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] Thin Rirfoll Theory
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] Thin Rirfeil Theory

Thin Airfoil Approximation

Z ) Thin Airfoil Theory Summary

* For a sufficiently thin airfoil we
can approximate the shape of th
airfoil by its mean camber line.

T(X) = thickness

z(X) = camber line

* In the thin airfoil approximation ~— .
then, we distribute vortex sheet }
on its mean camber line instead

Leading edge S Y(s) Trailing edge
of top/bottom surfaces. P .

>
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* The strength of the vortex is ~ o .
adjusted such that the camber (@) Vortcly distribution on the airfol surface
line is a streamline \ Camber line, 7. = 7(x)
* This approximation allows a \/S e
closed form solution to be e .

O bta | n e d * (b) Vorticity distribution on the camber line of the airfoil




] Thin Rirfeil Theory

by a thin airfoil.

z Thin Airfoil Theory Summary

T(x) = thickness

‘,_7/— z(x) = camber line
G )
C

% 7

Replace thin airfoil with a camber line (assume small thickness and camber)
Derivation of formula to predict the aerodynamic force and moment generated

Determination of the pressure and aerodynamic centers.
Application of the thin airfoil theory to symmetric airfoils and cambered airfoils.
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(a) Vorticity distribution on the airfoil surface

Camber line, z = z(x)

Trailing edge

(b) Vorticity distribution on the camber line of the airfoil




] Thin Rirfeil Theory

Principle:

* Replace thin airfoil with the mean camber line (MCL) because of the small
thickness and camber of the airfoil

 MCL assumed to be a streamline of the flow around the thin airfoil.

* To force the MCL to be a streamline, the sum of all velocity components normal to
the MCL must be equal to zero.

Voo,n +V,

:O 4

ortex—induced ,n

S
p=tan(-dz/dx) . Normal to
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Z, Thin Airfoil Theory Summary
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] Thin Rirfeil Theory

* To force the mean camber line to be a streamline, the sum of all velocity
components normal to the mcl must be equal to zero.

*  Now determine the component of the freestream velocity normal to the mcl.

V_ =V_sin(a+¢);

0, N

z

—y
p=tan’(-dz/dx) . Normal to

¢ [ surface

* Within thin airfoil theory approximation:

Mean

Camber Line P ointP(xo/zo)

Since the angle & is small

Leading, 7" e N~~~ g Tangential to
dZ dZ Edge > surface
— ﬂ = tan -1 (— —) ~——, a Trailing
dx dx v Edge

dX ) x0

Then: V__=V_sin(a+ )=V, sin(a—%);
/ X

Since the angle « issmall = sin(a+ f) ~ra+ f = a—$;
X

* Therefore: |y —vy (a_ﬁ);

o0, N 00
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* Consider the flow induced by an elemental vortex sheet ds at a point P on the
vortex sheet. r

* Velocity induced by a 2-D vortex is: V = Vgég = - ﬂ é@ ,
T

» Similarly, the velocity at the point P induced by the vortex sheet of infinitesimal
length ds is given by:

NZ
P{r,B)
W 2(8)s :
P _ ee y n
27y
ds
x
z, Thin Airfoil Theory Summary 2
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(b) Vorticity distribution on the camber line of the airfoil
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» Within thin airfoil theory approximation:

Thin airfoil = ds ~ dx — =

\}\a' I
therefore: = =
\\\\\ ';3
7 __y(s)ds . ) o
dVP —_— ee, = ”tg
27TY o
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* To force the mean camber line to be a streamline, the sum of all velocity
components normal to the mcl must be equal to zero.

Vortex sheet on

_ camber line
Voo,n +Vvortex—induced,n - O = C D) — @\(/@-3@@@@

Thin airfoil ' Y(s)
* Since
dz,. 2
Voo,n :Voo (a - d_)’
X p=tan™(-dz/dx) . Normal to
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\V/ _ 4 (X)dx #s) |
s — M |
vortex—induced ,n 0 27 (X _ X) ds\\Cambi‘irzine | point P(x,z{
0 Leading %7 e O fF Tangential to
Edge }%@"_%C > surface
*  Therefore: y dx. a Trailing
/ X \ j Edge
1 e py(x)dx dz ) X, T etan(-dzfdn)
Y —\ ( o — _) ) 0 | _
o0 ’ ) '
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] Thin Rirfeil Theory

d The integral equation of thin 1 ec 7/(X)dX
airfoil theory: —
27 °0 (X, — X)

O For a given airfoil geometry, dz/dx is known. the only unknown in the above
equation is y (x).

