ/ðgÞ; k ¼ 2;3; . . . ; ð114Þ
where we is the elastic energy, and Ck are the elastic moduli of the kth rank. Utilizing instability condition Eq. (95), one
obtains
Mj ! Mi : r : ðeti � etjÞ
d2/ð0Þ

dg2 � @
2wl ee; h; 0ð Þ

@g2 P 0) r : ðeti � etjÞP

�A
3
þ 1

2
ee : ðC i � C jÞ : ee þ

1
3
ðee : ðC3

i � C3
j Þ : eeÞ : ee þ

1
4
ee : ðee : ðC4

i � C4
j Þ : eeÞ : ee þ � � � ;

Mi ! Mj : r : ðeti � etjÞ
d2/ð1Þ

dg2 � @
2wl ee; h;1ð Þ

@g2 P 0) r : ðeti � etjÞ 6 ð115Þ

�
�A
3
þ 1

2
ee : ðC i � C jÞ : ee þ

1
3
ðee : ðC3

i � C3
j Þ : eeÞ : ee þ

1
4
ee : ðee : ðC4

i � C4
j Þ : eeÞ : ee þ � � � ; ð116Þ
with stress r determined by Eqs. (104) and (114). In a compact form, Eq. (106) read
Mj ! Mi : r : ðeti � etjÞP
�A
3
þ weðee; h; C

k
i � Ck

j Þ;

Mi ! Mj : r : ðeti � etjÞ 6 �
�A
3
þ weðee; h;C

k
i � Ck

j Þ; ð117Þ
where weðee; h;C
k
i � Ck

j ÞÞ is obtained from the expression for elastic energy weðee; h;C
kðgÞÞ by substituting elastic moduli of the

rank k, CkðgÞ, with Ck
i � Ck

j . Since weðee; h;C
k
i � Ck

j Þ ¼ �weðee; h;C
k
j � Ck

i Þ, the permutation of i and j in the first Eq. (107) leads to
the second Eq. (107), which is expected. It is important to note that the effect of the term we on the magnitude of stress caus-
ing Mj ! Mi and Mi ! Mj transformations is opposite, since it has the same sign in both equations. That is, if we increases (or
decreases) the threshold in the first Eq. (107), then it decreases (increases) the threshold in the second Eq. (107). Note that
the elastic moduli of one martensitic variant can be obtained from those for another variant by corresponding orthogonal

transformations. If the differences in elastic moduli of variants are negligible–i.e., Ck
i ¼ Ck

j –then since weðee; h;0Þ ¼ 0, Eq.
(107) reduce to Eq. (110).

4.5. Combined theory for A$ Mi and Mj $ Mi transformations

Here, we develop thermodynamic potential and expression for transformation strain for the general case of multivariant
martensitic phase transformations. One of the matching conditions is that these expressions transform to our results in
Section 4.2 for the A! M transformation, as well as our results for transformations between variants obtained in Section 4.3.
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We will formulate explicitly all conditions and present expressions for the Gibbs potential and transformation strain from
Levitas and Preston (2002a), Levitas and Preston (2002b) and Levitas et al. (2003) for equal elastic compliances that satisfy
these conditions. Then we define corresponding Helmholtz free energy and generalize it for nonlinear elasticity and unequal
elastic moduli of all ranks.

The Gibbs potential for the case with n martensitic variants is accepted in Levitas and Preston (2002b) and Levitas et al.
(2003) in the form
Please
(2013
�Gðr; h; ~giÞ ¼ �r : k : r=2� r :
Xn

k¼1

etku a;gkð Þ þ
Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

Fijðgi;gjÞ; ð118Þ
with functions Fij describing the detail of Mj $ Mi transformations (do not confuse Fij with components of the deformation
gradient F). Without these functions, the potential �G coincides with the potential for A at ~g ¼ ĝ0 and with potential for Mi at
~g ¼ ĝi; also @2 �G=@gi@gj ¼ 0 for j – i for any ~gi. For Fij ¼ 0, the instability conditions are the same as for the single-variant po-
tential Eq. (96), which is correct for the description of A$ Mi phase transformations but wrong for Mj $ Mi transformations
because they do not contain information about the second variant. Also, equations @G=@gk ¼ 0 have the same roots, ~g ¼ ĝ0

and ~g ¼ ĝi corresponding to A and Mi as for the single-variant potential Eq. (96); however, they also have the solutions with
an arbitrary number of martensitic variants gk ¼ 1, which should be avoided.

The functions Fij must satisfy four requirements:

1. They have to preserve all properties of the single-variant potential Eq. (96), which are required for the correct description
of the A$ Mi phase transformations.

2. Function Fij is invariant under permutation of indexes i and j because martensitic variants Mi and Mj are equivalent.
3. The condition for Mj $ Mi transformation has to be given by Eq. (106) or its particular case (110).
4. They have to exclude solutions with more than one gk simultaneously equal to 1.

The first requirement is satisfied if we impose the following conditions on Fij ði; j; k ¼ 1; . . . ; nÞ:
Fijðĝ0Þ ¼ FijðĝiÞ ¼ 0; ð119Þ
@Fijðĝ0Þ
@gi

¼
@FijðĝjÞ
@gi

¼ 0; ð120Þ

@Fijð �giÞ
@gi

¼ 0; ð121Þ

@2Fijðĝ0Þ
@g2

i

¼ @
2FijðĝiÞ
@g2

i

¼ 0; ð122Þ

@2Fijðĝ0Þ
@gi@gj

¼ @
2FijðĝkÞ
@gi@gj

¼ 0; i – j: ð123Þ
Eq. (119) ensures the correct expression for Gibbs energy for A and martensitic variants Mi. Eq. (120) keeps ~gi ¼ ĝ0 and
~gi ¼ ĝj to be extrema of the potential �G. Eq. (121) preserves the derivative @�Gðr; h; �giÞ=@gi for any value of gi when all other
gj ¼ 0. Since the condition @�Gðr; h; �giÞ=@gi ¼ 0 describes the equilibrium relations between the stress tensor, temperature,
and gi for each variant (in particular, equilibrium stress–strain curves), Eq. (121) allows one to keep the same relationship
for the general potential Eq. (118). Eqs. (122) and (123) preserve the conditions for the A$ Mi transformations. Condition
(123) is the consequence of Condition II.

Explicit expression for a polynomial of the minimal degree in the gi, for which conditions (119)–(123) and symmetry with
respect to permutation i$ j are satisfied reads as (see Levitas and Preston (2002b))
Fij ¼ gigjð1� gi � gjÞ½Bððgi � gjÞ
2 � gi � gjÞ þ Dgigj� þ g2

i g
2
j ðgiZij þ gjZjiÞ; ð124Þ
where B, and D, are constants and
Zji ¼
1
2
@2Fijðgj ¼ 1;gi ¼ 0Þ

@g2
i

: ð125Þ
Function Zji, is chosen to satisfy condition 3, so that the condition for the Mj ! Mi transformation, @2Gðr; h; ĝjÞ=@g2
i 6 0, coin-

cides with (110):
Mj ! Mi :
@2Gðr; h; ĝjÞ

@g2
i

¼ �2ar : eti þ 2Aþ 2Zji ¼ �6r : ðeti � etjÞ þ 2�A 6 0; ð126Þ
where from
Zji ¼ �A� Aþ r : Lji; Lji :¼ ða� 3Þeti þ 3etj: ð127Þ
Combining terms proportional to r with transformation strain et , we obtain
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Please
(2013
�Gðr; h;gkÞ ¼ �r : k : r=2� r : et þ
Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

�Fijðgi;gjÞ

et ¼
Xn

k¼1

etku a;gkð Þ �
Xn�1

i¼1

Xn

j¼iþ1

g2
i g

2
j ðgiLij þ gjLjiÞ;

�Fij ¼ gigjð1� gi � gjÞ½Bððgi � gjÞ
2 � gi � gjÞ þ Dgigj� þ ð�A� AÞg2

i g
2
j ðgi þ gjÞ: ð128Þ
Indeed, any term in �G of type r : B contributes to strain e ¼ � @�G
@r ¼ � � � � B. Since for r=0 one has et ¼ e, then et ¼ . . .� B.

