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❑ 3D WING AERODYNAMICS

❑ Prandtl’s Lifting Line Theory

▪ However, the single vortex filament case is not sufficient to describe the physical 
conditions on the wing since the downwash at the wing tips is infinite, instead of zero! 
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❑ Fundamental equation for Prandtl’s Lifting Line Theory: 
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Fundamental equation for Prandtl’s Lifting Line Theory can be expressed as: 
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▪ Once Γ(y0) is known: 
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❑ Consider a case with elliptical lift distribution

❑ PRANDTL’S LIFTING LINE THEORY

• Induced downwash 
velocity:

• Induced AOA:

• Lift coefficient
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• The Supermarine Spitfire
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❑ PRANDTL’S LIFTING LINE THEORY
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution

❑ Consider the case with elliptical lift distribution
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❑ Fundamental equation for Prandtl’s Lifting Line Theory: 
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ Lift coefficient of the general wing:
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ Induced drag coefficient of the general wing:
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ PRANDTL’S LIFTING LINE THEORY
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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• Load distributions, root bending moment, and span efficiency for three taper ratios. 
All three cases have AR= 10, and no wing twist.
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• Span efficient factor:

paneffciency factor

❑ PRANDTL’S LIFTING LINE THEORY
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❑ PRANDTL’S LIFTING LINE THEORY
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution

❑ Consider the case with elliptical lift distribution
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❑ Fourier Sine Series to represent Rectangular & Triangle functions

• It was found that only 4 terms were needed to get about 95% of the total energy to represent the 
wakes behind a turbine stator 

• The approximation functions are generally good representations of the actual functions if the actual 
function is smooth. 

• Fortunately, wing circulation distributions are usually quite smooth and require relatively few terms. 
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution

• A=AR in the equation
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution

• A=AR in the equation
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution



Copyright © by Dr. Hui Hu @ Iowa State University. All Rights Reserved!

❑ PRANDTL’S LIFTING LINE THEORY

❑ Consider the case with a general lift distribution

• A=AR
• Induced drag 

coefficient

• Lift coefficient
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❑ PRANDTL’S LIFTING LINE THEORY
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❑ PRANDTL’S LIFTING LINE THEORY
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❑ Wingflex of B787

• Boeing 787 and 737 MAX in flight

• Why the Wings of Boeing 787 are curved?
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• A disadvantage of the lifting line theory is that all of the 
action associated with the bound vortex occurs at the 
quarter chord point, such that only the lift and drag 
coefficients are computed but not the moment coefficient.

• Unfortunately, the moment coefficient is essential to the 
performance calculations.

•  An answer is found in the vortex lattice method which 
not only provides the pressure distribution but also 
anchors the results to the actual geometry rather than 
implicitly through the αL=0. This is essential not only for 
calculating moments but for many practical wing 
planforms like delta wings. 

❑ 3D WING THEORY

❑ Prandtl’s Lifting Line Theory:
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❑ 3D WING THEORY

❑ Prandtl’s Lifting Line Theory: ❑ Vortex Lattice Method:

• F-22 Raptor • Rafale flighter
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❑ PRANDTL’S LIFTING LINE THEORY

Lifting-surface theory - numerical implementation
• 3D vortex-panel methods:

– the wing is represented by panels with distributed vorticity

(three-dimensional extension of the vortex-panel method in section 4.9)

• Vortex-Lattice methods:

– distributed vorticity is concentrated into a lattice of horseshoe vortices

• A single horseshoe vortex • The vortex-lattice system on a finite wing
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❑ 3D WING THEORY

❑ Vortex Lattice Method:

• F-22 Raptor • Rafale flighter
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❑ 3D WING THEORY
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❑ 3D WING THEORY

❑ 3D Panel Method:

• F-22 Raptor • Rafale flighter

Basic Idea: 

• Distribute sources, doublets or vortices 
on the surface of a body. 

• Apply the flow tangency condition. 

• Solve for the unknown source, doublet 
and vortex strengths. 

This approach is widely used in the 
industry for preliminary design 
considerations and allows us to apply the 
surface tangency conditions to all points 
on the wing. A large code is written for 
this purpose and generally takes a good 
deal of effort to define the geometry and 
apply the method. 
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Example #1

▪ For a finite wing with an aspect ratio of 8.0 and taper ration of 0.8. The airfoil section is 
thin and symmetrical. 

▪ Please calculate the lift and induced drag coefficient for the wing when it is at an 
angle of attack =5.0
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Example #1
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Example #2

▪ Consider a rectangular wing with an aspect ratio of 6, an induced 
drag factor δ = 0.055, and a zero-lift angle of attack of −2°. At an 
angle of attack of 3.4°, the induced drag coefficient for this wing is 
0.01. 
▪ Calculate the induced drag coefficient for a similar wing (a 

rectangular wing with the same airfoil section) at the same 
angle of attack, but with an aspect ratio of 10. 

▪ Assume that the induced factors for drag and the lift slope, δ 
and τ , respectively, are equal to each other (i.e., δ = τ ). Also, 
for AR = 10, δ = 0.105.
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Solution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Solution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Solution
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❑ PRANDTL’S LIFTING LINE THEORY

❑ Solution
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