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1 Streamiines & Stream function

As shown in the figure, along the streamline, the velocity V lies in both the surface of
w, (x,y,z)=C; and y,(x,y,z)=C, . Since direction of the gradients of y,(x,y.z) and
Y, (x,v,z) (e, Vi, and Vi, ) being parallel to the direction that normal to the their respective

surfaces, thus, ¥ is normal to V y, and Vi, .
I;-‘Fl;_url:[] and ﬁt‘?wlzﬂ

This shows that 7 is normal to the plane formed by the vectors V y, and V i/, . In other words,
¥ should be parallel to the cross product of Vi, and Vi, , i.e.,

é1 é2 é3
oy, oy, oy,
hoa, h,dq, hyod,
oy, Oy, Oy,
hoq, h,oq, hyoq,

* Where uis a scalar function of position

Ve(iN)=Ve(Vy,xVy,)=0 v

N =V, xVy, =

Stream line
£

» For incompressible flows, we usually chose u =1.




0 Stream Function for 2-D Flows

When a flow is called 2-D flow, it means the flow quantities are independent of distance along a
certain fixed direction. It we designate Z axis as the direction, we shall have.

o) o

F a_ZOf any quantities =0
. . i y-axis
In Cartesian coordinate svstem I A
A

In Cartesian system, we will have: ] y

{fg = (dx ' dz /

[: L ﬂj’! ) , i 5 > V-axis X » X-axis

— X

V =(u,v,0)

"= H(I,_}') X-axis

v=v(x.y) m

Along a streamline, it can be written as

dc  dv  dz >
i (I'—!' J":) v (I'—!' y) [] @ The shape of wing forces air to move faster over the top surface.

It immediately follows that dz=0 or Z = const




0 Stream Function for 2-D Flows

For the steam function y;, and y/,. we can choose stream function v, is simply z (i.e., ¥, =z),

the y, 1s the only one unknown function which is denoted as . y is a function of x and y only.

Le., ¥, =w(x,y) and y, =z. i—axis

Since ,.-I;!T:’ =V, x Vi, , then we have

l J k Hu= 5_w ; | -
e - - - 5|,r.‘f 5I,{J" FJ_‘J; X y
LV =pui+ uvj+0k=— — 0= 5
ox  ay oy |
0 0 1 h,.{t V== g x-axis S
W= B_W Yy
For incompressible flows, 1 =1, = : o > x-axis
Yy
Y= ——
cx

For compressible flows, u=p, = y ‘2’ | @
, W

0 The shape of wing forces air to move faster over the top surface.




0 Stream Function for 2-D Flows

P
_ T
Uniform flow (free stream flow) N
__}A
u=>U,, v=20 >
Y
u = a— — Uoo N lp(x, y) — Uooy + f(x) @ The shape of wing forces air to move faster over the top surface.
0 0 ,
v=-or = Uey + fIl=f0)=0 %
— f(x) = const.= ¢ : ——
Y=U,y+c
Stream function is undetermined by a y.;i,
constant. Often this constant is taken as zero. HE—.
i S

Streamlines of uniform flow are lines of

constant Y that are lines of constant y. g ————
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0 Stream Function for 2-D Flows

In Cylindrical coordinate system

ds = (dr,rd6, dz)

-

V=,r,0)

V,=V.(r.0)

Vy=V,(r,0)

Along a streamline, it can be written as
dr do dz

V.(r.0) V.(r6) 0

It immediately follows that dz=0 or Z = const

For the steam function ¥, and W,, we can choose stream function v, 1s simply z (Le., ¥, =z),
the 1, 1s the only one unknown function which is denoted as . ¥ 1s a function of 7 and & only.

Le., W, =y(r.0) and Y, =z.