dz
-V (o ——):

T(x) = thickness

w_ﬁ/ z(x) = camber line
i

C T — X
F : ( X) d X : Y f Camber line, z = z(x)
/4 ! : .
O LL‘ildillg:‘jlgc ;/(i_:” '(,.‘" (,: N (- <
~_ |~
C

< h (.-_ — - -
S - -

Q If ¥(x) can be determined, then

* The Kutta-Joukowski Lift Theorem states the lift pér unit length of an airfoil is

equal to the density (p) of the air times the strength of the rotation (I') times the
VEIOCity (V) of the air. Bound Vortex

Shed Vortex

L = pV,T
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1 The integral equation of 1 rey(X)dx V. (a - E).
thin airfoil theory: 27 0 (X, — X) - dx”

* To solve the integral equation, we first make a transformation:

X = %(1—0050); 0=(0,7)

A

If /=0 = x=0, atlLeading Edge
If =7 = x=c, atTrailing Edge

‘,'7/— z(x) = camber line
Then, xis a point on X, , corresponding to 6, : é‘\_f”;,_, X
C

T(x) = thickness

C
Then: X:E(l—cosé?o); z
. ﬂztan'l(-dz/dx): ormal to
1 (= y(0)ecesin 0d 9 -V (o dz \ I Foufoce
0 C C — Voo ' \5 Mean oint Plxy 2
27[ E (1 —COS 90) - E (1 — COS H) dX Le;’ding Camber e P __.fl_p.f_.:.Tangential to
ge i surface
] a i Trailing
T . & Edge

N 1 j y(@)sind e V(- dz ) v, s

27 °0 c0s@—Cos b, dx | |




1 Thin Rirfoil Theory

 The integral equation of ij‘” y(6)sin6do =V _(a - Q)
thin airfoil theory: 2770 cosf —cos b, - dx”’

d Solution of the integral equation for a symmetrical airfoil:

dz

Since it is symmetrical airfoil, therefore: & =0
%=O:> 1 I” y(6)sinfdé _
dx 27 *0 €0Sd—Cos b,
The solution will be:

1+cosé | /
7/(9):2an = ?Eidgo o a c‘irc a x. ¢

sin @

V a,| v
ooa’ /Oé,I Symmetrical




1 Thin Rirfoil Theory

d The integral equation of thin J‘ y(0)singdeo _V o
symmetrical airfoil. cos @ —cos 6, o
1 Solution of the equations: 1+ cos 6
y(0) =2aV, —
1 Verification of the solution: siné
1+cosé .
[ 2(©sinodo _ 1 I”Zavw sing Sn0do f (L+c0s 0)do
27 *0 cos6 —cos b, 2z Cos 6 —Cos b, 0 cos@ —cosg,

J” cos(n@)dé :nsin(né’o)
0 cos@—cosf, sin g,
aV, r (1+cosf)dd _aV, f” déo +J-7z cosddé
0 cosf—-cosd, m 0 cosfd-cosH, -° cosd-—Ccoso,

_ aV, [7zS|_n(0-90) N 7z5|_n(1-90)] _ aV, [0+ 7] = aV.
T sin 6, sin 6, T
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d The integral equation of thin 1 J' s (6)sin6do -V g
airfoil theory for symmetric 277 Y0 cosé —cos 6’0 °°
airfoils:

 Solution of the equation: 7(0) =2V, 1+cosd

sin @
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J Kutta condition:
*  For a given airfoil at a given (Kutia condition)
angle of attack, the value of I
around the airfoil is such that the \
flow would leaves the trailing
edge smoothly.

Finite angle
11""1 — g
— %‘a# il
— — — '--...__-
|_ ;}-""' ——
M At pointa: ¥, = ¥, =0
! * Case #1

e — — — __...__ 1
L ds _l e vortex sheet cusr
]/ o uz o ul ]/(TE)IO At point a: V] = F@i;*

* Case #2
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 Is Kutta condition satisfied at TE? e o
7(0) =2aV, 1+_COSQ % HT ——
SN 9 AL pointa: ¥ = 5 =0
at airfoil LE: &= e Case #1
— (7) = 20V, 1+_c057z _ 0 asp
sinz 0 S
Therefore: ST
d 1 Cosg At pointa: ¥, = ¥ == 0
L+ ) * Case #2
7/(9)|9—>7r - d dg@
(sin6) * |n relation to the vortex sheet
do O discontinuity
—sin 2] 0 0 ]/(TE) — VZ o Vl
T cosO | -1
oo y(TE) =0

— Kutta condition is satisfied at TE!
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