The expression for the Helmholtz free energy corresponding to Eq. (128) is
wlðee; h;gkÞ ¼
1
2
ee : C : ee þ

Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

�Fijðgi;gjÞ: ð129Þ
For the nonlinear elasticity rule and unequal elastic moduli of A and Mi, one obtains
wlðee; h;giÞ ¼ weðee; h;C
kðgiÞÞ þ

Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

eF ijðgi;gjÞ;

eF ij ¼ gigjð1� gi � gjÞ Bððgi � gjÞ
2 � gi � gjÞ þ Dgigj

h i
þ ð�A� AÞg2

i g
2
j ðgi þ gjÞ þ g2

i g
2
j ðgiKij þ gjKjiÞ; ð130Þ
with elastic energy and elastic moduli of all ranks defined by Eqs. (102) and (103), where parameters Kij will be determined
from the condition 3. Thus, condition Eq. (95) for potential Eq. (130) and the same condition for potential (112) expressed by
Eq. (106) coincide:
Mj ! Mi : r :
@2etðĝjÞ
@g2

i

�
@2wl ee; ĝj

� �
@g2

i

Þ ¼ 6r : ðeti � etjÞ � 2�A� 2Kji

� 2
1
2

ac2ee : ðC i � C0Þ : ee þ
1
3

ac3ðee : ðC3
i � C3

0Þ : eeÞ : ee þ
1
4

ac4ee : ðee : ðC4
i � C4

0Þ : eeÞ : ee þ . . .

� �
¼ 6r : ðeti � etjÞ � 2�A� 6

1
2
ee : ðC i � C jÞ : ee þ

1
3
ðee : ðC3

i � C3
j Þ : eeÞ : ee þ

1
4
ee : ðee : ðC4

i � C4
j Þ : eeÞ : ee þ . . .

� �
P 0; ð131Þ
where from
Kji ¼
1
2
ee : ½ð3� ac2ÞC i þ ac2C0 � 3C j� : ee þ

1
3
ðee : ½ð3� ac3ÞC3

i þ ac3C3
0 � 3C3

j � : eeÞ : ee

þ 1
4
ee : ðee : ½ð3� ac4ÞC4

i þ ac4C4
0 � 3C4

j � : eeÞ : ee þ � � � : ð132Þ
Thus, for polynomial elastic energy weðee; h;C
kðgiÞÞ with elastic moduli of rank k given by Eq. (103), one has
Kji ¼ weðee; h; ð3� ackÞCk
i þ ackCk

0 � 3Ck
j Þ; ð133Þ
i.e., Kji can be obtained by substituting in the expression for elastic energy the elastic moduli of each k rank, Ck, with
ð3� ackÞCk

i þ ackCk
0 � 3Ck

j . This expression is valid for any we, which depends linearly on elastic material parameters Ck. Note
that in the simplest case ack ¼ 3 for all k,
Kj :¼ Kji ¼ weðee; h;3ðCk
0 � Ck

j ÞÞ ¼ 3weðee; h; ðCk
0 � Ck

j ÞÞ ð134Þ
is independent of i. Similarly,
Ki :¼ Kij ¼ weðee; h;3ðCk
0 � Ck

i ÞÞ ¼ 3weðee; h; ðCk
0 � Ck

i ÞÞ ð135Þ
is independent of j. If ack – 3, but elastic properties of all martensitic variants are the same–i.e., Ck
j ¼ Ck

i for all i and j-then
Kji ¼ Kij ¼ weðee; h; ackðCk
0 � Ck

j ÞÞ ¼ weðee; h; ackðCk
0 � Ck

i ÞÞ ð136Þ
also depends on i or j only. For the same ack for all k
Kj :¼ Kji ¼ ackw
eðee; h;C

k
0 � Ck

j Þ; Ki :¼ Kij ¼ ackw
eðee; h;C

k
0 � Ck

i Þ: ð137Þ
5. Complete system of equations for large strains

Here, we will present the simplest generalization of the above theory for the most general case of large strains and rota-
tions, as well as variable elastic moduli of an arbitrary rank. Instead of small elastic strains ee, we will use the Lagrangian
elastic strain tensor Ee.
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5.1. Fifth-degree polynomial

For the transformational deformation gradient, we keep the same expression for transformation strain et ¼ F t � I as for
small strains in Eq. (128):
Please
(2013
Ft ¼ I þ et ¼ I þ
Xn

k¼1

etku a;gkð Þ �
Xn�1

i¼1

Xn

j¼iþ1

g2
i g

2
j ðgiLij þ gjLjiÞ:

Lji ¼ ða� 3Þeti þ 3etj; uða;giÞ ¼ ag2
kð1� gkÞ

2 þ ð4g3
k � 3g4

kÞ; 0 < a < 6: ð138Þ
For the general nonlinear elasticity rule and unequal elastic moduli of A and Mi, one obtains
wlðEe; h;giÞ ¼ weðEe; h; C
kðgiÞÞ þ

Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

~Fijðgi;gjÞ;

eF ij ¼ gigjð1� gi � gjÞ½Bððgi � gjÞ
2 � gi � gjÞ þ Dgigj� þ ð�A� AÞg2

i g
2
j ðgi þ gjÞ þ g2

i g
2
j ðgiKij þ gjKjiÞ;

Kji ¼ weðEe; h; ð3� ackÞCk
i þ ackCk

0 � 3Ck
j Þ;

f h;gkð Þ ¼ Ag2
kð1� gkÞ

2 þ DGhð4g3
k � 3g4

kÞ; ð139Þ
where the elastic energy is a linear function of the elastic moduli of each rank Ck. In particular, the elastic energy is
weðEe; h;C
kðgiÞÞ ¼

1
2

Ee : CðgiÞ : Ee þ
1
3
ðEe : C3ðgiÞ : EeÞ : Ee þ

1
4

Ee : ðEe : C4ðgiÞ : EeÞ : Ee þ � � � ; ð140Þ
with the explicit expression for elastic moduli of the rank k (see Eq. (103)):
CðgiÞ ¼ C0 þ
Xn

i¼1

ðC i � C0Þuðac2;giÞ;

C3ðgiÞ ¼ C3
0 þ

Xn

i¼1

ðC3
i � C3

0Þuðac3;giÞ;

C4ðgiÞ ¼ C4
0 þ

Xn

i¼1

ðC4
i � C4

0Þuðac4;giÞ: ð141Þ
Note that it is not important for our theory that the elastic energy has the form like Eq. (140). What is important is that the
elastic energy is a linear function of all elastic constants. For example, for the Murnaghan potential for an isotropic solid,
which is often used in high-pressure research (Lurie, 1990),
weðEe;C
kðgiÞÞ ¼ 0:5C1ðgiÞE

2
1 þ C2ðgiÞE2 þ C3ðgiÞE

3
1 þ C4ðgiÞE1E2 þ C5ðgiÞE3; ð142Þ
where Em ¼ Em
e : I ðm ¼ 1;2;3Þ are the invariants of Ee and Ci are the elastic moduli, which depend upon gi in the following

way:
CkðgiÞ ¼ Ck
0 þ

Xn

i¼1

ðCk
i � Ck

0Þuðack;giÞ: ð143Þ
Then, similar to Eq. (136)
Kji ¼ Kij ¼ weðEe; h; ackðCk
0 � Ck

j ÞÞ ¼ weðEe; h; ackðCk
0 � Ck

i ÞÞ: ð144Þ
Since for large strains the same functions of gi are used as for small strains, Eq. (33) and consequently Eq. (32) are satisfied
for all temperatures and stresses–i.e., A and Mi always correspond to zero driving force for change in gi. This can be checked
by direct calculations. After utilizing Eqs. (138)–(141) conditions Eq. (56) for martensite-martensite transformation results in
Mj ! Mi : PT � Fe :
@2etðĝjÞ
@g2

i

�
@2wl Ee; ĝj

� �
@g2

i

������
Ee

P 0!