0 Stream Function for 2-D Flows

Since ,uf} =V, x Vi, , then we have

6 8,
= - - . cy cy
V=uv,e +uv,e,+0é, =

JL{ JL{ .F"gf‘ JL{ Eeﬂ EE 5}_ rag

0 0

For incompressible flows, g =1, =

For compressible flows, u=p. =

é,
0= S
1
_loy
T oréé
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| cr
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.r{} ’ ?‘5&|

cy
V.=——1
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( 1 oy
vy =_-%
ks ¥ &6
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V.=———
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0 Stream Function for 2-D Flows

Please determine the stream function for 2-D incompressible flow with the

u
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velocity field given as : Sink Source
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0 Stream Function for 2-D Flows

cX cy

U= ——— V=

In polar coordinates

_ cr cos # crsinf C
UV =ucosf +vsinf = ———cosf + ———sinf = -
r re . r
_ crcosf crsiné
Vg = —usint + vcost) = ———=—sinf + ———cosf
r r
=0
1oy ¢ oY
vr:—,—d:——>,—ll:C—>1[)(r,9)269+f('r)
r 06 rawde p
Vo= === ——[ct +f(1)] =0 s =12
ar Jar. W, = /4
f'(r)=0- f(r) = const = ¢, 1

Y =cl + g

Streamlines are lines of 8 = const.




0 Stream Function for 2-D Flows

Stream function and continuity

Continuity equation for 2D steady incompressible

flow
V.V =0 6u+6v
. = — =
dx 0y

o (oY o ( AP\ %} 9%
ax(ay)“L@(_@)_axay_ayax_o (

Stream function satisfies the continuity equation
Consider two fluid elements next to each other on

0

two streamlines e
Fluid elements travel tangent to streamlines El’/ﬂ
Fluid element does not travel across the

streamlines!




0 Stream Function for 2-D Flows

Stream function and solid boundaries

V.1i>0 V.1<0 V.i=0

Fluid would flow out of the surface! Fluid would flow into the surface! Fluid flows tangent o the surface

* This can’t happen for an impermeable surface, therefore :
V.1 = 0 at the surface

* Foraninviscid flow a tangential component of velocity can
be present at the surface

* This means solid surface is a streamline and vice versa.

* Streamlines and solid surfaces are interchangeable!

* Fluid does not flow across the streamlines, only tangent to
them!




0 Stream Function for 2-D Flows

Streamlines and mass flow rate

* Consider two streamlines in a flow field
« All the fluid that starts between these streamlines stays between them!

* |n a steady flow m = const. at all
locations.

* \We can evaluate this mass flow rate in
far upstream whereu =V, ,and v =0
m = pul = pV, Ay

* For a uniform flow .
Y =V,y+c
Ap =Py =Py = Voo (V2 — ¥1) = Voo Ay
_ Ay —
- Ay = T and V, = oy

Volume flow rate, m
3 _—
Q — 1 Ay

ace Engineering
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0 Stream Function for 2-D Flows

Streamline and mass flow rate

ml = Tﬁ,z
pVi4, = pVr4;
V14, = VA,

A2<A1—>V2>V1

* |In an accelerating flow streamlines
come together, and they move apart if
flow is decelerating.

* If Y is known, the flow rate can be
calculated:

For example, if Y; = 0.0 and ¥,=0.5
Then

my =myp =p(P, —YPq) =
p(0.5 —-0.0) = 0.5p




- Stream Function for 2-D Flows

Viscous flow example s
/\

This applies to viscous flows as well

M, =

Direction of
flow

-0.5-—»--—0-—-....-_._..!_0..-.-.-

o T T

R .

Inwvierid & "
Inviscid fluid — Wind tunnel results ---<--o.--

m, = p(0.4 —0.3) = 0.1p
mb - p(—0.05 o (_0'1)) = O'OSp y. All Rights Reserved! Ge/rospaceEngineering




 Stream Function for Irrotational 2-D ldeal Fluid Flow

Since flow is 2-D and irrotational ideal flow, then

—_

In Cartesian system, Q=0 = Qz—ﬁ——:
Gx  Qy

Since uzﬁ—w; oy
Cy
V. at¥
o ou_ o(— —)_ (@)__[51w+5zw
o &y éx Sy &t &y’
5I,{/ &ty
atl ayl

Thus,

]=0

1.e.,

=0 or Viy=0 Laplace Equation

Lanlace eauation has solutions which are called as harmonic functions.

Yo .

Circulation Rotation

Circulation & —_—
Rotation A L
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