PT � Fe : ðeti � etjÞP
�A
3
þ weðEe; h;C

k
i � Ck

j Þ;

Mi ! Mj : PT � Fe :
@2etðĝiÞ
@g2

j

� @
2wl Ee; ĝið Þ
@g2

j

�����
Ee

P 0!

PT � Fe : ðeti � etjÞ 6 �
�A
3
þ weðEe; h;C

k
i � Ck

j Þ: ð145Þ
Similarly, the transformation conditions Eq. (55) between austenite and martensite are obtained in the form:
cite this article in press as: Levitas, V.I. Phase-field theory for martensitic phase transformations at large strains. Int. J. Plasticity
), http://dx.doi.org/10.1016/j.ijplas.2013.03.002

http://dx.doi.org/10.1016/j.ijplas.2013.03.002


22 V.I. Levitas / International Journal of Plasticity xxx (2013) xxx–xxx

Please
(2013
A! Mi : PT � Fe :
@2etðĝ0Þ
@g2

i

� @
2wl Ee; ĝ0ð Þ
@g2

i

�����
Ee

P 0) aPT � Fe : eti P Aþ weðEe; h; ackðCk
i � Ck

0ÞÞ;

Mi ! A : PT � Fe :
@2etðĝiÞ
@g2

i

� @
2wl Ee; ĝið Þ
@g2

i

jEe
P 0) ð6� aÞPT � Fe : eti 6 6DGh � Aþ weðEe; h; ð6� ackÞðCk

i � Ck
0ÞÞ: ð146Þ
As for small strains, functions weðEe; h; C i � C jÞ;weðEe; h; ackðCk
i � Ck

0ÞÞ, and weðEe; h; ð6� ackÞðCk
i � Ck

0ÞÞ are obtained from the
expression for elastic energy weðEe; h;C

kðgiÞÞ by substituting elastic moduli of the rank k, CkðgiÞ, with C i � C j; ackðCk
i � Ck

0Þ,
and ð6� ackÞðCk

i � Ck
0Þ, respectively. Note that in the simplest case ack ¼ 3 for all k,
Kj :¼ Kji ¼ weðEe; h;3ðCk
0 � Ck

j ÞÞ ¼ 3weðEe; h;C
k
0 � Ck

j Þ ð147Þ
is independent of i, and
Ki :¼ Kij ¼ weðEe; h;3ðCk
0 � Ck

i ÞÞ ¼ 3weðEe; h; ðCk
0 � Ck

i ÞÞ ð148Þ
is independent of j. For equal elastic moduli of all ranks of all martensitic variants Mi–i.e., Ck
i ¼ Ck

j – one has weðEe; h;0Þ ¼ 0 in
Eq. (145). If, in addition, these moduli are equal to those of A–i.e., Ck

i ¼ Ck
0– one has weðEe; h;0Þ ¼ 0 in Eq. (146).

To summarize, the equation for we and transformation conditions for large strains transform to those for the small-strains
case after substitution Ee ! ee and PT � Fe ! r; the expression for et remains the same. Since conditions for A$ Mi transfor-
mations contain PT � Fe, the same is expected for Mj $ Mi transformations, both for theory containing two martensitic vari-
ants and for general theory. Thus, Eqs. (138)–(146) represent the simplest version of the phase-field theory for the most
general case of large elastic and transformational strains and rotations, and the arbitrary, nonlinear elasticity rule with dif-
ferent elastic properties of phases.

Using Eq. (145), one can formally introduce the Gibbs potential:
GðP;gi; hÞ ¼ weðEe; h;C
kðgiÞÞ þ

Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

eF ijðgi;gjÞ � P : FT
t � Ue � RT ; ð149Þ
but it is practically impossible to express Ue and Ee in terms of P.
Small elastic strains. Gibbs potential is, however, useful for the description of phase transformation for the case with small

elastic strains, ee � I, but finite transformation strain and rotation. In this case, while keeping the elasticity rule for small
elastic strains (see Eqs. (64) and (66a)),
r̂ ¼ q0

q
RT � r � R ¼ RT � P � FT

t ¼
@wl

@ee
¼ CðgiÞ : ee þ ee : C3ðgiÞ : ee þ ðee : C4ðgiÞ : eeÞ : ee þ � � � ; ð150Þ
one can neglect in Eq. (149) the elastic energy in comparison with the work term, i.e., we ’ 0, and put Ue ’ I:
GðP;gi; hÞ ¼
Xn

k¼1

f h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

eF ijðgi;gjÞ � P : FT
t � R

T : ð151Þ
Then Kji ¼ 0 and Eqs. (145) and (146) can be significantly simplified:
Mj ! Mi : PT � R :
@2etðĝjÞ
@g2

i

�
@2wl ĝj

� �
@g2

i

¼ �
@2GðP; ĝjÞ

@g2
i

P 0!

PT � R P; ĝj
	 


: ðeti � etjÞP
�A
3

;

Mi ! Mj : PT � R :
@2etðĝiÞ
@g2

j

� @
2wl ĝið Þ
@g2

j

¼ � @
2GðP; ĝiÞ
@g2

j

P 0!

PT � R P; ĝið Þ : ðeti � etjÞ 6 �
�A
3
: ð152Þ

A! Mi : PT � R :
@2etðĝ0Þ
@g2

i

� @
2wl ĝ0ð Þ
@g2

i

¼ � @
2GðP; ĝ0Þ
@g2

i

P 0)

PT � R P; ĝ0ð Þ : eti P
A
a

;

Mi ! A : PT � R :
@2etðĝiÞ
@g2

i

� @
2wl ĝið Þ
@g2

i

¼ � @
2GðP; ĝiÞ
@g2

i

P 0)

PT � R P; ĝið Þ : eti 6
A� 6DGh

a� 6
: ð153Þ
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5.2. Six-degree polynomial

An alternative six-degree polynomial for Gibbs potential and small strain that satisfies the same requirements was intro-
duced and analyzed in Levitas et al. (2003). Using the same approach as above, we will develop a similar Helmholtz potential
for the fully geometrically nonlinear case.

For the transformational deformation gradient, the same expression for transformation strain et ¼ F t � I is valid for both
small and large strains:
Please
(2013
Ft ¼ I þ et ¼ I þ
Xn

k¼1

etku6 a;gkð Þ �
Xn�1

i¼1

Xn

j¼iþ1

ðZijg4
i g

2
j þ Zjig2

i g
4
j Þ; 0 < a < 6;

Zji ¼ 0:5½ða� 3Þeti þ 3etj�; u6ða;giÞ ¼ ag2
k=2þ ð3� aÞg4

k þ ða� 4Þg6
k=2: ð154Þ
Expression for the Helmholtz free energy for the general nonlinear elasticity rule and unequal elastic moduli of phases reads
as
wlðEe; h;giÞ ¼ weðEe; h; C
kðgiÞÞ þ

Xn

k¼1

f6 h;gkð Þ þ
Xn�1

i¼1

Xn

j¼iþ1

eF 6
ijðgi;gjÞ; ð155Þ

eF 6
ij ¼ Bg2

i g
2
j þ ð0:5�A� 0:5A� BÞg2

i g
2
j ðg2

i þ g2
j Þ þ Jg3

i g
3
j þ ðPijg2

i þ Pjig2
j Þg2

i g
2
j ;

f6 h;gkð Þ ¼ Ag2
k=2þ 3DGh � A

� �
g4

k þ A� 4DGh
� �

g6
k=2;

Pji ¼ weðEe; h;0:5½ð3ðCk
i � Ck

j Þ � ackðCk
i � Ck

0Þ�Þ
with the elastic energy
weðEe; h;C
kðgiÞÞ ¼

1
2

Ee : CðgiÞ : Ee þ
1
3
ðEe : C3ðgiÞ : EeÞ : Ee þ

1
4

Ee : ðEe : C4ðgiÞ : EeÞ : Ee þ � � � ð156Þ
and the explicit expression for elastic moduli of the rank k
CðgiÞ ¼ C0 þ
Xn

i¼1

ðC i � C0Þu6ðac2;giÞ;

C3ðgiÞ ¼ C3
0 þ

Xn

i¼1

ðC3
i � C3

0Þu6ðac3;giÞ;

C4ðgiÞ ¼ C4
0 þ

Xn

i¼1

ðC4
i � C4

0Þu6ðac4;giÞ: ð157Þ
Instability conditions (56) for the functions in Eqs. (154)–(157) result in exactly the same conditions for austenite–martens-
ite and martensite–martensite transformations as in Eqs. 145,146. In the simplest case ack ¼ 3 for all k,
Pji ¼ weðEe; h;1:5ðCk
0 � Ck

j ÞÞ ¼ 1:5weðEe; h; C
k
0 � Ck

j Þ ð158Þ
is independent of i, and
Pij ¼ weðEe; h;1:5ðCk
0 � Ck

i ÞÞ ¼ 1:5weðEe; h; C
k
0 � Ck

i Þ ð159Þ
is independent of j. For equal elastic moduli of all ranks of all martensitic variants Mi, i.e., Ck
i ¼ Ck

j , one has weðEe; h;0Þ ¼ 0 in
Eq. (145). If, in addition, these moduli are equal to those of A, i.e., Ck

i ¼ Ck
0, one has weðEe; h;0Þ ¼ 0 in Eq. (146) and Pij ¼ 0 in

Eq. (159). Thus, similar to the fifth-degree potential, the equation for we and the transformation conditions for large strains
transform to those for the small-strains case after substitution Ee ! ee and PT � Fe ! r; the expression for ee does not change.
Equations for the Gibbs potential for the six-degree polynomial coincide with Eqs. (149) and (151) after substitution f and eF ij

with f6 and eF 6
ij. Phase transformation conditions Eqs. (152) and (153) remain without changes.

5.3. Potentials in hyperspherical coordinates

In this subsection, we use the Gibbs potential in hyperspherical coordinates developed in Levitas et al. (2003) for the
small-strain, linear-elastic rule, and equal elastic properties of phases to develop a general large-strain theory. Some incon-
venience in the application of the above potentials are related to the fact that while A$ Mi PT is described by a single order
parameter and simple potential, Mi $ Mj transformation is described by simultaneous variation of two order parameters. In
addition to some asymmetry, which in some cases is undesired, it does not allow for finding the analytical solution for
Mi $ Mj interface and control its energy and width, as well as surface stresses. This is because transformation path in
gi � gj plane depends on stress and temperature.
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In the n-dimensional space of the order parameters gi, points corresponding to all martensitic variants are located on the
unit hypersphere. That is why it is natural to use the hyperspherical order parameters, namely the radial coordinate in order-
parameter space, r, and the parameters #k, proportional to the angle between the radius vector r and the gk axis,
p#k=2; k ¼ 1; . . . ;n, instead of gi. The relationships between the new order parameters and gi are evident:
Please
(2013
r ¼
Xn

i¼1

g2
i

 !1
2

; 0 6 #k ¼
2
p

cos�1 gk

r
6 1; ð160Þ
with the natural constraint
Xn

k¼1

cos2 p
2
#k

� �
¼ 1: ð161Þ
Austenite corresponds to r ¼ 0 and the arbitrary #k; ith martensitic variant corresponds to r ¼ 1; #i ¼ 0, and #k ¼ 1 for all
k – i. Potentials below differ from the potentials in terms of gi and have the following important features:

(a) They do not have constants that do not appear in the phase equilibrium and transformation conditions.
(b) Due to simplicity, they have much lower probability of possessing unphysical minima.
(c) Transformations between martensitic variants Mi and Mj occur along great circles on the hypersphere r ¼ 1 (minimum

free energy path) and can be parameterized by a single angle #i ¼ 1� #j and #k ¼ 1 for k – i; j. This allows one to
obtain an analytical solution to the stationary Ginzburg–Landau equation for Mi �Mj interface (which does not
involve austenite), determine its energy, and calibrate corresponding gradient energy (Levitas et al., 2003).

For the linear elasticity rule, small strain, and equal elastic properties of phases, the following Gibbs potential was derived in
Levitas et al. (2003):
Gp ¼ �
1
2
r : k : r� r :

Xn

j¼1

etj 1� 3#2
j þ 2#3

j

� �
upða; rÞ þ fpðh; rÞ þ �AqpðrÞ

Yn

j¼1

#2
j ; ð162Þ

q4 ¼ 4r3 � 3r4; q6 ¼ 3r4 � 2r6; ð163Þ
where p ¼ 4 and p ¼ 6 corresponds to the fourth- and sixth-degree polynomials in r; the function up coincides with that in
Eq. (138) for p ¼ 4 and with that in Eq. (154) for p ¼ 6; the function fp coincides with that in Eq. (139) for p ¼ 4 and with that
in Eq. (155) for p ¼ 6. The requirement limr!0

q
u ¼ limr!0

q
r2 ¼ 0 is imposed, which eliminates the barrier to the Mi $ Mj trans-

formation in the vicinity of the austenitic extremum r ¼ 0. Otherwise, after phase transformation Mi ! A, the austenite
keeps memory about the variant from which it appeared. The potential Eqs. (162) and (163) possess all the same properties
in terms of gi as the polynomials derived in Sections 5.1 and 5.2; in particular, A and Mj correspond to extrema of Gp for any
temperature and stress, and the instability conditions result in exactly the same phase transformation conditions as for
potentials in gi. This was proven in Levitas et al. (2003) where potentials (162) and (163) were expressed in the neighbor-
hood of ĝj in terms of gi in order to derive the equilibrium and instability conditions. It is easy to check by direct calculations
that for n > 2 martensitic variants, these properties are not met in terms of r and #j, i.e., the Ginzburg–Landau equations for
the potential Eqs. (162) and (163) should be formulated and solved in terms of gi, which makes them quite bulky. Only for
two martensitic variants, it is shown in Levitas et al. (2003) that all desired requirements to the potential are met in terms of
r and #1 (since #2 ¼ 1� #1). The Ginzburg–Landau equations can be formulated and solved in terms of r and #1, which sig-
nificantly simplifies the equations and solution.

Eq. (162) leads to the following expression for the transformation strain:
et ¼
Xn

j¼1

etj 1� 3#2
j þ 2#3

j

� �
upða; rÞ ð164Þ
and corresponds to the following expression for the Helmholtz free energy:
wl ¼ 1
2
ee : C : ee þ fpðh; rÞ þ �AqpðrÞ

Yn

j¼1

#2
j : ð165Þ
For the general, nonlinear elasticity rule and unequal elastic moduli of A and Mi, one obtains
wlðee; h; r; #iÞ ¼ weðee; h;C
kðr; #iÞÞ þ fpðh; rÞ þ �AqpðrÞ

Yn

j¼1

#2
j ; ð166Þ
with
weðee; h;C
kðr; #iÞÞ ¼

1
2
ee : Cðr; #iÞ : ee þ

1
3
ðee : C3ðr; #iÞ : eeÞ : ee þ

1
4
ee : ðee : C4ðr; #iÞ : eeÞ : ee þ . . . ; ð167Þ
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Cðr; #iÞ ¼ C0 þ
Xn

j¼1

ðC j � C0Þ 1� 3#2
j þ 2#3

j

� �
upðac2; rÞ;

C3ðr; #iÞ ¼ C3
0 þ

Xn

j¼1

ðC3
j � C3

0Þ 1� 3#2
j þ 2#3

j

� �
upðac3; rÞ;

C4ðr; #iÞ ¼ C4
0 þ

Xn

j¼1

ðC4
j � C4

0Þ 1� 3#2
j þ 2#3

j

� �
upðac4; rÞ: ð168Þ
Note that the r; #i dependence of elastic moduli is the same as for transformation strain, similar to the potentials in terms of
gi. Also, no changes to other contributions to wl were performed while generalizing for the case with variable elastic moduli,
in contrast to potentials in terms of gi.

Large strains. Generalization of the above equations for large-strain regimes is now trivial:
Ft ¼ I þ et ¼ I þ
Xn

j¼1

etj 1� 3#2
j þ 2#3

j

� �
upða; rÞ; ð169Þ

wlðEe; h; r; #jÞ ¼ weðEe; h;C
kðr; #iÞÞ þ fpðh; rÞ þ �AqpðrÞ

Yn

j¼1

#2
j ; ð170Þ
with
weðEe; h;C
kðr; #iÞÞ ¼

1
2

Ee : Cðr; #iÞ : Ee þ
1
3
ðEe : C3ðr; #iÞ : EeÞ : Ee þ

1
4

Ee : ðEe : C4ðr; #iÞ : EeÞ : Ee þ � � � ; ð171Þ

Ckðr; #jÞ ¼ Ck
0 þ

Xn

j¼1

ðCk
j � Ck

0Þ 1� 3#2
j þ 2#3

j

� �
upðac2; rÞ: ð172Þ
5.4. Continuation for negative-order parameters

Usually, for a single-order parameter theory, 2� 4� 6 (i.e., even degree) potential is used for the order parameter
�1 6 g 6 1, where transformation strain for the martensitic variant g ¼ �1 is the negative of that for the martensitic variant
g ¼ 1. This allows one to use a single-order parameter for two variants, which simplifies the theory and computations. This
was not the case for 2� 3� 4 potential, since it contains odd degrees of g. We demonstrated in Levitas et al. (2003) for small
strains that if transformation strains for two of the martensitic variants split into two parts, one of which, �eti, is the same for
both martensitic variants and another one, ��eti, that differs by sign only, any potential can be modified in the way that the
number of order parameters can be reduced by a factor of two. Here, we show that the finite strains do not cause additional
difficulties, and we present some examples, in particular for cubic-orthorhombic, cubic-monoclinic-I, and cubic-monoclinic-
II transformations, and transformations with invariant-plane-strain (IPS) variants (Bhattacharya, 2003).

Case with �eti ¼ 0. It is simpler to start with the case for which �eti ¼ 0, which can be satisfied for the volume-preserving
phase transformation only, for example, in CuZn;CuZnGa;CuAlNi;AgCd;NiAl, and CuAlZn alloys (Falk and Konopka, 1990).
In particular, volume-preserving IPS represents a simple shear in direction m in the habit plane with normal
n; F t ¼ I þ et ¼ I þ ctmn with ct for the transformation shear strain. If such a transformation-deformation gradient corre-
sponds to the variant Mþ, then for the variant M� one has F t ¼ I þ et ¼ I � ctmn. Elastic moduli are the same for both vari-
ants. Thus, the Helmholtz energy must be invariant with respect to change of sign of each order parameter, while
transformation strain should change the sign. The number of variants n in all equations should be substituted with n=2.

For the six-degree potential Eq. (155), the only change is that the term Jg3
i g3

j in eF 6
ij should be replaced with Jjgij

3jgjj
3. For the

transformation deformation gradient Eq. (154), each tensor eti should be substituted with etisgnðgiÞ, where sgnðgiÞ ¼ gi=jgij is
the sign function.

For the fifth-degree potential and transformation strain, similar changes in Eqs. (138) and (139) lead to
Ft ¼ I þ et ¼ I þ
Xn=2

k¼1

etksgnðgiÞu a;gkð Þ �
Xn=2�1

i¼1

Xn=2

j¼iþ1

g2
i g

2
j ðjgijLij þ jgjjLjiÞ;

Lji ¼ ða� 3ÞetisgnðgiÞ þ 3etjsgnðgjÞ; uða;giÞ ¼ ag2
kð1� jgkjÞ

2 þ ð4jgkj
3 � 3g4

kÞ; ð173Þ

wlðEe; h;giÞ ¼ weðEe; h; C
kðgiÞÞ þ

Xn=2

k¼1

f h;gkð Þ þ
Xn=2�1

i¼1

Xn=2

j¼iþ1

eF ijðgi;gjÞ; ð174Þ

eF ij ¼ jgijjgjjð1� jgij � jgjjÞ½Bððjgij � jgjjÞ
2 � jgij � jgjjÞ þ Djgijjgjj�

þ ð�A� AÞg2
i g

2
j ðjgij þ jgjjÞ þ g2

i g
2
j ðjgijKijj þ jgjjKjiÞ

f h;gkð Þ ¼ Ag2
kð1� jgkjÞ

2 þ DGhð4jgkj
3 � 3g4

kÞ;
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while keeping the same expression for Kji, elastic energy and elastic moduli of each rank Ck Eqs. (140) and (141).
For the polynomials in hyperspherical coordinates, the only changes are that the term #3

j in Eq. (169) for transformation
strain and Eq. (172) for elastic moduli should be substituted with j#jj3, and each tensor etj in Eq. (169) should be replaced
with etjsgnð#jÞ.

Case with �eti – 0. If part �eti – 0, then in all equations, where we performed substitution etj ! etjsgnðgjÞ (or etj ! etjsgnð#jÞ),
we should do replacement etj ! �etj þ ��etjsgnðgjÞ (or etj ! �etj þ ��etjsgnð#jÞ). For example, for IPS, �etj ¼ enjnj and ��etj ¼ ctmjnj,
where e is the strain normal to the habit plane (which is equal to the volumetric strain).

Taking transformation strain tensors, for example, from Bhattacharya (2003), we can give the following examples. For the
cubic-orthorhombic transformation (e.g., in Au� Cd and Cu� Al� Ni alloys), one has
Please
(2013
�etj ¼
0:5ðaþ cÞ � 1 0 0

0 b� 1 0
0 0 0:5ðaþ cÞ � 1

0B@
1CA; ��etj ¼ 0:5ða� cÞ

0 0 1
0 0 0
1 0 0

0B@
1CA ð175Þ
and similar for two other pairs of variants. Here and below, a; b, etc. are material parameters. For the cubic-monoclinic-I
transformation (e.g., in Ni� Ti alloys), one can present
�etj ¼
a� 1 d 0

d a� 1 0
0 0 b� 1

0B@
1CA; ��etj ¼ e

0 0 1
0 0 1
1 1 0

0B@
1CA ð176Þ
and similar for five other pairs of variants. For the cubic-monoclinic-II PT (e.g., in Cu� Zn� Al alloys), one obtains
�etj ¼
a� 1 0 0

0 b� 1 0
0 0 c� 1

0B@
1CA; ��etj ¼ d

0 1 0
1 0 0
0 0 0

0B@
1CA ð177Þ
and similar for five other pairs of variants.

6. Similarity with plasticity: associated transformation rule

For small strains, analysis of phase transformation and equilibrium surfaces in six-dimensional stress space was per-
formed in Levitas and Preston (2002b). Here, we will generalize results for a geometrically nonlinear case. Introducing stress
measure T̂ :¼ PT � Fe and following transformation criteria Eqs. (145) and (146), we introduce the following transformation
functions:
Mj ! Mi : qjiðT̂Þ :¼ T̂ : ðeti � etjÞ �
�A
3
� weðEe; h; C

k
i � Ck

j Þ; ð178Þ

A! Mi : q0iðT̂Þ :¼ T̂ : eti � ðAþ weðEe; h; ackðCk
i � Ck

0ÞÞÞ=a;

Mi ! A : qi0ðT̂Þ :¼ T̂ : ð�etiÞ � ð6DGh � Aþ weðEe; h; ð6� ackÞðCk
i � Ck

0ÞÞÞ=ð6� aÞ:
It is assumed in Eq. (178) that Ee is expressed in terms of T̂ . Function qij can be obtained from qji by permutating subscripts,
which, in particular, leads to the change in sign of the transformation strain. Similarly, for the reverse Mi!A transformation
the sign of the transformation strain is changed. Equations qji ¼ 0 for i; j ¼ 0;1; . . . ;n and i – j describe transformation sur-
faces j! i in the nine-dimensional stress space T̂ . If transformation strain eti is symmetric, the symmetric part of the stress T̂
is important, and stress space is six-dimensional, as for small strains. The inequality qji P 0 describes the region of the occur-
rence of the j! i phase transformations, and the set of inequalities qij < 08j – i corresponds to the region of metastability for
phase i, meaning that it does not transform to any phase. This stress space interpretation is to some extent similar to the use
of the yield surface in crystal and phenomenological plasticity (Lubliner, 1990). However, the difference is that for phase
transformation Mi ! A the ‘‘no event’’ region may be outside the transformation surface (i.e., does not contain zero stress),
and the transformation strain �eti may be directed inside the surface. That is why the transformation surfaces look more
sophisticated (see Levitas and Preston (2002b)) than in crystal plasticity and results of crystal plasticity cannot be automat-
ically transferred.

Let us focus on the case in which the contribution we to the transformation conditions is negligible, i.e., for equal elastic
properties of phases or for elastic strains negligible in comparison with the transformation strains. In this case, all transfor-
mation surfaces represent hyperplanes, and the corresponding transformation strain is orthogonal to it. Thus, we arrive at
the counterpart of the associated flow rule in plasticity theory:
eti � etj ¼
@qji

@T̂T
: ð179Þ
Due to nonconcavity of the transformation surfaces, Eq. (178) leads to the principle of maximum transformation work, sim-
ilar to maximum plastic dissipation in plasticity:
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T̂ � ðeti � etjÞ > T̂� � ðeti � etjÞ for qjiðT̂Þ ¼ 0 and qjiðT̂�Þ < 0: ð180Þ
Thus, in the space of stress T̂ , Eqs. (179) and (180) look exactly as they do for small stress in the space of r. Consequently, all
results related to quite sophisticated transformation diagrams in Levitas and Preston (2002b) can be borrowed. For the case
with we – 0, transformation surfaces are not the planes, and Eqs. (179) and (180) cannot be proved, i.e., the transformation
strain increment is not accociated with the transformation surface.

According to the Eq. (35) for the prescribed homogeneous stresses ( _P ¼ 0), the macroscopic driving force for the phase
transformation is equal to the change in the Gibbs DGj!i energy with sign minus. Then, one can introduce the phase equi-
librium condition DGj!i ¼ 0 and define the corresponding phase diagram in the stress space. However, since analytical
expression for GðP; ĝjÞ is in general unavailable, this condition is impossible to analyze. Even if it would exist, it can be ana-
lyzed in the space of the stress measure corresponding to the boundary condition only, i.e., in the space of P but not that of T̂
because only this stress is the same before and after transformation. This remains true for small elastic strains as well. Thus,
it is impossible for finite strain and rotations to combine transformation and equilibrium diagram in the same stress space, as
it was done in Levitas and Preston (2002b) for small strains. Only for small elastic strain and rotations but finite transforma-
tion strains, tensors P and T̂ coincide, �DGj!i ¼ T̂ : ðeti � etjÞ þ . . ., with . . . for irrelevant, stress-independent terms, and the
associated transformation rule and the principle of maximum transformation work are applicable for phase equilibrium dia-
grams as well, as they are for the geometrically linear case (Levitas and Preston, 2002b).

7. Examples for phase transformations in NiAl, boron nitride, and graphite to diamond

7.1. Parameter identification

For small strains, parameter identification for the cubic to tetragonal phase transformation in NiAl was performed in Lev-
itas and Preston (2002b) using the results of molecular dynamics (MD) simulations (Clapp et al., 1994; Rubini and Ballone,
1993). For large strains, there is a problem with interpretation. A polynomial expression of the energy in a total strain mea-
sure that was called Lagrangian but was not explicitly defined was presented in Clapp et al. (1994). At the minima of energy,
the elastic strain vanished, and the transformation strains were determined to possess the diagonal components
et1 ¼ f0:215;�0:078;�0:078g; et2 ¼ f�0:078;0:215;�0:078g and et3 ¼ f�0:078;�0:078;0:215g only. In order to obtain the
Bain strain Ut , one has to determine whether the strain measure in Clapp et al. (1994) was defined as et ¼ Ut � I, or as
the usual Lagrangian strain Et ¼ ðUt : Ut � IÞ=2. In the first case, one obtains Ut ¼ f1:215;0:922;0:922g, the ratio of the axis
of a tetragonal lattice c=a ¼ 1:318, and the volumetric transformation strain is detUt � 1 ¼ 0:033. In the second case, one has
Ut ¼ ð2Et þ IÞ1=2 ¼ f1:196;0:919;0:919g, c=a ¼ 1:196=0:919 ¼ 1:302, and the volumetric transformation strain is 0:009, so
the difference between the two definitions is very essential. The both c=a ratios are close to the value 1.32 presented in Clapp
et al. (1994), i.e., it does not help to make a choice. However, it was specifically stated in Clapp et al. (1994) that volumetric
strain must be accurately incorporated into the energy potential, and it was mentioned that MD simulations gave a value for
volumetric strain equal to 0.025. In Rubini and Ballone (1993), a minimum volumetric transformation strain of 0.04 for sev-
eral NiAl alloys was determined by MD simulations. We can conclude that the measure et ¼ Ut � I was utilized in presenta-
tion of results in Clapp et al. (1994) and Rubini and Ballone (1993). Note that the volumetric transformation strain of 0:033
for NiAl is almost two times smaller than the value et : I ¼ 0:059 for the small-strain theory. In general, transformation strain
can be determined from measured lattice parameters for both phases and is the same as in crystallographic theory. Note that
for the geometrically nonlinear case it is sufficient to perform atomistic calculations for the rotation-free loading because
description of the rigid-body rotation does not require additional material parameters.

The following linear approximations are used (Levitas and Preston, 2002a; Levitas and Preston, 2002b):
DGh ¼ A0 h� heð Þ=3; A ¼ A0 h� hcð Þ; A0 > 0; ð181Þ
where he is the equilibrium temperature for stress-free A and M;A0 ¼ �3z, where z is the jump in specific entropy at the equi-
librium temperature, and hc is the critical temperature at which stress-free A loses its thermodynamic stability. It is assumed
that the deviations of the critical temperature at which stress-free M loses its thermodynamic stability from he has the same
magnitude as he � hc . The elastic moduli at 0K in GPa are
CA
11 ¼ CA

22 ¼ CA
33 ¼ 217:5; CA

12 ¼ CA
13 ¼ CA

23 ¼ 161:6;

CM
11 ¼ 453:8; CM

22 ¼ CM
33 ¼ 744:9; CM

12 ¼ CM
13 ¼ 396:7; CM

23 ¼ 344:5: ð182Þ
Experimental or computed values for the third-order elastic constants are not available in the literature. The parameters
A0 ¼ 4:40 MPa K�1; �A ¼ 5320 MPa; he ¼ 215 K; hc ¼ �183 K; a ¼ 2:980 ð183Þ
are valid for any of three potentials considered in the paper. Note that �A is determined at 0K and that its temperature depen-
dence is unknown. For the fifth-degree potential, we obtained B ¼ 0;D ¼ 5500MPa (Levitas et al., 2004; Levitas et al., 2010).
Note that the parameters B and D do not affect the phase equilibrium or phase transformation conditions. They could be ob-
tained by fitting our potential to the results of atomistic calculations at points away from both the A and Mi minima, but such
data are not available in Clapp et al. (1994) and Rubini and Ballone (1993). These parameters have been chosen to eliminate
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all nonphysical local minima. Some limitations on these parameters are given in Levitas and Preston (2002b). Note that these
parameters may change depending on magnitude and the type of the applied stresses.

The gradient energy coefficient is evaluated in Levitas et al. (2003) as b ¼ 5:18 � 10�10 N (note that we doubled the value b
in comparison with Levitas et al. (2003) to adjust a different definition of b in Levitas et al. (2003) and in Eq. (29)). This b
corresponds to the martensite-martensite width of 1 nm and energy of 0.391 J m�2 for hyperspherical potential. For compar-
ison, for b ¼ 4:66 � 10�11 N, the same parameters are 0.3 nm and 0.117 J m�2. The kinetic coefficient in Eq. (29) is evaluated to
be L ¼ 2600 Pa s�1 (Levitas et al., 2010).

7.2. Uniaxial loading

For two- and three-dimensional loading, all equations can be obtained in explicit form using, for example, Mathematica
software (Wolfram, 2010), but equations became too bulky to be presented here. That is why we will focus on one-dimen-
sional loading. In addition to phase transformation in NiAl, described above, we will consider phase transformation between
superhard cubic phases in boron nitride and carbon (i.e., diamond) and rhombohedral graphitic phases in boron nitride and
carbon. We will focus on the layer-puckering mechanism (Britun and Kurdyumov, 2000) in boron nitride and carbon, which
can be treated similarly to cubic-to-tetragonal phase transformations with cubic phases considered as A and transformation
strain et1 ¼ f0:596;�0:02;�0:02g; et2 ¼ f�0:02;0:596;�0:02g and et3 ¼ f�0:02;�0:02;0:596g.

We consider the uniaxial tension or compression by a nominal stress P in the vertical direction 1 and only treat two mar-
tensitic variants, M1 and M2 (Fig. 2). Axes 10 and 20 are the rotated cubic axes; they are rotated in the initial state by angle a
with respect to the load. Elastic strains and plastic strains are neglected. Then, cubic lattice is subjected to transformation
strain Uti along the cubic axis, followed by the rigid-body rotation R described by angle b. In matrix notations, we have in
cubic axes
Please
(2013
et1 ¼
e1 0
0 e2

� �
; et2 ¼

e2 0
0 e1

� �
; R ¼

cos b sin b

� sin b cos b

� �
ð184Þ
and in 1, 2 axis
Ut ¼
U11 U12

U21 U22

� �
; P ¼

P 0
0 0

� �
; N ¼ P � Ut ¼ P

U11 U12

0 0

� �
; ð185Þ
where ei are the components of the transformation strain in the cubic axis and Uij are the components of the transformation

deformation gradient tensor rotated to 1, 2 axes. Then, designating Y :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

11 þ U2
12

q
, we obtain
N � NT
� �1=2

¼ PY
1 0
0 0

� �
; N � NT
� �1=2

� R ¼ PY
cos b sin b

0 0

� �
ð186Þ
and Eq. (71) looks like
U11 U12

0 0

� �
¼ Y

cos b sin b

0 0

� �
: ð187Þ
It is clear that the tensor N � NT
� �1=2

is a singular and that Eq. (72) cannot be applied. Still, tensor R can be found from Eq.

(187), which possesses two equivalent solutions:
cosb ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

q
and sin b ¼ b=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

q
; b :¼ U12=U11: ð188Þ
Fig. 2. Schemes of loading and transformations.
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The relationship b versus b is shown in Fig. 3. It is clear that for shear-dominated transformations in the coordinates 1, 2,
rotation angle can be large, while for geometrically linear theory b ¼ 0. Next, we find
Please
(2013
Pt � R ¼ P
cos b sin b

0 0

� �
ð189Þ
and one of the terms that contributes to the Gibbs potential
Pt � R : Ut ¼ PðU11cosbþ U12sinbÞ ¼ P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

11 þ U2
12

q
: ð190Þ
Now, we find in the coordinate axes 1, 2:
et1 ¼
e1 cos2 aþ e2 sin2 a 0:5ðe2 � e1Þ sin 2a
0:5ðe2 � e1Þ sin 2a e2 cos2 aþ e1 sin2 a

 !
;

et2 ¼
e2 cos2 aþ e1 sin2 a 0:5ðe1 � e2Þ sin 2a
0:5ðe1 � e2Þ sin 2a e1 cos2 aþ e2 sin2 a

 !
;

et2 � et1 ¼ ðe1 � e2Þ
� cos 2a sin 2a

sin 2a cos 2a

� �
; ð191Þ
where expressions for eti are obtained by transforming components of these tensors from axes 10;20 to 1, 2, i.e., by rotating by
angle a. Then, the term in Eq. (190) expressed via angle a is
qðĝ1Þ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

11ðĝ1Þ þ U2
12ðĝ1Þ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:5½e1ð2þ e1Þ þ e2ð2þ e2Þ þ ðe1 � e2Þð2þ e2 þ e1Þ cosð2aÞ�

p
: ð192Þ
A similar term for the second variant, qðĝ2Þ, can be obtained from qðĝ1Þ by permutating subscripts 1 and 2. Now, we can find
rotation angle b for both martensitic variants by calculating b in Eq. (188) with the help of components of eti from Eq. (191):
cos b ĝ1ð Þ ¼
2þ e1 þ e2 þ ðe1 � e2Þ cosð2aÞ

2qðĝ1Þ
: ð193Þ
The equation for cos b ĝ2ð Þ can be obtained from cos b ĝ1ð Þ by permutating subscripts 1 and 2. The relationship between angles
b and a for transformations in NiAl and graphite-diamond are presented in Fig. 4. The maximum value of b for carbon is 140

(at a ¼ 520), and for NiAl it is 80 at a ¼ 490. The relationship between angles b and a for each martensitic variant is presented
in Fig. 5 for graphite. Their difference represents rotation angle for transformation between variants M1 $ M2. Taking into
account that for austenite b ¼ 0, we calculate transformation works that contribute to phase transformation criteria and
to expressions containing L12 and L21:
W0!1 :¼ PT � R ĝ0ð Þ : et1 ¼ Pðe1 cos2 aþ e2 sin2 aÞ;
W0!2 :¼ PT � R ĝ0ð Þ : et2 ¼ Pðe2 cos2 aþ e1 sin2 aÞ: ð194Þ
First, we will give expressions for the transformation works Wi!0 and Wi!j in the compact form using Eqs. (189)–(191):
Wi!0 ¼ PT � R ĝið Þ : eti ¼ PT � R ĝið Þ : ðUtiðĝiÞ � IÞ ¼ PðqðĝiÞ � cos bðĝiÞÞ; ð195Þ
Wi!j ¼ PT � R ĝið Þ : etj � eti

	 

¼ Pðej � eiÞ cosð2aþ bðĝiÞÞ: ð196Þ
Expressing all contributions in terms of angle a, we obtain
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Fig. 4. Relationship between angles b and a for phase transformation in NiAl and graphite– diamond.
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Please
(2013
W1!0 ¼ P
e1ð1þ e1Þ þ e2ð1þ e2Þ þ ðe1 � e2Þð1þ e1 þ e2Þ cosð2aÞ

2qðĝ1Þ
; ð197Þ

W1!2 ¼ P
ðe2 � e1Þðe1 � e2 þ ð2þ e1 þ e2Þ cosð2aÞÞ

2qðĝ1Þ
: ð198Þ
Equations for W2!0 and W2!1 can be obtained from the above equations by permutating subscripts 1 and 2. Note that
according to the phase transformation criterion Eq. (153), values of Wi!0 should be negative for reverse transformation to
occur. For the geometrically linear case, q ’ 1 and
Wl
1!0 ¼ 0:5Pððe1 þ e2Þ � ðe2 � e1Þ cosð2aÞÞ; Wl

1!2 ¼ Pðe2 � e1Þ cosð2aÞ: ð199Þ
Since all transformation works are proportional to the force P, we will normalize them by introducing equivalent transfor-
mation strain in direction 1 (i.e., along the force P), ei!j :¼Wi!j=P. In Figs. 6 and 7, equivalent transformation strains along
the force P are presented versus angle a for phase transformation of graphite to diamond (or for rhombohedral to cubic BN).
In Fig. 6 e1!0 is plotted for the geometrically nonlinear case and geometrically linear approximation, as well as their differ-
ence. Equivalent transformation strain for geometrically linear approximation is smaller, and the maximum difference is
0.066 for a ¼ 500. Note that the curve for e0!1 coincides with the curve el

1!0 for the geometrically linear case because initial
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Equivalent transformation strains along the force P, e1 ! 0 versus angle a for phase transformation graphite to diamond for geometrically nonlinear
L) and geometrically linear approximation (L), as well as their difference (D).
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rotation for direct transformation is absent. It is clear that one needs compressive (negative) force to cause reverse transfor-
mation. Fig. 7 represents �e1!2 and e2!1 curves for variant-variant transformation for the geometrically nonlinear case; for
the geometrically linear case, they coincide; differences between curves for the geometrically nonlinear and linear cases and
between two variants are shown as well. The maximum difference in equivalent transformation strain between geometri-
cally linear approximation and nonlinear results is 0.15 at a ¼ 500, and between two variants it is 0.29 a ¼ 450, which
are huge numbers. This difference is especially important near zero values of transformation work, where it changes the sup-
pression of PT to the promotion.

One has to mention that while nominal stress P is kept constant, the true stress r varies during the transformations in
both directions. For the loading under consideration, the only nonzero component of the Cauchy stress along axis 1 is
Please
(2013
r ¼ P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U11 cos bþ U12 sin b

p
=det U; det U ¼ U11U22 � U2

12: ð200Þ
Expressing all terms as functions of ei and a, one obtains
r ¼ P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:5e1ð2þ e1Þ þ 0:5e2ð2þ e2Þ þ 0:5ðe1ð2þ e1Þ � e2ð2þ e2ÞÞCosð2aÞ

p
=det U;

det U ¼ ð1þ e1Þð1þ e2Þ: ð201Þ
A plot of r=P versus a is shown in Fig. 8. Let us focus on extreme deviations from the unity. For a ¼ 0, one has
r=P ¼ 1=ð1þ e2Þ, and for a ¼ 90� one has r=P ¼ 1=ð1þ e1Þ, where 1þ ei is the ratio of the areas of the surface orthogonal
to P after and before transformations. Thus, phase transformation from austenite to M1 starts at r=P ¼ 1 and ends at
r=P ¼ 1=ð1þ e2Þ ¼ 1:02 for a ¼ 0 and at r=P ¼ 1=ð1þ e1Þ ¼ 0:63, due to the change of cross section. Note that in the detailed
numerical study we failed to find any unexpected minima of the Gibbs potential.
8. Concluding remarks

To summarize, the general phase-field theory for multivariant martensitic phase transformations and explicit models are
formulated for the most general case of large elastic and transformational strains, rotations, as well as nonlinear, anisotropic,
and different elastic properties of phases.
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We would like to stress the importance of Condition I both for the general theory and specific models. This condition
makes thermodynamic theory consistent with crystallographic theory (Wayman, 1964; Bhattacharya, 2003) and any micro-
and macromechanical theory that is based on crystallography. It also allowed us to prove that the thermomechanical insta-
bility condition is independent of the boundary conditions. This is quite an unexpected result in instability theory, but it al-
lows us to interpret the instability condition as the local phase transformation criterion in arbitrary material point during
solution of the boundary-value problem.

A similar approach can be applied for twinning, dislocations, reconstructive phase transformations, as well as transforma-
tions in soft matter and fracture, where strains are also large. In particular, small strain phase field theory for twinning in Levitas
and Preston (2002b) and Levitas et al. (2003) is obtained as a particular case of the phase transformation theory at zero jump in
thermal energy and specific transformation strains for each twin (variant). In the first approximation, the same is true for our
large strain theory; however, there are some important details. Small strain phase field theories for dislocations (Wang et al.,
2003; Levitas et al., 2003) and fracture (Wang et al., 2002; Levitas et al., 2011) can be considered as starting points for the cor-
responding large strain generalization, see, e.g., Levitas and Javanbakht (2012). Our models may play a transitional role be-
tween large-strain, atomistic calculations of phase transformations, fracture, and various lattice instabilities and continuum
models. It will help to transfer atomistic results in a practical analytical form, as was done in Clapp et al. (1994) and here for NiAl.

It is clear that the suggested polynomials in gi are not the most general polynomials of corresponding degree that are
allowed by the group representation theory, but rather the simplest polynomials that satisfy all desirable conditions. Group
representation theory was employed in terms of the total strain measure in Falk and Konopka (1990), Clapp et al. (1994) and
Vedantam and Abeyaratne, 2005 to derive the most general polynomials. However, more complex potentials have larger
probability to possess unphysical minima. Indeed, we accidentally found in Levitas and Preston (2002b) that potential from
Clapp et al. (1994) for cubic tetragonal transformation possesses at some stress tensor an artificial minimum that corre-
sponds to a metastable orthorhombic phase. Other nonphysical minima are also definitely possible. Since during phase-field
simulation of martensitic microstructure each material point is subjected to complex and nonstationary stress tensor, it can
stack in the nonphysical phase. In the present theory, while we did not prove the lack of undesired minima analytically, we
performed extensive numerical work to check this for each potential under various stress tensors. Simpler potentials (espe-
cially like potential in hyperspherical coordinates) have much lower probability of possessing spurious minima than the
complex one. Also, they require fewer material parameters.

Note that traditionally in the phase-field approach the following classification for martensitic transformations is accepted
(Jin et al., 2001; Wang and Khachaturyan, 1997; Artemev et al., 2001). For proper transformation, the transformation strain
depends on the order parameters linearly. In this case, transformation strain is considered as the leading transformation
mode, similar to what we assume in this paper. For improper transformation, in which the soft optical displacement mode
is considered as a primary transformation mode and transformation strain is a secondary effect, the transformation strain is
at least quadratic in the order parameters. Since in our approach transformation strain is a polynomial in order parameters
that does not possess a linear term, there is a seeming contradiction: we want to describe a case for which transformation
strain is the leading transformation mode, but it is not a linear function of the order parameters. The main reason for this
seeming contradiction is that the traditional classification is not satisfactory. Classification of the effect as primary and sec-
ondary based on the degree of the order parameter is reasonable for small order parameters; in our case they vary between 0
and 1, and linear and higher-degree terms have comparable contributions. Also, as it was demonstrated in Levitas and Pres-
ton (2002a), linear dependence of the transformation strain on the order parameter leads to undesirable results: for any non-
zero total strain, austenite (g ¼ 0) is unstable, and equilibrium transformation strain grows monotonically from zero with
increasing strain. In addition, in our theory we can in principle call u (we have to designate ui for each Mi) the primary order
parameter, express gi in terms of ui, and substitute in our potential. Then, transformation strain will be the linear function of
the order parameters (or more precisely, for eF ij – 0, will include the linear term). This, however, is not practical, since explicit
expression of giðuiÞ is very sophisticated and such transformation-which is completely unnecessary-will bring enormous
complications.

On the other hand, if material instability is directly related to the shuffle rather than to strain, gi can be interpreted as a
shuffle-related variable, and all of the above equations remain valid, provided that our condition–that the transformation
strain is independent of stress (or elastic strain) tensor–is satisfied.

Note that finite strain phase-field formulation is crucial for introduction of surface tension in the phase-field approach
(Levitas and Javanbakht, 2010; Levitas and Samani, 2011; Levitas and Javanbakht, 2011; Levitas and Samani, 2011; Levitas,
2013), both for solid–solid phase transformations and melting/freezing. Application of the developed theory to numerical
solution of boundary-value problems is illustrated in our short letter (Levitas et al., 2009) and will be presented in more de-
tail elsewhere.
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